





































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































694 ANSWERS TO EXERCISES 4.6.3

18. Call f(m) a “nice” function if (log f(m))/m — 0 as m — oco. A polynomial
in m is nice. The product of nice functions is nice. If g(m) — 0 and c is a positive
constant, then c™9(™) ig nice; also (mz’(”m)) is nice, for by Stirling’s approximation this

is equivalent to saying that g(m)log(1/g(m)) — 0.

Now replace each term of the summation by the maximum term that is attained for
any s, t, v. The total number of terms is nice, and so are (7,"*), (**¥) < 2**”, and B2v,
because (t +v)/m — 0. Finally, ((mts)z) < (2m)*/t! < (4dem?/t)*, where (4e)® is nice.
Replacing ¢ by its upper bound (1 —€/2)m/A(m) shows that (m?/t)t < 2m1=¢/2) f(m),
where f(m) is nice. Hence the entire sum is less than o™ for large m if o = 217
where 0 < 1 < Ze.

19. (a) MN N, M UN, M @ N, respectively; see Egs. 4.5.2(6), 4.5.2-(7).

(b) f(2)g(2), lem(f(2),g(2)), ged(f(2),9(2)). (For the same reasons as (a), be-
cause the monic irreducible polynomials over the complex numbers are precisely the
polynomials z — (.)

(¢) Commutative laws AWB = BWA, AUB = BUA, ANB = BNA. Associative
laws AW (BWC) = (AwB)WC, AU(BUC) = (AUB)UC, AN(BNC)=(ANnB)NC.
Distributive laws AU(BNC) = (AUB)N(AUC), AN(BUC)=(ANB)U(ANC),
AY(BUC) = (AWB)U(AWC), AW (BNC) = (AwB)N (AwC). Idempotent
laws AUA = A, AN A = A. Absorption laws AU(ANB) = A, AN(AUB) = A,
AN(AwB)=A, AU(AwB) = AW B. Identity and zero laws W A = A, 0U A = A,
0N A =0, where 0 is the empty multiset. Counting law AW B = (AU B)4W (AN B).
Further properties analogous to those of sets come from the partial ordering defined by
the rule A C B if and only if AN B = A (if and only if AU B = B).

Notes: Other common applications of multisets are zeros and poles of meromor-
phic functions, invariants of matrices in canonical form, invariants of finite Abelian
groups, etc.; multisets can be useful in combinatorial counting arguments and in the
development of measure theory. The terminal strings of a noncircular context-free
grammar form a multiset that is a set if and only if the grammar is unambiguous. The
author’s paper in Theoretical Studies in Computer Science, edited by J. D. Ullman
(Academic Press, 1992), 1-13, discusses further applications to context-free grammars,
and introduces the operation A M B, where each element that occurs a times in A and
b times in B occurs ab times in A M B.

Although multisets appear frequently in mathematics, they often must be treated
rather clumsily because there is currently no standard way to treat sets with repeated
elements. Several mathematicians have voiced their belief that the lack of adequate
terminology and notation for this common concept has been a definite handicap to
the development of mathematics. (A multiset is, of course, formally equivalent to a
mapping from a set into the nonnegative integers, but this formal equivalence is of little
or no practical value for creative mathematical reasoning.) The author discussed this
matter with many people during the 1960s in an attempt to find a good remedy. Some
of the names suggested for the concept were list, bunch, bag, heap, sample, weighted
set, collection, suite; but these words either conflicted with present terminology, had an
improper connotation, or were too much of a mouthful to say and to write conveniently.
Finally it became clear that such an important concept deserves a name of its own,
and the word “multiset” was coined by N. G. de Bruijn. His suggestion was widely
adopted during the 1970s, and it is how standard terminology.

The notation “AWB” has been selected by the author to avoid conflict with existing
notations and to stress the analogy with set union. It would not be as desirable to use
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“A+ B” for this purpose, since algebraists have found that A+ B is a good notation for
the multiset {¢ + 3| a € A and B € B}. If A is a multiset of nonnegative integers, let
G(2) = 3,4 2" be a generating function corresponding to A. (Generating functions
with nonnegative integer coefficients obviously correspond one-to-one with multisets of
nonnegative integers.) If G(z) corresponds to A and H(z) to B, then G(z) + H(z)
corresponds to AW B and G(z)H(z) corresponds to A + B. If we form “Dirichlet”
generating functions g(z) = 3, ., 1/n% h(z) = 3., 5 1/n then the product g(z)h(z)
corresponds to the multiset product AB.

20. Type 3: (So, ceey Sr) = (]V[oo, Ce ,Mro) — ({0}, feey {A}, {A—- l,A}, {A—-l, A, A},
{A-1,A-1,A/A/A}, ..., {A+C—-3,A+C -3, A+C—-2,A+C—-2,A+C—-2}).
Type 5: (Moo,...,Mro) = ({0}, ey {A}, {A - l,A}, ey {A + C — l,A + C},
{A+C—-1,A+C—-1,A+C},...,{A+C+D—-1,A+C+D~1,A+C+ D});
(M01, .. .,Mﬂ) = (@, Ce ,Q), Q), Ceey Q), {A+C—2}, ey {A+C+D—2}), Si = Mio'i'JM“.
21. For example, let u = 28415 g = (2(etDv _1)/(2% — 1) = 29% 4 ... £ 2% 4+ 1,
y = 200tD% 4 1 Then zy = (22@+D¥ — 1)/(2% — 1). If n = 2*TD¥ L 2y we have
I(n) < 4(qg+ 1)u+ g+ 2 by Theorem F, but [*(n) = 4(¢ + 1)u + 2q + 2 by Theorem H.
22. Underline everything except the u — 1 insertions used in the calculation of z.

23. Theorem G (everything underlined).

24. Use the numbers (B% —1)/(B — 1), 0 < ¢ < r, underlined when a; is underlined;
and cxB* "1 (B% —1)/(B—1)for 0 < j < t,0 < i <bj11—bj, 1 < k <1°(B), underlined
when ci is underlined, where cg, c1, ... is a minimum length {°-chain for B. To prove
the second inequality, let B = 2™ and use (3). (The second inequality is rarely, if ever,
an improvement on Theorem G.)

25. We may assume that dy = 1. Use the rule R Ax_;...A;, where 4; = “XR” if
d; =1, A; = “R” otherwise, and where “R” means take the square root, “X” means
multiply by z. For example, if y = (.1101101)2, the rule is R R XR XR R XR XR.
(There exist binary square-root extraction algorithms suitable for computer hardware,
requiring an execution time comparable to that of division; computers with such
hardware could therefore calculate more general fractional powers using the technique
in this exercise.)

26. If we know the pair (Fk, Fx—1), then we have (Fii1, Fx) = (Fr + Fr—1, Fx) and
(Fak, Fok—1) = (FE+2Fy Fi—1, Ff + F7_,); so a binary method can be used to calculate
(Fn, Fru_1), using O(logn) arithmetic operations. Perhaps better is to use the pair
of values (F, Lx), where Ly = Fi_1 + Fry1 (see exercise 4.5.4-15); then we have
(Fr1, L) = (3(Fx + Lk), 5(5F + L)), (Fax, Lax) = (FreLk, L — 2(=1)%).

For the general linear recurrence rn, = a1Tn—1 + -+ + @4Tr—_d, We can compute
T, in O(d® logn) arithmetic operations by computing the nth power of an appropriate
d x d matrix. [This observation is due to J. C. P. Miller and D. J. Spencer Brown,
Comp. J. 9 (1966), 188-190.] In fact, as Richard Brent has observed, the number
of operations can be reduced to O(d?logn), or even to O(dlogdlogn) using exercise

4.7-6, if we first compute 2™ mod (% — a1z*™' — - — a4) and then replace =’ by z;.

27. The smallest n requiring s small steps must be c(r) for some r. For if ¢(r) < n <
c(r+1) we have [(n) — A(n) < r—X(c(r)) = I(c(r) — A(c(r)). The answers for 1 < s <6
are therefore 3, 7, 29, 127, 1903, 65131; probably ¢(28) will require 7.

28. (a) zVy =z VyV (z+y), where “V” is bitwise “or”, see exercise 4.6.2-26; clearly
v(zVy) < v(zVy)+v(zAy) = v(z)+v(y). (b) Note first that A;_1/2%-1 C A;/2% for
1 < ¢ < r. Secondly, note that d; = d;—1 in a nondoubling; for otherwise a;—1 > 2a; >
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aj + ax = a;. Hence A; C A1 and Ax & A;_1/2%~%_ (c) An easy induction on 4,
except that close steps need closer attention. Let us say that m has property P(a) if
the 1s in its binary representation all appear in consecutive blocks of > « in a row. If
m and m’' have P(a), so does mVm'; if m has P(a) then p(m) has P(a + d). Hence
B; has P(1+ éc;). Finally if m has P(a) then v(p(m)) < (a+ §)v(m)/a; for v(m) =
v1 4 - - -+ 14, where each block size v; is > a, hence v(p(m)) < (1 +8)+- -+ (vg+9) <
(1+6/a)v1+- -+ (1+6/a)vg. (d) Let f = by +cr be the number of nondoublings and s
the number of small steps. If f > 3.2711lgv(n) we have s > lgv(n) as desired, by (16).
Otherwise we have a; < (1 +27%)%2%%% for 0 < ¢ < r, hence n < ((1+ 2-8)/2)°rar,
and r > lgn + by — belg(1 4+ 27%) > lgn + 1lgv(n) — lg(1 + dcr) — b lg(1 + 27%). Let
§ = [lg(f +1)]; then In(14+27%) <In(1+1/(f +1)) <1/(f+1) <6/(1 +6f), and it
follows that lg(1 + 6z) + (f — =) lg(1 +27°) < lg(1 4 6f) for 0 < z < f. Hence finally
I(n) > lgn+lgv(n) —lg(1+ (3.2711gv(n))[lg(1 +3.2711g v(n))]). [Theoretical Comp.
Sci. 1 (1975), 1-12/]

29. In the paper just cited, Schonhage refined the method of exercise 28 to prove that
I(n) > lgn+lgv(n) — 2.13 for all n. Can the remaining gap be closed?

30. n — 31 is the smallest example; [(31) = 7, but 1, 2, 4, 8, 16, 32, 31 is an addition-
subtraction chain of length 6. [After proving Theorem E, Erdds stated that the same
result holds also for addition-subtraction chains. Schonhage has extended the lower
bound of exercise 28 to addition-subtraction chains, with v(n) replaced by 7(n) as
defined in exercise 4.1-34. A generalized right-to-left binary method for exponentiation,
which uses A\(n)+7(n) —1 multiplications when both z and z~! are given, can be based
on the representation oy, of that exercise.]

32. See Discrete Math. 23 (1978), 115-119. [This cost model corresponds to mul-
tiplication of large numbers by a classical method like Algorithm 4.3.1M. Empirical
results with a more general model in which the cost is (ajax)?/? have been obtained
by D. P. McCarthy, Math. Comp. 46 (1986), 603-608; this model comes closer to the
“fast multiplication” methods of Section 4.3.3, when two n-bit numbers are multiplied
in O(n?) steps, but the cost function ajaﬁ ~! would actually be more appropriate (see
exercise 4.3.3-13). H. Zantema has analyzed the analogous problem when the cost of
step i is a; + ay instead of ajax; see J. Algorithms 12 (1991), 281-307. In this case
the optimum chains have total cost $n + O(n'/?). Furthermore the optimum additive
cost when n is odd is at least —g(n —1), with equality if and only if n can be written as

a product of numbers of the form 2% + 1]

33. Eight; there are four ways to compute 39 = 12 + 12 + 12 + 3 and two ways to
compute 79 = 39+ 394 1.

34. The statement is true. The labels in the reduced graph of the binary chain are
|n/2%) for k = eg, ..., 0; they are 1, 2, ..., 2°°, n in the dual graph. [Similarly, the
right-to-left m-ary method of exercise 9 is the dual of the left-to-right method.]

35. 2! are equivalent to the binary chain; it would be 2*7" if eg = e; + 1. The number
of chains equivalent to the scheme of Algorithm A is the number of ways to compute
the sum of ¢ + 2 numbers of which two are identical. This is 1 fi41 + 3 fi, where fn
is the number of ways to compute the sum of m + 1 distinct numbers. When we take
commutativity into account, we see that fm is 27 times (m + 1)! times the number
of binary trees on m nodes, 80 fm = (2m —1)(2m —3)... 1.

36. First form the 2™ —m — 1 products z7* ... z5m, for all sequences of exponents such
that 0 < e, < 1and e; + -+ em > 2. Let ng = (drx .. .dr1dro)2; to complete the
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calculation, take a:‘li“ .. x‘fn’"*, then square and multiply by x‘li“ c..xlmi fori=A—1,

, 1, 0. [Straus showed in AMM 71 (1964), 807-808, that 2A(n) may be replaced by
(14-€) A\(n) for any € > 0, by generalizing this binary method to 2% -ary as in Theorem D.]

37. First compute 27 for 1 < ¢ < A(nm), then compute each n = n; by the following
variant of the 2*-ary method: For all odd ¢ < 2% compute f, = 2{2’““ | d¢ = 2°¢}
where n = (...d1do)sk, in at most |1 lgn] steps; then compute n = 3 ¢f; in at most
S 1(q) 4+ 2*7* further steps. The number of steps per n; is < |+ lgn] + O(k2), and
this is A(n)/AA(n) + O(A(n) AMA(n)/AA(n)?) when k = |lglgn — 3lglglgn].

[A generalization of Theorem E gives the corresponding lower bound. Reference:
SICOMP 5 (1976), 100-103 ]

38. The following construction due to D. J. Newman provides the best upper bound
currently known: Let k = p; ...p, be the product of the first » primes. Compute k£ and
all quadratic residues mod k in O(2 "k log k) steps (because there are approximately
27"k quadratic residues). Also compute all multiples of k that are < m?, in about
mz/k further steps. Now m additions suffice to compute 12,22 ..., m% We have k =
exp(p- + O(p-/(log p~)'°°°)) where p, is given by the formula in the answer to exercise
4.5.4-36; see, for example, Greene and Knuth, Math. for the Analysis of Algorithms
(Boston: Birkhauser, 1981), §4.1.6. So by choosing

r=|(1+3In2/lglgm)Inm/Inlnm]

it follows that [(12,...,m?) = m + O(m - exp(—(5 In2 — €) Inm/InInm)).
On the other hand, D. Dobkin and R. Lipton have shown that, for any ¢ > 0,
1(12,...,m?) > m+m?/37¢ when m is sufficiently large [SICOMP 9 (1980), 121-125].

39. The quantity I([n1,n2,...,nm]) is the minimum of arcs—vertices+m taken over all
directed graphs having m vertices s; whose in-degree is zero and one vertex ¢ whose out-
degree is zero, where there are exactly n; oriented paths from s; to ¢t for 1 < j <m.
The quantity I(ni,n2,...,nm) is the minimum of arcs — vertices + 1 taken over all
directed graphs having one vertex s whose in-degree is zero and m vertices ¢; whose
out-degree is zero, where there are exactly n; oriented paths from s to t; for 1 < j <m.
These problems are dual to each other, if we change the direction of all the arcs. [See
J. Algorithms 2 (1981), 13-21.]

Note: C. H. Papadimitriou has observed that this is a special case of a much more
general theorem. Let N = (n;;) be an m X p matrix of nonnegative integers having
no row or column entirely zero. We can define [(N) to be the minimum number of
multiplications needed to compute the set of monomials {z;"...zm™ | 1 < j < p}.
Now [(N) is also the minimum of arcs — vertices + m taken over all directed graphs
having m vertices s; whose in-degree is zero and p vertices ; whose out-degree is zero,
where there are exactly n;; oriented paths from s; to t; for each ¢ and j. By duality
we have I(N) = I(NT) + m — p. [Bulletin of the Europ. Assoc. Theor. Comp. Sci. 13
(February 1981), 2-3.]

N. Pippenger has proved a comprehensive generalization of the results of exercises
36 and 37. Let L(m,p,n) be the maximum of {(N) taken over all m X p matri-
ces N of nonnegative integers n;; < n. Then L(m,p,n) = min(m,p)lgn + H/lgH +
O(m + p+ H(loglog H)*/?(log H)™*/?), where H = mplg(n+ 1). [SICOMP 9 (1930),
230-250.]

40. By exercise 39, it suffices to show that [(mini + -+ mn:) < I(ma,...,ms) +
I([n1,...,n¢]). But this is clear, since we can first form {z™*,...,2™} and then
compute the monomial (™)™ ... (z™)™t.
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Note: One strong way to state Olivos’s theorem is that if ao, ..., ar and bo, ..., bs
are any addition chains, then I(}" cijaib;) <7+ s+ cij — 1 for any (r+1) x (s +1)
matrix of nonnegative integers c;;.

41. [SICOMP 10 (1981), 638-646.] The stated formula can be proved whenever A >
9m?. Since this is a polynomial in m, and since the problem of finding a minimum
vertex cover is NP-hard (see Section 7.9), the problem of computing {(n1,...,nm) is
NP-complete. [It is unknown whether or not the problem of computing [(n) is NP-
complete. But it seems plausible that an optimum chain for, say, Z;’;—Ol Niy124k
would entail an optimum chain for {ni,...,nm}, when A is sufficiently large.]

SECTION 4.6.4
1. Set y < z2 then compute ((...(Uzn+1y + Uzn—1)y + -+ )y + u1)z.
2. Replacing z in (2) by the polynomial z + zo leads to the following procedure:

G1. Do step G2 for k=n,n —1, ..., 0 (in this order), and stop.

G2. Set vx + uk, and then set v; < v; + xovjy1 for y =k, k+1, ..., n— 1.
(When k = n, this step simply sets vn  un.) |

The computations turn out to be identical to those in H1 and H2, but performed in a
different order. (This application was, in fact, Newton’s original motivation for using
scheme (2).)

3. The coefficient of z* is a polynomial in y that may be evaluated by Horner’s rule:
(.. (Unox+ (Un-11y+Un-1,0)2z+ )+ ((... (Wo,ny+Uo,n-1)Yy+--)y—+uoo). [Fora
“homogeneous” polynomial, such as unz™ +tn—12" "'y +- - +urzy™ "' +upy™, another
scheme is more efficient: If 0 < |z| < [y|, first divide by y, evaluate a polynomial in
z/y, then multiply by y".|

4. Rule (2) involves 4n or 3n real multiplications and 4n or 7n real additions; (3) is
worse, it takes 4n + 2 or 4n + 1 multiplications, 4n 4 2 or 4n + 5 additions.

5. One multiplication to compute z*; |n/2]| multiplications and |n/2] additions to
evaluate the first line; [n/2] multiplications and [n/2] — 1 additions to evaluate the
second line; and one addition to add the two lines together. Total: n+ 1 multiplications
and n additions.

6. J1. Compute and store the values z3, =3, ..., a:g"/z].

J2. Set v; + w;zy " for 0 < j < n.
J3.Fork=0,1,...,n—1,setv; «v;+vj1forj=n-1,..., k+1, k.
J4. Set v; + vziH T for0 < j<n. 1

There are (n®+n)/2 additions, n+ [n/2] —1 multiplications, n divisions. Another mul-

tiplication and division can be saved by treating v, and vy as special cases. Reference:
SIGACT News 7,3 (Summer 1975), 32-34.

7. Let z; = xo + 7h, and consider (42) and (44). Set y; + u(z;) for 0 < j < n. For
k=1,2, ..., n (in this order), set y; + y; —y;-1 for j = n, n—1, ..., k (in this
order). Now set 3; « y; for all 7.

However, rounding errors will accumulate as explained in the text, even if the
operations of (5) are done with perfect accuracy. A better way to do the initialization,



4.6.4 ANSWERS TO EXERCISES 699

when (5) is performed with fixed-point arithmetic, is to choose By, ..., Bn so that
0 0
(0) (1) (2) Bo (o) €0
6 G ] B || v €1
N _ e e R
(%) () - () \B) w(@na) €n
where |eol, |€1], - .., |€n| are as small as possible. [H. Hassler, Proc. 12th Spring Conf.

Computer Graphics (Bratislava: Comenius University, 1996), 55-66.]
8. See (43).

9. [Combinatorial Mathematics (Buffalo: Math. Assoc. of America, 1963), 26—28.]
This formula can be regarded as an application of the principle of inclusion and
exclusion (Section 1.3.3), since the sum of the terms for n —e;1 — -+ — €, = k is
the sum of all x1j, 2, ... Zn;, for which k values of the j; do not appear. A direct
proof can be given by observing that the coefficient of z1;, ... Tnj, is

D ()T e g

if the j’s are distinct, this equals unity, but if j1, ..., jn # k then it is zero, since the
terms for €x = 0 cancel the terms for e, = 1.
To evaluate the sum efficiently, we can start with ¢ = 1, e2 = -+ = €, = 0,

and we can then proceed through all combinations of the €’s in such a way that only
one € changes from one term to the next. (See “Gray code” in Chapter 7.) The work to
compute the first term is n— 1 multiplications; the subsequent 2™ — 2 terms each involve
n additions, then n — 1 multiplications, then one more addition. Total: (2" —1)(n —1)
multiplications, and (2" — 2)(n + 1) additions. Only n + 1 temporary storage locations
are needed, one for the main partial sum and one for each factor of the current product.

10. > crenlk + 1)(1911) = n(2"! — 1) multiplications and Zl§k<n k(kil) =
n2"~1 — 2™ +1 additions. This is approximately half as many arithmetic operations as
the method of exercise 9, although it requires a more complicated program to control
the sequence. Approximately (MT/’Q]) + (Fn /;’]_1) temporary storage locations must be
used, and this grows exponentially large (on the order of 2"/y/n).

The method in this exercise is equivalent to the unusual matrix factorization of
the permanent function given by Jurkat and Ryser in J. Algebra 5 (1967), 342-357. It
may also be regarded as an application of (39) and (40), in an appropriate sense.

11. Efficient methods are known for computing an approximate value, if the matrix
is sufficiently dense; see A. Sinclair, Algorithms for Random Generation and Counting
(Boston: Birkhduser, 1993). But this problem asks for the exact value. There may be
a way to evaluate the permanent with O(c™) operations for some c < 2.

12. Here is a brief summary of progress on this famous research problem: J. Hopcroft
and L. R. Kerr proved, among other things, that seven multiplications are necessary in
2 x 2 matrix multiplication modulo 2 [SIAM J. Appl. Math. 20 (1971), 30-36]. R. L.
Probert showed that all 7-multiplication schemes, in which each multiplication takes a
linear combination of elements from one matrix and multiplies by a linear combination
of elements from the other, must have at least 15 additions [SICOMP 5 (1976), 187~
203]. The tensor rank of 2 x 2 matrix multiplication is 7 over every field [V. Y. Pan,
J. Algorithms 2 (1981), 301-310]; the rank of 7'(2, 3,2), the tensor for the product
of a 2 x 3 matrix by a 3 x 2 matrix, is 11 [V. B. Alekseyev, J. Algorithms 6 (1985),
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71-85]. For n x m matrix multiplication, the best upper bound known when n = 3
is due to J. D. Laderman [Bull. Amer. Math. Soc. 82 (1976), 126-128], who showed
that 23 noncommutative multiplications suffice. His construction has been generalized
by Ondrej Sykora, who exhibited a method requiring n® — (n — 1)® noncommutative
multiplications and n® — n® + 11(n — 1)* additions; this result also reduces to (36)
when n = 2 [Lecture Notes in Comp. Sci. 53 (1977), 504-512|. For n = 5, the current
record is 100 noncommutative multiplications [O. M. Makarov, USSR Comp. Math.
and Math. Phys. 27,1 (1987), 205-207]. The best lower bound known so far is due
to J.-C. Lafon and S. Winograd, who showed that 2n% — 1 nonscalar multiplications
are necessary, and mn + ns +m —n — 1 in the m x n x s case [“A lower bound for
the multiplicative complexity of the product of two matrices,” Centre de Calcul, Univ.
Louis Pasteur (Strasbourg, 1979)]. If all calculations must be done without division,
slightly better lower bounds were obtained by N. H. Bshouty [SICOMP 18 (1989),
759-765], who proved that m X n by n x s matrix multiplication mod 2 requires at least
171 1ms/2%] + L(n+ (nmod 5))(n — (n mod j) — j) +n mod j multiplications when

n> s> j>1;settingm =n =sand j = lgn gives 2.5n2 — %nlgn + O(n).
The best upper bounds known for large n are discussed in the text, following (36).

13. By summing geometric series, we find that F(t1,...,t,) equals

S ocas <m0 <y EXP(—2mi(s11 /M1 A+ Sutn fmn) f(51, - 50)) /i T

The inverse transform times m; ... m, can be found by doing a regular transform and
interchanging t; with m; — t; when t; # 0; see exercise 4.3.3-9.

[If we regard F(t1,...,tn) as the coefficient of zr ...zl in a multivariate polyno-
mial, the discrete Fourier transform amounts to evaluation of this polynomial at roots
of unity, and the inverse transform amounts to finding the interpolating polynomial.]

14. Let mip = ~»° = Mnp = 2, F(t1,t2,...,tn) = F(Qn—ltn 4+ . + 2t2 + t1), and
F(s1,82,...,8n) = F(2" " 's1 4+ 2" %52 + - + sn); note the reversed treatment between
t'sand s’s. Also let gk (Sk, ..., Sn,tk) be w raised to the 28ty (5p 42814+ +2" Fsy)
power.

At each iteration we essentially take 2"~ ! pairs of complex numbers (o, 3) and
replace them by (a+(3, a—(f), where ( is a suitable power of w, hence ¢ = cosf+isin 6
for some 6. If we take advantage of simplifications when { = £1 or +i, the total work
comes to ((n—3)-2""! +2) complex multiplications and n- 2" complex additions; the
techniques of exercise 41 can be used to reduce the real multiplications and additions
used to implement these complex operations.

The number of complex multiplications can be reduced about 25 per cent without
changing the number of additions by combining passes k and k + 1 for k =1, 3, ...;
this means that 2"~2 quadruples (o, 8,7, d) are being replaced by

(a+ B+ Cy+ (36, a+iCB— Py — i3, a— B+ Py~ (%6, a—i¢B— Py +il’0).

The total number of complex multiplications when n is even is thereby reduced to
(3n —2)2™3 — 52" 1/3].

These calculations assume that the given numbers F(t) are complex. If the F(¢)
are real, then f(s) is the complex conjugate of f(2" —s), so we can avoid the redundancy

by computing only the 2" independent real numbers f(0), Rf(1), ..., Rf(2""' — 1),
f@™ Y, SF(Q), ..., SF(2"" —1). The entire calculation in this case can be done
by working with 2" real values, using the fact that fi(sn—kt1,...18n,t1,...,tn—k)

will be the complex conjugate of fr(Sh_gi1s---s8nst1y---ytn—k) When (s1...8n)2 +
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(s1...80)2 = 0 (modulo 2™). About half as many multiplications and additions are
needed as in the complex case.

[The fast Fourier transform algorithm was discovered by C. F. Gauss in 1805 and
independently rediscovered many times since, most notably by J. W. Cooley and J.
W. Tukey, Math. Comp. 19 (1965), 297-301. Its interesting history has been traced
by J. W. Cooley, P. A. W. Lewis, and P. D. Welch, Proc. IEEE 55 (1967), 1675-1677,
M. T. Heideman, D. H. Johnson, and C. S. Burrus, IEEE ASSP Magazine 1,4 (October
1984), 14-21. Details concerning its use have been discussed by hundreds of authors,
admirably summarized by Charles Van Loan, Computational Frameworks for the Fast
Fourier Transform (Philadelphia: SIAM, 1992). For a survey of fast Fourier transforms
on finite groups, see M. Clausen and U. Baum, Fast Fourier Transforms (Mannheim:
Bibliographisches Institut Wissenschaftsverlag, 1993).]

15. (a) The hint follows by integration and induction. Let (™ (8) take on all values be-
tween A and B inclusive, as # varies from min(zo,...,zn) to max(zo,...,z,). Replac-
ing f(™ by each of these bounds, in the stated integral, yields A/n! < f(zo,...,zn) <
B/n!. (b) It suffices to prove this for 5 = n. Let f be Newton’s interpolation
polynomial, then f(™ is the constant n!a,. [See The Mathematical Papers of Isaac
Newton, edited by D. T. Whiteside, 4 (1971), 36-51, 70-73.]

16. Carry out the multiplications and additions of (43) as operations on polynomials.
(The special case zo = 1 = -+ = x, is considered in exercise 2. We have used this
method in step C8 of Algorithm 4.3.3T.)

17. For example, when n = 5 we have

Yo 5y1 + 10y2 10y3 5y4 Ys

:L‘—:L‘o—:L‘—:L‘l :L‘—:L‘g—:L‘—iL‘g :L‘—:L‘4_:L‘—:L‘5
U[5](l') = y
1 5 10 10 9 1

r— 9 r — Il r — I2 r — I3 r — T4 r — Is

independent of the value of h.

18. oo = %(U3/U4 +1), 8 =uz/us — ao(ao — 1), a1 = aof — u1/ug, a2 = B — 2ay,
as = uo/us — a1({o1 + a2), a4 = ug.
19. Since as is the leading coefficient, we may assume without loss of generality that
u(z) is monic (namely that us = 1). Then ao is a root of the equation 402% — 24u42® +
(4uj + 2u3)z + (uz — uguq) = 0; this equation always has at least one real root, and it
may have three. Once «p is determined, we have a3 = ug — 4o, @1 = uz —4apas —6a2,
a2 = up — oo +4adas + 20103 + ag), Qa4 = up — ag(ag + a10d + a2).

For the given polynomial we are to solve the cubic equation 40z° — 1202% +
80z = 0; this leads to three solutions (o, a1, a2, 3,4, a5) = (0,—10,13,5,—5,1),
(1,-20,68,1,11,1), (2, —10,13,—3,27,1).

20. LbA X STA  TEMP2 FADD =q;= FMUL TEMP1
FADD =q3= FMUL TEMP2 FMUL TEMP2 FADD =qu=
STA  TEMP1 STA  TEMP2 FADD =qp= FMUL =as5= |

FADD =qgp~a3=
21. z=(z+1)z—-2,w=(z+5)z+9, u(z) = (w+2—-8)w—8;or z = (x+9)x + 26,
w=(x—-3)z+73, u(z) = (w+ 2z —24)w — 12.
22, aezl,ao:—l,al:1,51:—Q,ﬁg:—2,53:—2,54:1,a3:—4,a2:0,
as =4,a5 = —2. Weform 2z = (z—1)z+1, w = 2+, and u(z) = ((z—z—4)w+4)z—2.
Here one of the seven additions can be saved if we compute w = z*> + 1, 2 = w — z.
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23. (a) We may use induction on n; the result is trivial if n < 2. If f(0) = 0, then
the result is true for the polynomial f(z)/z, so it holds for f(z). If f(iy) = 0 for some
real y # 0, then g(%iy) = h(+iy) = 0; since the result is true for f(2)/(2* + y?), it
holds also for f(z). Therefore we may assume that f(z) has no roots whose real part
is zero. Now the net number of times the given path circles the origin is the number of
roots of f(z) inside the region, which is at most 1. When R is large, the path f (Re')
for /2 < t < 37/2 will circle the origin clockwise approximately n/2 times; so the
path f(it) for —R < t < R must go counterclockwise around the origin at least n/2—1
times. For n even, this implies that f(it) crosses the imaginary axis at least n—2 times,
and the real axis at least n — 3 times; for n odd, f(it) crosses the real axis at least
n — 2 times and the imaginary axis at least n — 3 times. These are roots respectively
of g(3t) = 0, h(it) = 0.

(b) If not, g or h would have a root of the form a + b: with a # 0 and b # 0. But
this would imply the existence of at least three other such roots, namely a — b and
—a =+ bi, while g(z) and h(z) have at most n roots.

24. The roots of u are —7, —3 + 14, —2 £ i, and —1; permissible values of c are 2 and 4
(but not 3, since ¢ = 3 makes the sum of the roots equal to zero). Case 1, ¢ = 2:
p(z) = (z + 5)(z® + 2z + 2)(¢® + 1)(z — 1) = 2° + 62° + 62* + 42® — 52° — 22 — 10;
g(z) =6z + 4z -2 =6(z+ 1)(z — 3). Let ax = —1, an = 3; p1(z) = z* + 62° +
5z° — 2 — 10 = (z* + 6z + 139)(3:2 — 313—)— -7@3; ap = 6, Bo = %9, B1 = —-7@3. Case 2,
c = 4: A similar analysis gives a2 = 9, a1 = —3, ap = —6, Bo = 12, B1 = —26.

25. /81 = G2, ;82 = 2&1, ;83 = Q, /84 = Op, 185 - 186 — 07 ;87 =), ;88 — Oa ;89 = 2a1—0s.
26. (a) Al = a1 X Ag, Ao = a2 + A1, Az = A2 X Ao, Ag = a3z + A3, As = Mg X Ag,
A6 = g + Xs. (b) kK1 = 1+ fix, ke =1 + Boki1z, k3 = 1 + B3k, u(x) = Buksz =
B1828584x° + B2B384z2 + B384z + Ba. (c) If any coefficient is zero, the coefficient of z°
must also be zero in (b), while (a) yields an arbitrary polynomial o 2+ azz’ fasz+oy
of degree < 3.

27. Otherwise there would be a nonzero polynomial f(gn, ..., q1,¢o) with integer coeffi-
cients such that gn - f(gn,...,q1,90) = O for all sets (gn,...,qo) of real numbers. This
cannot happen, since it is easy to prove by induction on n that a nonzero polynomial
always takes on some nonzero value. (See exercise 4.6.1-16. However, this result is
false for finite fields in place of the real numbers.)

28. The indeterminate quantities a1, ..., &, form an algebraic basis for the polynomial
domain Q[au,...,as], where Q is the field of rational numbers. Since s + 1 is greater
than the number of elements in a basis, the polynomials f;(a1,...,as) are algebraically
dependent; this means that there is a nonzero polynomial g with rational coefficients
such that g(fo(a1,...,Qs)s. .., fs(au,...,as)) is identically zero.

29. Given jo, ..., j: € {0,1,...,n}, there are nonzero polynomials with integer coeffi-
cients such that g;(gj,,..-,¢;) = 0 for all (gn,...,q) in R;, 1 < j < m. The product
9192 - - . §m is therefore zero for all (gn,...,q0) in Ry U UR,,.

30. Starting with the construction in Theorem M, we will prove that mp+(1—0om, ) of
the 8’s may effectively be eliminated: If py; corresponds to a parameter multiplication,
we have pu; = B2i-1 X (T2i + B2:i); add ¢B2i—182: to each §; for which cui occurs in T,
and replace (2; by zero. This removes one parameter for each parameter multiplication.
If u; is the first chain multiplication, then pu; = (i + 601 + B2i—1) X (Y2 + 02 + B2:),
where 71, 72, 61, 62 are polynomials in 81, ..., f2i—2 with integer coefficients. Here
61 and 6, can be “absorbed” into (B2:—1 and (2:, respectively, so we may assume that



46.4 ANSWERS TO EXERCISES 703

61 = 6 = 0. Now add c¢B2;-182: to each 3; for which cu; occurs in Tj; add Bai-172/m
to B2i; and set (B2i-1 to zero. The result set is unchanged by this elimination of B2;_1,
except for the values of a1, ..., a, such that v, is zero. [This proof is essentially due to
V. Y. Pan, Uspekhi Mat. Nauk 21,1 (January-February 1966), 103-134.] The latter
case can be handled as in the proof of Theorem A, since the polynomials with v, =0
can be evaluated by eliminating (32; (as in the first construction, where p; corresponds
to a parameter multiplication).

31. Otherwise we could add one parameter multiplication as a final step, and violate
Theorem C. (The exercise is an improvement over Theorem A, in this special case,
since there are only n degrees of freedom in the coefficients of a monic polynomial of
degree n.)

32. A1 = Ao X Ao, A2 — o X A1, Az = a2+ A2, M = A3 X A1, As — a3 + Ag. We
need at least three multiplications to compute usaz® (see Section 4.6.3), and at least
two additions by Theorem A.

33. We must have n+1 < 2m, +myp + dom,, and m.+mp = (n+1)/2; so there are no
parameter multiplications. Now the first A; whose leading coefficient (as a polynomial
in z) is not an integer must be obtained by a chain addition; and there must be at least
n + 1 parameters, so there are at least n + 1 parameter additions.

34. Transform the given chain step by step, and also define the “content” ¢; of \;, as
follows: (Intuitively, c; is the leading coefficient of A;.) Define co = 1. (a) If the step
has the form A\; = a; + Ag, replace it by A\; = 3; + Ak, where 3; = «;/ck; and define
c; = ck. (b) If the step has the form A\; = a; — Ak, replace it by A; = 3; + Ak, where
B; = —aj/ck; and define ¢; = —ck. (c) If the step has the form A\, = a; X A, replace
it by Ai = Ax (the step will be deleted later); and define ¢; = ajck. (d) If the step has
the form A; = A; X A, leave it unchanged; and define ¢; = c¢jck.

After this process is finished, delete all steps of the form A; = Ak, replacing A; by
Ak in each future step that uses A;. Then add a final step Ar+1 = 8 X A, where 8 = c,.
This is the desired scheme, since it is easy to verify that the new A; are just the old
ones divided by the factor ¢;. The 3’s are given functions of the a’s; division by zero
is no problem, because if any cx = 0 we must have ¢, = 0 (hence the coefficient of z"
is zero), or else Ay never contributes to the final result.

35. Since there are at least five parameter steps, the result is trivial unless there is at
least one parameter multiplication; considering the ways in which three multiplications
can form usz®, we see that there must be one parameter multiplication and two chain
multiplications. Therefore the four addition-subtractions must each be parameter steps,
and exercise 34 applies. We can now assume that only additions are used, and that
we have a chain to compute a general monic fourth-degree polynomial with two chain
multiplications and four parameter additions. The only possible scheme of this type
that calculates a fourth-degree polynomial has the form

Al = a1+ Ao
A2 = a2 + Ao
/\3:/\1X)\2
A4 = a3 + A3
As = aq + A3
)\6:/\4X)\5

A7 = as + s
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Actually this chain has one addition too many, but any correct scheme can be put into
this form if we restrict some of the o’s to be functions of the others. Now A7 has the
form (z> 4+ Az + B)(z* + Az +C) + D = z? +2Az3 + (E 4+ A*)2® + EAz + F, where
A=a1 4+, B=aiae+a3, C =ayce+a4, D =as, E=B+(C, F=BC+ D;
and since this involves only three independent parameters it cannot represent a general
monic fourth-degree polynomial.

36. As in the solution to exercise 35, we may assume that the chain computes a
general monic polynomial of degree six, using only three chain multiplications and six
parameter additions. The computation must take one of two general forms

Al =a1 + Xo Al=a1+ o
A2 = g + Ap A2 =2+ Ao
)\3:/\1X)\2 /\32/\1X)\2
A = a3+ Ao A =03+ A3
As = aq + A3 As = g + A3
)\62/\4X)\5 )\6:/\4X)\5
A7 =as + e A7 =as + A3
As = a6 + A6 Ag = + e
)\92)\7X)\8 /\9=/\7X)\8
Ao = a7+ Ag Ao = a7 + Ag

where, as in exercise 35, an extra addition has been inserted to cover a more general
case. Neither of these schemes can calculate a general sixth-degree monic polynomial,
since the first case is a polynomial of the form

(2 + Az®> + Bz + C)(2® + Az + Bz + D) + E,
and the second case is a polynomial of the form
(z* + 242° + (E + A®)2® + EAz + F)(z® + Az + G) + H;

both of these involve only five independent parameters.

37. Let po(x) = UnZ" +Un12" "+ -+ up and qo(x) = "+ v 12" 4+ 4. For
1 < j < n, divide pj~1(z) by the monic polynomial g;_;(z), obtaining p;—i(z) =
a;q;-1(z) + B;q;(z). Assume that a monic polynomial g;(z) of degree n — j ex-
ists satisfying this relation; this will be true for almost all rational functions. Let
pi(z) = gj—1(x) — zvg;(x). These definitions imply that deg(p,) < 1, so we may let

qny1 = Pn(iL')
For the given rational function we have

i o By g;(x) p;(x)

0 z2 + 8z + 19 z? + 10z + 29
1 1 2 T+5 3z + 19

2 3 4 1 5

so u(z)/v(z) = po(z)/qo(z) = 1+ 2/(z + 3 +4/(z + 5)).

Notes: A general rational function of the stated form has 2n + 1 “degrees of
freedom,” in the sense that it can be shown to have 2n + 1 essentially independent
parameters. If we generalize polynomial chains to quolynomial chains, which allow
division operations as well as addition, subtraction, and multiplication (see exercise 71),
we can obtain the following results with slight modifications to the proofs of Theorems
A and M: A quolynomial chain with q addition-subtraction steps has at most q + 1
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degrees of freedom. A quolynomial chain with m multiplication-division steps has at
most 2m + 1 degrees of freedom. Therefore a quolynomial chain that computes almost
all rational functions of the stated form must have at least 2n addition-subtractions,
and n multiplication-divisions; the method in this exercise is optimal.

38. The theorem is certainly true if n = 0. Assume that n is positive, and that a
polynomial chain computing P(z; ug, ..., un) is given, where each of the parameters «;
has been replaced by a real number. Let A\; = A\; X Ax be the first chain multiplication
step that involves one of wug, ..., un; such a step must exist because of the rank of A.
Without loss of generality, we may assume that A; involves un; thus, \; has the form
houo + -+ - + hnun + f(x), where ho, ..., h, arereal, hn, # 0, and f(z) is a polynomial
with real coefficients. (The h’s and the coefficients of f(z) are derived from the values
assigned to the a’s.)

Now change step i to A\; = a x Ax, where « is an arbitrary real number. (We could
take a = 0; general a is used here merely to show that there is a certain amount of
flexibility available in the proof.) Add further steps to calculate

A= (a— f(z) —houo — - — hn-1un—1)/hn;

these new steps involve only additions and parameter multiplications (by suitable
new parameters). Finally, replace A_,_-1 = un everywhere in the chain by this new
element A. The result is a chain that calculates

Q(z;uo0, -+ Un—1) = P(x3u0, ..., Un-1, (0 — f() — houo — - — Ane1Un—1)/hn);

and this chain has one less chain multiplication. The proof will be complete if we
can show that Q satisfies the hypotheses. The quantity (o — f(z))/hn leads to a
possibly increased value of m, and a new vector B’. If the columns of A are Ay, Aj,

.., An (these vectors being linearly independent over the reals), the new matrix A’
corresponding to @ has the column vectors

AO—(hO/hn)An, ceey An—~1 _(hn*l/hn)An,

plus perhaps a few rows of zeros to account for an increased value of m, and these
columns are clearly also linearly independent. By induction, the chain that computes Q
has at least n — 1 chain multiplications, so the original chain has at least n.

[Pan showed also that the use of division would give no improvement; see Problemy
Kibernetiki 7 (1962), 21-30. Generalizations to the computation of several polynomials
in several variables, with and without various kinds of preconditioning, have been given
by S. Winograd, Comm. Pure and Applied Math. 23 (1970), 165-179.]

Yt wo, wmea(z) =

c 4+ Vg, @ =1+ Ym, b = a;,, and let
F(r) = Zi o (D) (F Yrsiaja’d?,

It follows that v, = f(r + 2) for » > 0, and é,, = f(1). If §,» = 0 and a is given,
we have a polynomial of degree m — 1 in b, with leading coefficient +(uzm—1 —ma) =
£(v2 + 1+ Ym —mym).

In Motzkin’s unpublished notes he arranged to make §; = 0 almost always, by
choosing 7’s so that this leading coefficient is # 0 when m is even and = 0 when m is
odd; then we can almost always let b be a (real) root of an odd-degree polynomial.

39. By induction on m. Let wm(z) = z®™ + uzm_12>™"

2m -2

2m—3
x + Va3 " T 4
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40. No: S. Winograd found a way to compute all polynomials of degree 13 with only
7 (possibly complex) multiplications [Comm. Pure and Applied Math. 25 (1972), 455—
457]. L. Revah found schemes that evaluate almost all polynomials of degree n > 9
with |n/2] 4+ 1 (possibly complex) multiplications [SICOMP 4 (1975), 381-392]; she
also showed that when n = 9 it is possible to achieve |n/2]+1 multiplications only with
at least n + 3 additions. By appending sufficiently many additions (see exercise 39),
the “almost all” and “possibly complex” provisos disappear. V. Y. Pan [STOC 10
(1978), 162-172; IBM Research Report RC7754 (1979)] found schemes with [n/2] + 1
(complex) multiplications and the minimum number n 42+ dng of (complex) additions,
for all odd n > 9; his method for n =9 is

v(z) = ((z + ) + 8)(z + ), w(z) = v(r) + =z,
ti(z) = (v(z) + &) (w(z) +e1),  ta(z) = (v(z) 4 62)(w(z) + €2),
u(z) = (t1(z) + ¢)(t2(z) — t1(z) + 1) + k.

The minimum number of real additions necessary, when the minimum number of (real)
muktiplications is achieved, remains unknown for n > 9.

41. a(c+d) — (a +b)d +i(a(c+d) + (b — a)c). [Beware numerical instability. Three
multiplications are necessary, since complex multiplication is a special case of (71) with
p(u) = u® + 1. Without the restriction on additions there are other possibilities. For
example, the symmetric formula ac — bd + i((a + b)(c + d) — ac — bd) was suggested by
Peter Ungar in 1963; Eq. 4.3.3—(2) is similar, with 2" in the role of i. See I. Munro,
STOC 3 (1971), 40-44; S. Winograd, Linear Algebra and its Applications 4 (1971),
381-388.]

Alternatively, if a®+b*> = 1and t = (1—a)/b = b/(1+a), the algorithm “w = c—td,
v=d+bw, u=w— tv” for calculating the product (a + bi)(c+ di) = u + iv has been
suggested by Oscar Buneman [J. Comp. Phys. 12 (1973), 127-128]. In this method if
a = cosf and b = sinf, we have t = tan(0/2).

Helmut Alt and Jan van Leeuwen [Computing 27 (1981), 205-215] have shown
that four real multiplications or divisions are necessary for computing 1/(a + bt), and
four are sufficient for computing

a a . (¢/b)a

bra  brelc/b)  b+ee/b)
Six multiplication-division operations and three addition-subtractions are necessary
and sufficient to compute (a+bi)/(c+di). [T. Lickteig, SICOMP 16 (1987), 278-311].
In spite of these lower bounds, one should remember that complex arithmetic
need not be implemented in terms of real arithmetic. For example, the time needed to
multiply two n-place complex numbers is asymptotically only about twice the time to
multiply two n-place real numbers, using fast Fourier transforms.

42. (a) Let w1, ..., mm be the A;’s that correspond to chain multiplications; then
7w, = Pai1 X P; and u(a:) = Pamy1, where each P; has the form 3; + Bjox + Bji1m1 +
4 Bjr(j)Tr(j), where r(j) < [§/2] —1 and each of the 8; and S;4 is a polynomial in the
a’s with integer coefficients. We can systematically modify the chain (see exercise 30)
so that 8; = 0 and B;,(;) = 1, for 1 < j < 2m; furthermore we can assume that 330 = 0.
The result set now has at most m+ 1+ ij;”l(f] /2] — 1) = m? 4+ 1 degrees of freedom.

(b) Any such polynomial chain with at most m chain multiplications can be
simulated by one with the form considered in (a), except that now we let 7(j) = [j/2]—1
for 1 <j <2m + 1, and we do not assume that 830 = 0 or that 8;,;y = 1 for j > 3.
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This single canonical form involves m? + 2m parameters. As the a’s run through all
integers and as we run through all chains, the 8’s run through at most om?+2m gets of
values mod 2, hence the result set does also. In order to obtain all 2" polynomials
of degree n with 0-1 coefficients, we need m?* + 2m > n.

(c) Set m « [v/n] and compute z° 2%, ..., 2™ Let u(z) = upms1(z)z™FI™ +
4 ur(x)z™ + uo(x), where each u;(z) is a polynomial of degree < m with integer
coefficients (hence it can be evaluated without any more multiplications). Now evaluate
u(z) by rule (2) as a polynomial in ™ with known coefficients. (The number of
additions used is approximately the sum of the absolute values of the coefficients, so
this algorithm is efficient on 0-1 polynomials. Paterson and Stockmeyer also gave
another algorithm that uses about v/2n multiplications.)

References: SICOMP 2 (1973), 60-66; see also J. E. Savage, SICOMP 3 (1974),
150-158; J. Ganz, SICOMP 24 (1995), 473-483. For analogous results about additions,
see Borodin and Cook, SICOMP 5 (1976), 146-157; Rivest and Van de Wiele, Inf. Proc.
Letters 8 (1979), 178-180.]

43. When a; = a; + ax s a step in some optimal addition chain for n + 1, compute
z = 272" and p; = pxz? + p;, where p; = 2'"' 4+ +z + 1; omit the final calculation
of z"T!. We save one multiplication whenever ax = 1, in particular when i = 1. (See

exercise 4.6.3-31 with € = %)

44. Let | = |lgn], and suppose z, z°, =% ..., 22" have been precomputed. If u(zx)

is monic of degree n = 2m + 1, we can write u(z) = (z™" + a)v(z) + w(z), where
v(z) and w(z) are monic of degree m. This yields a method for n = 2t+1 — 1 > 3 that
requires 2! — 1 further multiplications and 2!+1 + 2i-1 — 2 additions. If n = 2! we can
apply Horner’s rule to reduce n by 1. And if m = 2! < n < 241 — 1 we can write
u(z) = 2™v(z) + w(z) where v and w are monic of degrees n —m and m, respectively;
by induction on [, this requires at most %n + ! — 1 multiplications and %n additions,
after the precomputation. [See S. Winograd, IBM Tech. Disclosure Bull. 13 (1970),
1133-1135.]

Note: Tt is also possible to evaluate u(z) with $n + O(y/n) multiplications and
n + O(y/n ) additions, under the same ground rules, if our goal is to minimize multi-
plications + additions. The generic polynomial

ijm.(x) = (( (™ + cyo)(at:jJrl + B1) + al)(a:j+2 + B32)
+ a2) )(ﬂl?lc + Br—5) + ak——j)(l'j + Bo)

“covers” the coefficients of exponents {7,7 + k,j+k+(k—1),...,5+k+(k—1)+
e+ G+, m —k,m —k+1,...,m —j}, where

m=m+ji+@G+)+ -+k=m+ (k-;l) — (é)
By adding together such polynomials pikm,(z), P2kms(Z), - ., Pkkm,(x) for m; =
(j ng) + (k*g”), we obtain an arbitrary monic polynomial of degree k® + k + 1. [Rabin
and Winograd, Comm. on Pure and Applied Math. 25 (1972), 433-458, §2; this paper
also proves that constructions with in + O(logn) multiplications and < (1 + €)n
additions are possible for all € > 0, if n is large enough.]

45. It suffices to show that (7;x)’s rank is at most that of (¢;;x), since we can obtain
(ti;x) back from (Tijx) by transforming it in the same way with F~!, G H™! If
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tijk = _,_, Gitbjicer then it follows immediately that

Tijk = Yoy i (i Fivain) (] 2y Gy byr) (300 2y Hiwr cinn)-

[H. F. de Groote has proved that all normal schemes that yield 2 x 2 matrix
products with seven chain multiplications are equivalent, in the sense that they can be
obtained from each other by nonsingular matrix multiplication as in this exercise. In
this sense Strassen’s algorithm is unique. See Theor. Comp. Sci. 7 (1978), 127-148.]

46. By exercise 45 we can add any multiple of a row, column, or plane to another one
without changing the rank; we can also multiply a row, column, or plane by a nonzero
constant, or transpose the tensor. A sequence of such operations can always be found to

reduce a given 2x 2x 2 tensor to one of the forms (30) (55), (50) (50), G o), (50) (29,

(é ?) (2 11") The last tensor has rank 3 or 2 according as the polynomial u® — ru — ¢ has

one or two irreducible factors in the field of interest, by Theorem W (see (74)).
47. A general m x n x s tensor has mns degrees of freedom. By exercise 28 it is
impossible to express all m x n X s tensors in terms of the (m 4+ n + s)r elements of
a realization (A, B,C) unless (m + n + s)r > mns. On the other hand, assume that
m > n > s. The rank of an m x n matrix is at most n, so we can realize any tensor in
ns chain multiplications by realizing each matrix plane separately. [Exercise 46 shows
that this lower bound on the maximum tensor rank is not best possible, nor is the
upper bound. Thomas D. Howell (Ph. D. thesis, Cornell Univ., 1976) has shown that
there are tensors of rank > [mns/(m +n + s — 2)] over the complex numbers.]
48. If (A, B,C) and (A', B', C') are realizations of (t:;x) and (¢, ) of respective lengths
rand r’, then A" = A®A', B" = B®B',C" = C®C',and A" = AQA', B" = BQB',
C"' = C ®C', are realizations of (t};) and (t}x) of respective lengths r + 7' and r - r'.
Note: Many people have made the natural conjecture that rank((t:x) ® (i) =
rank(ti;x) + rank(t;;), but the constructions in exercise 60(b) and exercise 65 make
this seem much less plausible than it once was.
49. By Lemma T, rank(t:;x) > rank(t;(;x)). Conversely if M is a matrix of rank r
we can transform it by row and column operations, finding nonsingular matrices F
and G such that FMG has all entries 0 except for r diagonal elements that are 1;
see Algorithm 4.6.2N. The tensor rank of FMG is therefore < r; and it is the same as
the tensor rank of M, by exercise 45.
50. Let ¢ = (i',i") where 1 <1 < m and 1 < i < n; then ¢ )5 = 0;7;0%, and
it is clear that rank(t;(;x)) = mn since (;(;x)) is a permutation matrix. By Lemma L,
rank(t;;x) > mn. Conversely, since (ti;x) has only mn nonzero entries, its rank is
clearly < mn. (There is consequently no normal scheme requiring fewer than the mn
obvious multiplications. There is no such abnormal scheme either [Comm. Pure and
Appl. Math. 3 (1970), 165-179]. But some savings can be achieved if the same matrix
is used with s > 1 different column vectors, since this is equivalent to (m x n) times
(n X s) matrix multiplication.)
51. (a) 81 = yo + Y1, 82 = Yo — Y1; M1 = %(370 + x1)81, m2 = %(ZEO — T1)82; wo =
my +ma, wy = m; —ma2. (b) Here are some intermediate steps, using the methodology
in the text: ((zo — z2) + (1 — @2)u)((o — ¥2) + (y1 — y2)u) mod (v’ + u + 1) =
((wo — z2)(yo — y2) — (@1 — z2)(y1 — ¥2)) + ((xo — z2)(yo — y2) — (21 — z0)(y1 — yo) )u.
The first realization is

1110 1110 1112
1011 |, 1011 ], 1121 ] x

1101 1101 1211

Wi
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The second realization is

1112 1 111(_) 1110
1121 X 3 1101 |, 1011
1211 1011 1101

The resulting algorithm computes s; = yo +¥1, S2 = Yo — Y1, $3 = Y2 — Yo, S4a = Y2 — Y1,
s5 = s1+y2; m1 = (o +T1+72)s5, m2 = £ (xo+z1—2r2)s2, M3 = 3 (zo—2z1 +22) 83,
ms = 3(—2x0 + 1+ 2) 845 t1 = my +ma2, t2 =M1 —ma, t3 = m1 +m3, wo = t1 —Mm3,
w); =tz +mya, we =1tz — Mmay.

52. Let k = (k’, k") when k mod n’ = k' and k mod n”" = k”. Then we wish to compute
W w7y = 90 iy Yoy, summed for i + 57 = k' (modulo n') and i + 57 = k"
(modulo n”"). This can be done by applying the n’ algorithm to the 2n’ vectors Xy
and Y}/ of length n”, obtaining the n’ vectors Wj,. Each vector addition becomes n"
additions, each parameter multiplication becomes n” parameter multiplications, and
each chain multiplication of vectors is replaced by a cyclic convolution of degree n”. [If
the subalgorithms use the minimum number of chain multiplications over the rationals,
this algorithm uses 2(n' — d(n’))(n” — d(n")) more than the minimum, where d(n) is
the number of divisors of n, because of exercise 4.6.2-32 and Theorem W.]

53. (a) Let n(k) = (p— 1)p* "1 = o(p* %) for 0 < k < e, and n(k) =1 for k > e.
Represent the numbers {1,...,m} in the form a*p* (modulo m), where 0 < k < e and
0 < i< n(k), and a is a fixed primitive element modulo p®. For example, when m =9
we can let a = 2; the values are {2°3°% 213°9 203! 2230 2539 glgl 2430 9330 90323
Then f(a'p*) = Y oqic. 2 0<j<n(l) WD F(a?p') where g(i, 5, k, 1) = a*TIp*H,

We shall compute fixi = 20§j<n(l) wg(i’j’k’l>F(ajpl) for 0 < i < n(k) and for each

T

k and I. This is a cyclic convolution of degree n(k + ) on the values z; = we'?"*™" and
Ys = 2o<j<nuyls T 7=0 (modulo n(k +1))] F(a’p'), since fix is 3 z,ys summed over
r+s = i(modulo n(k+1)). The Fourier transform is obtained by summing appropriate
fikt’s. [Note: When linear combinations of the z; are formed, for example as in (6g),
the result will be purely real or purely imaginary, when the cyclic convolution algorithm
has been constructed by using rule (59) with u** —1 = (4™*)/2 _1)(4,™*)/2 £ 1), The
reason is that reduction mod (u"(kV 2 —1) produces a polynomial with real coefficients
w? + w7 while reduction mod (u"(kV 2 + 1) produces a polynomial with imaginary
coefficients w’ — w™7.]

When p = 2 an analogous construction applies, using the representation (—1)iaj 2k
(modulo m), where 0 < k < e and 0 < i < min(e — k,1) and 0 < j < 2°7%72 In this
case we use the construction of exercise 52 with n’ = 2 and n'' = 2°7%~2; although
these numbers are not relatively prime, the construction does yield the desired direct
product of cyclic convolutions.

(b) Let a'm’ +a"m"” = 1; and let w’ = w® ™, w" = w*™ . Define s’ = s mod m’,
s = smodm”, t' = tmodm/, t' = tmodm’, so that wst = (w')s't'(W")s"t". It
follows that f(s',s") = Z:’,‘/:BI :”,,”:BI(w')s't/(w“)s"t”F(t', t"); in other words, the
one-dimensional Fourier transform on m elements is actually a two-dimensional Fourier
transform on m’ x m'’ elements, in slight disguise.

1

We shall deal with “normal” algorithms consisting of (i) a number of sums s; of
the F’s and s’s; followed by (ii) a number of products m;, each of which is obtained
by multiplying one of the F’s or S’s by a real or imaginary number «;; followed by
(iii) a number of further sums t, each of which is formed from m’s or t’s (not F’s or
s’s). The final values must be m’s or t’s. For example, the “normal” Fourier transform
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scheme for m = 5 constructed from (69) and the method of part (a) is as follows:
s1 = F(1) + F(4), s2 = F(3) +F(2) s3 = 81 + 52, 84 = 81— 82, 85 = F(l) — F(4),
s¢ = F(2)—F(3), s7 = ss—s86; m1 = Hw+w® -l-w +w )33, ma = Hw—w? 4w —w?)sq,
ms = 3(w +w? —wt —w)ss, ma = 2(—w +w? +w? = w)ss, ms = L(w® — w?)s7,
me = 1- F(5), my = 1-s3; to = m1 + me, t1 = to + ma, ta = m3z +ms, t3 = to — ma,
ts = ma —ms, ts = t1 + ta, te = t3 +ta, tr = t1 — t2, g =13 — t4, o = me + mr.
Note the multiplication by 1 shown in me and m7; this is required by our conventions,
and it is important to include such cases for use in recursive constructions (although
the multiplications need not really be done). Here mg¢ = foo1, m7 = foro, ts =
fooo + foor = f(29), teé = fioo + fio1 = f(21) etc. We can improve the scheme by
introducing sg = s3 + F(5), replacing m, by (% (w+w? +w* +w?) —1)s;3 [this is —23s3),
replacing me by 1-sg, and deleting m7 and tg; this saves one of the trivial multiplications
by 1, and it will be advantageous when the scheme is used to build larger ones. In the
improved scheme, f(5) = ms, f(1) =ts, f(2) =ts, f(3) = ts, f(4) = tr.

Now suppose we have normal one-dimensional schemes for m’ and m”, using
respectively (a’,a’’) complex additions, (¢',¢") trivial multiplications by £1 or +i, and
a total of (¢, c”) complex multiplications including the trivial ones. (The nontrivial
complex multiplications are all “simple” since they involve only two real multiplications
and no real additions.) We can construct a normal scheme for the two—dlmensmnal
m' x m'" case by applying the m’ scheme to vectors F(t',x) of length m . Fach s;
step becomes m' additions; each m; becomes a Fourier transform on m" elements,
but with all of the a’s in this algorithm multiplied by «;; and each t; becomes m”
additions. Thus the new algorithm has (a’m” + c’a’’) complex additions, #'t" trivial
multiplications, and a total of ¢’c” complex multiplications.

Using these techniques, Winograd has found normal one-dimensional schemes for
the following small values of m with the following costs (a,t,c):

m=2 (222) m=7 (36,1, 9)
m=3 (61,3) m=8 (26,6, 8)
m=4 ( 8,4,4) m=9 (46,1,12)
m=5 (17,1,6) m=16 (74,8,18)

By combining these schemes as described above, we obtain methods that use fewer
arithmetic operations than the “fast Fourier transform” (FFT) discussed in exercise 14.
For example, when m = 1008 = 7-9-16, the costs come to (17946, 8,1944), so we can do
a Fourier transform on 1008 complex numbers with 3872 real multiplications and 35892
real additions. It is possible to improve on Winograd’s method for combining relatively
prime moduli by using multidimensional convolutions, as shown by Nussbaumer and
Quandalle in IBM J. Res. and Devel. 22 (1978), 134-144; their ingenious approach
reduces the amount of computation needed for 1008-point complex Fourier transforms
to 3084 real multiplications and 34668 real additions. By contrast, the FF'T on 1024
complex numbers involves 14344 real multiplications and 27652 real additions. If the
two-passes-at-once improvement in the answer to exercise 14 is used, however, the FFT
on 1024 complex numbers needs only 10936 real multiplications and 25948 additions,
and it is not difficult to implement. Therefore the subtler methods are faster only on
machines that take significantly longer to multiply than to add.

[References: Proc. Nat. Acad. Sci. USA 73 (1976), 1005-1006; Math. Comp. 32
(1978), 175-199; Advances in Math. 32 (1979), 83-117; IEEE Trans. ASSP-27 (1979),
169-181.]

54. max(2e;deg(p1) — 1,...,2eq,deg(py) — 1,9+ 1).
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55. 2n' — ¢', where n’ is the degree of the minimum polynomial of P (the monic
polynomial p of least degree such that u(P) is the zero matrix) and ¢’ is the number
of distinct irreducible factors it has. (Reduce P by similarity transformations.)
56. Let tijx + tjik = Tijk + Tjik, for all ¢, 7, k. If (A, B,C) is a realization of (¢;;x)
of rank r, then > ;_, cur (3, aazi)(); bjizs) = 3, ; tijeTit; = > Tijeziz; for all k.
Conversely, let the Ith chain multiplication of a polynomial chain, for 1 <[ < 7, be
the product (o + 3, curzi ) (B + Zj Bjiz;), where oy and 3, denote possible constant
terms and/or nonlinear terms. All terms of degree 2 appearing at any step of the chain
can be expressed as a linear combination Y_,_, ¢;(3_, ailmi)(zj b;iz;); hence the chain
defines a tensor (¢;;5) of rank < r such that t;jx +¢jik = 7ijk +7jik. This establishes the
hint. Now rank(7i;x + Tjik) = rank(t;jx + tjix) < rank(ti;x) 4+ rank(t;ix) = 2rank(ti;x).
A bilinear form in 21, ..., Tm, Y1, ---, Yn IS & quadratic form in m + n variables,
where 75 = tij_m i for i < m and j > m, otherwise 7;;x = 0. Now rank(r;x) +
rank(7jix) > rank(tijx), since we obtain a realization of (¢;;5) by suppressing the last
n rows of A and the first m rows of B in a realization (A, B, C) of (7;k + Tjik)-

57. Let N be the smallest power of 2 that exceeds 2n, and let up4+1 =+ = uny_1 =
Unt1 = - =vn_1 = 0. U = ivz_olw“ut and V, = fl:?)lw“vt for 0 < s < N,
where w = €*™/Y, then Zivz_ol w U Vs = N 3. uy, vs,, where the latter sum is taken
over all t; and ¢z with 0 < t1,t2 < N, t1 +t2 =t (modulo N). The terms vanish unless
t1 <nandty; <n,sot; +t2 < N; thus the sum is the coefficient of z* in the product
u(z)v(z). If we use the method of exercise 14 to compute the Fourier transforms and
the inverse transforms, the number of complex operations is O(N log N)+O(N log N)+
O(N)+ O(Nlog N); and N < 4n. [See Section 4.3.3C and the paper by J. M. Pollard,
Math. Comp. 25 (1971), 365-374.]

When multiplying integer polynomials, it is possible to use an integer number w
that is of order 2* modulo a prime p, and to determine the results modulo sufficiently
many primes. Useful primes in this regard, together with their least primitive roots r
(from which we take w = r(»~1)/2° mod p when p mod 2! = 1), can be found as described
in Section 4.5.4. For t = 9, the ten largest cases < 2% are p = 2%° — 512a + 1,
where (a,7) = (28,7), (31,10), (34,13), (56, 3), (58,10), (76, 5), (80, 3), (85, 11), (91, 5),
(101,3); the ten largest cases < 23! are p = 23! — 5124 + 1, where (a,7) = (1,10),
(11,3), (19,11), (20, 3), (29, 3), (35,3), (55,19), (65,6), (95,3), (121, 10). For larger ¢,
all primes p of the form 2°q + 1 where ¢ < 32 is odd and 2%* < p < 2% are given by
(p—1,7) = (11-221,3), (25-2%,3), (27-2%,5), (25-2%2.3), (27-2%%)7), (5 - 2%, 3),
(7-2%,3), (27-2%6,13), (15-2%7,31), (17-277,3), (3-2%,5), (13 -228,3), (29 - 2%7, 3),
(23- 229, 5). Some of the latter primes can be used with w = 2° for appropriate small e.
For a discussion of such primes, see R. M. Robinson, Proc. Amer. Math. Soc. 9 (1958),
673-681; S. W. Golomb, Math. Comp. 30 (1976), 657-663. Additional all-integer
methods are cited in the answer to exercise 4.6-5.

However, the method of exercise 59 will almost always be preferable in practice.

58. (a) Ingeneralif (A4, B, C) realizes (t;;), then ((z1,...,2m) A, B, C) is arealization
of the 1 X n x s matrix whose entry in row j, column k is Y z;t;j5. So there must be at
least as many nonzero elements in (z1,...,Zm)A as the rank of this matrix. In the case
of the m X n x (m4n — 1) tensor corresponding to polynomial multiplication of degree
~m — 1 by degree n — 1, the corresponding matrix has rank n whenever (zi1,...,zm) #
(0,...,0). A similar statement holds with A +» B and m « n.

Notes: In particular, if we work over the fleld of 2 elements, this says that the
rows of A modulo 2 form a “linear code” of m vectors having distance at least n,
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whenever (A, B, C) is a realization consisting entirely of integers. This observation,
due to R. W. Brockett and D. Dobkin [Linear Algebra and its Applications 19 (1978),
207-235, Theorem 14; see also Lempel and Winograd, IEEE Trans. IT-23 (1977), 503-
508; Lempel, Seroussi, and Winograd, Theoretical Comp. Sci. 22 (1983), 285-296], can
be used to obtain nontrivial lower bounds on the rank over the integers. For example,
M. R. Brown and D. Dobkin [IEEE Trans. C-29 (1980), 337-340] have used it to show
that realizations of n X n polynomial multiplication over the integers must have rank
> an for all sufficiently large n, when « is any real number less than

Qmin = 3.52762 68026 32407 48061 5475408128 07512 70182+;

here Gmin = 1/H(sin?#8,cos” §), where H(p,q) = plg(1/p) + qlg(1/q) is the binary
entropy function and 8 ~ 1.34686 is the root of sin®(§ — w/4) = H(sin?6,cos?§). An
all-integer realization of rank O(nlogn), based on cyclotomic polynomials, has been
constructed by M. Kaminski [J. Algorithms 9 (1988), 137-147].

10000000

10000111 11000100

(b) é?gggiéi 01000101 111999}0
00110011 100100011 J°110011111
00011001 00101000

00010000

The following economical ways to realize the multiplication of general polynomials
of degrees 2, 3, and 4 have been presented by H. Cohen and A. K. Lenstra [see- Math.
Comp. 48 (1987), S1-S2):

100000
100110 110100
010101}, same, 111010 };
001011 011001

001000

100000000
110010000
111001000
, same, 111111111 §;
011100010
001100100
000100000

10000000000000

100011001
010010011
001001101
000100111

11010000000000
10011010110000 11101000000000
01010101101000 11100110000100
00101100011000 |, same, 11110011100111
00000010110101 11001011010010
00000001101011 01000101001100

00000000000111

00000000000010
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In each case the A and B matrices are identical.

59. [IEEE Trans. ASSP-28 (1980), 205-215.] Note that cyclic convolution is polyno-
mial multiplication mod u™ — 1, and negacyclic convolution is polynomial multiplication
mod u™ + 1. Let us now change notation, replacing n by 2"; we shall consider recursive
algorithms for cyclic and negacyclic convolution (2o, ..., z2n_1) of (2o, ..., z2n 1) With
(yo,.--,yan—1). The algorithms are presented in unoptimized form, for brevity and
ease in exposition; readers who implement them will notice that many things can be
streamlined. For example, the final value of Z2m,_1(w) in step N5 will always be zero.

C1. [Test for simple case.] If n = 1, set

2o < ToYo + T1Y1, z1 + (o + z1)(yo + y1) — 20,
and terminate. Otherwise set m « 2" L.

C2. [Remainderize.] For 0 < k < m, set (Zk, Tmik) + (Tk + Trmiks Tk — Trmik)
and (Yx, Ym+r) < (Yk +Ymtk, Yk —Ym+k). (Now we have z(u) mod (u™—1) =
2o+ + moru™ ! and z(u) mod (U™ + 1) = T + -+ + Tam_1u™ T we
will compute z(u)y(u) mod (u™ —1) and z(u)y(u) mod (u™ 4 1), then we will
combine the results by (59)-)

C3. [Recurse.] Set (2o, ...,2m—1) to the cyclic convolution of (zo,...,ZTm_1) with
(Yo, --,Ym—1). Also set (zm,...,2z2m—1) to the negacyclic convolution of
(Tmy- -y T2m—1) With (Ym,...,Y2m—1)-

C4. [Unremainderize.] For 0 < k < m, set (zk, Zm+k) < 5 (2k + Zm+k> 2k =~ Zm+k)-
Now (z0,...,22m—1) is the desired answer. |

N1. [Test for simple case.] If n = 1, set t < Zo(yo + y1), 20 + t — (o + 1)1,
z1 + t+(x1—20)yo, and terminate. Otherwise set m <« oln/2] and r « 2m/21,
(The following steps use 2”*" auxiliary variables X;; for 0 < ¢ < 2m and 0 <
j < r, to represent 2m polynomials X;(w) = X0+ Xaw+--- -I—Xi(r_l)wr_l;
similarly, there are 2"*! auxiliary variables Y;;.)

N2. [Initialize auxiliary polynomials.] Set Xi; ¢ X(itm)j & Tmjti, Yij
Yiym)y; < Ymjti, for 0 <@ < m and 0 < j <. (At this point we have
z(u) = Xo(u™) + uXai(u™) + - + u" ' Xm-1(u™), and a similar formula
holds for y(u). Our strategy will be to multiply these polynomials modulo
(u™ + 1) = (u2" + 1), by operating modulo (w" + 1) on the polynomials
X (w) and Y (w), finding their cyclic convolution of length 2m and thereby
obtaining z(u)y(u) = Zo(u™) + uZ1 (™) + - -+ + u*™ " Zopm_1(u™).)

N3. [Transform.] (Now we will essentially do a fast Fourier transform on the poly-
nomials (Xo,..., Xm-1,0,...,0)and (Yo,...,Ym_1,0,...,0), using w™/™ as a
(2m)th root of unity. This is efficient, because multiplication by a power of w
is not really a multiplication at all.) For j = [n/2]—1, ..., 1, 0 (in this order),
do the following for all m binary numbers s +t = (8| 2/ ..-85+10...0)2 +
(0...0tj_1...to)2: Replace (Xsi¢+(w), X, 44425 (w)) by the pair of polynomi-
als (Xope(w) +w/m™ X 05 (W), Xope(w) ~ wr/m™s X 405 (w)), where
s' = 27(sj41...S|ns2))2. (We are evaluating 4.3.3—(39), with K = 2m
and w = wr/m; notice the bit-reversal in s’.) The operation X;(w) «
X;(w) +w* X;(w) means, more precisely, that we set X;; + Xi; + X;(;_) for
k <j<r, and Xij + Xij — Xy(j—k4ry for 0 < j < k. A copy of X;(w) can be
made without wasting much space.) Do the same transformation on the Y’s.
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N4. [Recurse.] For 0 < i < 2m, set (Zio, - - -, Zi(r—1y) to the negacyclic convolution
of (Xio, [P ,Xi(r_”) and (}/io, e ’K(T“l))‘
N5. [Untransform.] For j=0, 1, ..., [n/2] (in this order), set

(Zs+t(w)7 Zgyty0i (w)) A
5(Zsst(W) + Zoy 1400 (w), w7/ (Zsti(w) = Zyprqai (W),
for all m choices of s and t as in step N3.

N6. [Repack.] (Now we have accomplished the goal stated at the end of step N2,
since it is easy to show that the transform of the Z’s is the product of the
transforms of the X’s and the Y’s.) Set z; <= Zio — Z(m+iy(r—1) a0d Zmjti
Zij + Z(m+i)(j—1) for O <j <r, for 0 <1 < m. |

It is easy to verify that at most m extra bits of precision are needed for the
intermediate variables in this calculation; for example, if |z;| < M for 0 < i < 2"
at the beginning of the algorithm, then all of the z and X variables will be bounded
by 2" M throughout. All of the z and Z variables will be bounded by (2" M )2, which
is n more bits than required to hold the final convolution.

Algorithm N performs A, addition-subtractions, D, halvings, and Mp multipli-
cations, where A; = 5, D1 = 0, My = 3; for n > 1 we have A, = |_n/2j2"+2 +
2Un/2 1 Ar, o1 + (|n/2] +1)27F + 27, Dy = 2Un/214 Dy oy + (/2] + 1)2"*! and
M, = 2ln/21+1M, 51. The solutions are A, = 11 - 2n—1+[lgn] — 3.2" 4 6 - 2™ 5,
D, = 4.9n—1+[lgn]l —2.2" 4+ 2.2"S, M, = 3.2n-1+llgn]; here S, satisfies the
recurrence §; = 0, Sn = 2S[,/21 + [n/2], and it is not difficult to prove the inequalities
snflgn] < 8p < Spp1 < %nlgn +n for all n > 1. Algorithm C does approximately
the same amount of work as Algorithm N.

60. (a) In X, for example, we can group all terms having a common value of 5 and k&
into a single trilinear term; this gives v* trilinear terms when (j, k) € ExE, plus v
when (j, k) € ExO and v* when (j,k) € OxE. When j = k we can also include
—z;;y;525; in 51, free of charge. (In the case n = 10, the method multiplies 10 x 10
matrices with 710 noncommutative multiplications; this is almost as good as seven
5 x 5 multiplications by the method of Makarov cited in the answer to exercise 12,
although Winograd’s scheme (35) uses only 600 when commutativity is allowed. With
a similar scheme, Pan showed for the first time that M(n) < n??8 for all large n, and
this awakened great interest in the problem. See SICOMP 9 (1980), 321-342.]

(b) Here we simply let S be all the indices (2, j, k) of one problem, S the indices of

the other. [When m = n = s = 10, the result is quite surprising: We can multiply two
separate 10 x 10 matrices with 1300 noncommutative multiplications, while no scheme
is known that would multiply each of them with 650.)
61. (a) Replace a;(u) by uau(u). (b) Let au(u) = _, auuu”, etc., in a polynomial
realization of length » = rankg(tijx). Then ¢ = Z“+u+a:d S Gipbjivcris. [This
result can be improved to rank(t;;x) < (2d + 1) rankq(t:;%) in an infinite field, because
the trilinear form ), ., _48ubuCo corresponds to multiplication of polynomials mod-
ulo u?*!, as pointed out by Bini and Pan. See Calcolo 17 (1980), 87-97.] (c,d) This
is clear from the realizations in exercise 48. ‘

(e) Suppose we have realizations of ¢ and rt' such that Y /_, aubjice = tisrud +
O(ud+l) and Zle A(ii’)LB(jj’)LC(kk’)L = [Z —_-j = k] tQ,j,k,ud' + O(ud"*‘l). Then

R r r r
Z Z auAginr Z bjm B(mj')L Z cinCninyr = tigety;neu®t® + O+,
m=1 n=1

L=11=1
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62. The rank is 3, by the method of proof in Theorem W with P = (g (1)) The border
rank cannot be 1, since we cannot have a;(u)bi(u)c1(u) = a1 (u)bz(u)cz(u) = u® and
a1(w)bz(u)er (u) = a1(u)by (u)ca(u) = 0 (modulo ut'). The border rank is 2 because
of the realization (. ), (¥ 2), (} 1)

The notion of border rank was introduced by Bini, Capovani, Lotti, and Romani

in Information Processing Letters 8 (1979), 234-235.

63. (a) Let the elements of T'(m,n,s) and T(M, N, S) be denoted by t(; j»y(j k) (k')
and Tr /y(J,K')(K,1'), Tespectively. Each element Tiz,7'y(7,x7yx,z7y of the direct prod-
uct, where T = (i,I), J = (j,J), and K = (k, K), is equal to ty jsy(r/y(k,iry X
T(1,7'y(5,K"y(k,1’y by definition, so it is {Z' =7 and J'=J and K' =K].

(b) Apply exercise 61(e) with M(N) = rank,(T(N, N, N)).

(c) We have M(mns) < r° since T(mns, mns,mns) = T(m,n,s) ® T(n,s,m) ®
T(s,m,n). If M(n) < R we have M(n") < R" for all h, and it follows that M(N) <
M (nllegn N1) < Rllogn N1 < RNlog R/log n [This result appears in Pan’s paper of 1972.]

(d) We have My(mns) < r® for some d, where My(n) = rankq(T(n,n,n)). If
My(n) < R we have My4(nh) < R" for all h, and the stated formula follows since
M(n") < (hdz"'z) R" by exercise 61(b). In an infinite field we save a factor of log N.
[This result is due to Bini and Schonhage, 1979.]

64. We have Zk(fk(u)+2j¢k gjk(u)) = uzzlfi,j,kSS TijYjkzki+O(u?), when fi(u) =
(zr1 + u?r2) (Yar + v2yik) Zkk + (e + w2zk3)yar (1 + u) ik — w(zk1 + 2k2 + 283)) —
zr1(Y2k + Y3k )(2k1 + zr2 + 2k3) and gk (u) = (zer + u?zj2) (Yae — wyr;)(2e; — uzjn) +
(k1 + u®zj3)(yar + uy1;)2zk;. [The best upper bound known for rank(7'(3,3,3)) is 23;
see the answer to exercise 12. The border rank of T'(2, 2, 2) remains unknown.

65. The polynomial in the hint is u® > 7", Yo (@ayiziy + XY Z) + O(u®). Let X;;
and Y;; be indeterminates for 1 <i < mand1 < j < njalsoset X;n = Yim; =0, Xy =
_ Z;’;l Xijy Yip = — Z;‘;ll Yi;. Thus with mn + 1 multiplications of polynomials in
the indeterminates we can compute z;y; for each ¢ and j and also )", ;;1 XY =
St Z;.‘;ll X;;Yi;. [SICOMP 10 (1981), 434-455. In this classic paper Schénhage
also derived, among other things, the results of exercises 64, 66, and 67(i).]

66. (a) Let w = liminf,_, . log M(n)/log n; we have w > 2 by Lemma T. For all € > 0,
there is an N with M(N) < N“*t¢. The argument of exercise 63(c) now shows that
log M(n)/logn < w + 2¢ for all sufficiently large N.

(b) This is an immediate consequence of exercise 63(d).

(c) Let r = rank(t), ¢ = (mns)*/®, Q = (MNS)*“/3. Given € > 0, there is an
integer constant c. such that M(p) < c.p“"* for all positive integers p. For every
integer h > 0 we have t" = @, (Z)T(mth_k,nth_k,SkSh_k), and rank(t") < ",
Given h and k, let p = L(Z)l/(w+f>_1. Then

rank(T (pm M™% pn* N"7* ps*S$"*)) < rank(M (p)T(m* M"~* n* N~k sk gh=k))
< rank(ce (})T(m* M"=* nk Nh=k sk gh—Fky)

< CeT

by exercise 63(b), and it follows from part (b) that

pquQh-—k — (pmkMh—kpnth—kpSkSh—k)w/3 S CE’f'h.
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a1/ (wHe)

Since p > (%) /2 we have

e/(w+e)
(Z)quh—k < (:) (2p)“q" QP < aeh/wrelgue b
Therefore (q + Q)" < (h 4 1)2¢"/(“F<2¥¢.r" for all h. And it follows that we must
have ¢ + Q < 2¢/(w+e)r for all.e > 0.

(d) Set m = n = 4 in exercise 65, and note that 16°%° +9%85 > 17,

67. (a) The mn x mns® matrix (t;;/)((jx')(k'))) has rank mn because it is a permu-

tation matrix when restricted to the mn rows for which k = k' = 1.

(b) ((t @t )i(xy) is essentially (tijxy) @ (ti(;x))> Plus n's 4+ sn’ additional columns
of zeros. [Similarly we have ((t ® t')i(jx)) = (tigry) ® (té(jm) for the direct product.)

(c) Let D be the diagonal matrix diag(di,...,dr), so that ADBT = O. We
know by Lemma T that rank(A) = m and rank(B) = n; hence rank(AD) = m and
rank(DBT) = n. We can assume without loss of generality that the first m columns
of A are linearly independent. Since the columns of BT are in the null space of AD,
we may also assume that the last n columns of B are linearly independent. Write A
in the partitioned form (A; Az As) where A; is m x m (and nonsingular), Az is m x g,
and As is m x n. Also partition D so that AD = (A1 D, A2D; A3D3). Then there is
a g X r matrix W = (W, I O) such that ADWT = O, namely W, = —D, AT Al TD L
Similarly, we may write B = (B1 Bz B3), and we find VDBT = O when V = (0 I vg)
is the ¢ x r matrix with Vs = —D3B7 By T D;!'. Notice that UDVT = Dy, so the hint
is established (more or less—after all, it was just a hint).

Now we let Ay(u) =ay for1 <@ < m Amiin(u) = vva/dm+i; ]l(u) = by, for
1< j < n, Bangsn(u) = wuy; Ckl(u) = u’ck for 1 < k <5, C(sp1y(u) = di. It follows
that >°;_, Au(u)Bji(u)Cri(u) = u’tin + O@W?®) if k < s, u?[i > m][j > n] 1f k=s+1.
[In this proof we did not need to assume that ¢ is nondegenerate with respect to C.]

(d) Consider the following realization of T'(m, 1,n) with 7 = mn+1: a; = [|I/n] =
i— 1}, by = [lmodn=7j], by = [I=0G-1)n+j], if | < mn; air = 1, bjr = —1,
c(ijyr = 0. This is improvable with d; = 1 for 1 <1 <.

(e) The idea is to find an improvable realization of T'(m, n, s). Suppose (A, B, C)
is a realization of length r. Given arbitrary integers ai, ..., am, G1, ..., Bs, extend
A, B, and C by defining

Ay rrpy = @ild =0, Buryertp) = Ber [ =0], Criyrepy =0, for 1 <p < n.

fd =307 > 5. asBrciry for I <rand di = ~1 otherwise, we have
T+n
Z Ay Berydi = Z Zaz Bk ZA(z] By Corryr — Zaz 7' =p] Be i =p]
=1 i/=1k=1 p=1
=[i=j"laiBe — [1=7"]uBr =0;
so this is improvable if dy...d, # 0. But d;...d, is a polynomial in (ai,...,am,
B1,...,08s), not identically zero, since we can assume without loss of generality that C

has no all-zero columns. Therefore some choice of a’s and 3’s will work.
(f) If M(n) = n* we have M(n") = n"“, hence
rank(T(nh, n", nh) & T(1, nh — nh(2nh —-1),1) < n" 4+ nh
Exercise 66(c) now implies that n" + (n"* — 2n?" 4+ n")*/3 < phv 4 p* for all h.

Therefore w = 2; but this contradicts the lower bound 2n® — 1 (see the answer to
exercise 12).
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(g) Let f(u) and g(u) be polynomials such that the elements of V f(u) and Wg(u)

are polynomials. Then we redefine

Aigmy = ud+1vilf(u)/di+m7 B(jiny = u wig(u)/p, Cu = u®t e,
where f(u)g(u) = pu® + O(u®T"). It follows that >, Au(u)Bji(u)Cr(u) is equal to
ulte 2t + O(dte™3) if k < s, w2 [i>m][j >n] if k = s + 1. [Note: The result
of (e) therefore holds over any field, if rank: is replaced by rank, since we can choose
the a’s and 3’s to be polynomials of the form 1+ O(u).]

(h) Let row p of C refer to the component T'(1,16,1). The key point is that
iy aa(u)bji(u)cp(u) is zero (not simply O(u?*!)) for all i and j that remain after
deletion; moreover, cpi(u) # 0 for all I. These properties are true in the constructions
of parts (c) and (g), and they remain true when we take direct products.

(i) The proof generalizes from binomials to multinomials in a straightforward way.

(j) After part (h) we have 81%/% 4+ 2(36“/3) + 34“/3 < 100, so w < 2.52. Squar-
ing once again gives rank(7(81,1,81) & 47(27,4,27) & 27(9,34,9) & 47(9,16,9) &
4T(3,136,3) @ T(1,3334,1)) < 10000; this yields w < 2.4999. Success! Continued
squaring leads to better and better bounds that converge rapidly to 2.497723729083 ... .
If we had started with T'(4,1,4)®T(1,9,1) instead of T'(3,1,3)®T(1, 4, 1), the limiting
bound would have been 2.51096309....

[Similar tricks yield w < 2.496; see SICOMP 11 (1982), 472-492.)

68. T. M. Vari has shown that n — 1 multiplications are necessary, by proving that
n multiplications are necessary to compute z} + - -- 4+ z2 [Cornell Computer Science
Report 120 (1972)]. C. Pandu Rangan showed that if we compute the polynomial as
LiRy + -+ L,_1R,_1, where the L’s and R’s are linear combinations of the z’s,
at least n — 2 additions are needed to form the L’s and R’s [J. Algorithms 4 (1983),
282-285]. But his lower bound does not obviously apply to all polynomial chains.

69. Let y;; = z;; — [i=j], and apply the recursive construction (31) to the matrix
I +Y, using arithmetic on power series in the n? variables y;; but ignoring all terms
of total degree > n. Each entry h of the array is represented as a sum ho + h1 +
.-+ h,, where hy is the value of a homogeneous polynomial of degree k. Then every
addition step becomes n + 1 additions, and every multiplication step becomes ~ %nz
multiplications and ~ %nz additions. Furthermore, every division is by a quantity of
the form 1 + hy + -+ + hn, since all divisions in the recursive construction are by 1
when the y;; are entirely zero; therefore division is slightly easier than multiplication
(see Eq. 4.7-(3) when Vo = 1). Since we stop when reaching a 2 x 2 determinant,
we need not subtract 1 from y;; when 7 > n — 2. It turns out that when redundant
computations are suppressed, this method requires 20(';) + 8(2) + 12('3‘) — 4(;) +5n—4
multiplications and 20(7) +8(}) +4(3) +24(%) —n additions, thus §n8—O(n?) of each.
A similar method can be used to eliminate division in many other cases; see Crelle 264
(1973), 184-202. (But the next exercise constructs an even faster divisionless scheme
for determinants.)

70. Set A= \A—z, B=—u, C = —v, and D = A — Y in the hinted identity, then
take the determinant of both sides, using the fact that I/X +Y/A* +Y?/X\3 4+ ... is
the inverse of D as a formal power series in 1/A. We need to compute uY *v only for
0 < k < n — 2, because we know that fx(A) is a polynomial of degree n; thus, only
n3+ O(n2) multiplications and n3+ O(n?) additions are needed to advance from degree
n — 1 to degree n. Proceeding recursively, we obtain the coefficients of fx from the
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elements of X after doing 6(}) + 7(3) + 2(3;) multiplications and 6(}) + 5(3) + 2(7)
addition-subtractions.

If we only want to compute det X = (—1)" fx(0), we save 3(7) — n + 1 multiplica-
tions and ('2‘) additions. This division-free method for determinant evaluation is in fact
quite economical when n has a moderate size; it beats the obvious cofactor expansion
scheme when n > 4. .

If w is the exponent of matrix multiplication in exercise 66, the same approach
leads to a division-free computation in O(n“*!€) steps, because the vectors uY* for
0 < k < n can be evaluated in O(M(n)logn) steps: Take a matrix whose first 2! rows
are uY'* for 0 < k < 2' and multiply it by Y2'; then the first 2 rows of the product
are uY™ for 2' < k < 2'*!. [See S. J. Berkowitz, Inf. Processing Letters 18 (1984),
147-150.] E. Kaltofen has in fact constructed a determinant evaluation algorithm
that requires only O(n(“**)/2+¢) additions, subtractions, and multiplications. [Proc.
Int. Symp. Symb. Alg. Comp. (ACM, 1992), 342-349.] Of course such asymptotically
“fast” matrix multiplication is strictly of theoretical interest.

71. Suppose g1 = U1 O V1, ..., gr = Ur O Ur, and f = a1g1 + -+ + Qrgr + po, Where
Uk = Br1g1+ ++ Bk -1)gk—1 T Pks Uk = Vk1g1+*** +Yi(k—1)Gk—1 + Gk, each ois “X” or
“/”, and each p; or g; is a polynomial of degree < 1in z1, ..., ». Compute auxiliary
quantities wg, Yk, 2x for k =7, 7 — 1, ..., 1 as follows: wix = ak + Bk+1)sYr+1 +
Y(k+1)kZk+1 + -+ + BriYr + Yrk2r, and

Yk = Wik X Vky Zk = Wk X Uk, ifgk:ukka;

Yk = Wk/Vk, 2k = —Yk X Gk, if gx = ui/vi.

Then f' = py + plyr + q121 + -+ + PrYr + gr2r, where ' denotes the derivative with
respect to any of z1, ..., . [W. Baur and V. Strassen, Theoretical Comp. Sci. 22
(1983), 317-330. A related method had been published by S. Linnainmaa, BIT 16
(1976), 146-160, who applied it to analysis of rounding errors.] We save two chain
multiplications if g, = u, X v, since w, = a,. Repeating the construction gives all
second partial derivatives with at most 9m + 3d chain multiplications and 4d divisions.

72. There is an algorithm to compute the tensor rank over algebraically closed fields
like the complex numbers, since this is a special case of the results of Alfred Tarski,
A Decision Method for Elementary Algebra and Geometry, 2nd edition (Berkeley,
California: Univ. of California Press, 1951); but the known methods do not make this
computation really feasible except for very small tensors. Over the field of rational
numbers, the problem isn’t even known to be solvable in finite time.

73. In such a polynomial chain on N variables, the determinant of any N x N matrix
for N of the linear forms known after { addition-subtraction steps is at most 2. And in
the discrete Fourier transform, the matrix of the final N = m, ... m, linear forms has
determinant N"V/2, since its square is N times a permutation matrix by exercise 13.
[JACM 20 (1973), 305-306.]

74. (a) If k= (k1,...,ks)T is a vector of relatively prime integers, so is Uk, since any
common divisor of the elements of Uk divides all elements of k = U ~'Uk. Therefore
VUk cannot have all integer components.

(b) Suppose there is a polynomial chain for Vz with ¢ multiplications. If t = 0, the
entries of V' must all be integers, so s = 0. Otherwise let A\; = a X A or \i = A\; X A&
be the first multiplication step. We can assume that Ay = n1z, + -+ + nsz, + 3 where
ni, ..., ng are integers, not all zero, and 8 is constant. Find a unimodular matrix
U such that (ni,...,ns)U = (0,...,0,d), where d = gcd(ni,...,ns). (The algorithm
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discussed before Eq. 4.5.2-(14) implicitly defines such a U.) Construct a new polyno-
mial chain with inputs yi, ..., ys—1 as follows: First calculate z = (z1,... )T =
Ulyr,...,ys—1,—B/d)T, then continue with the assumed polynomial chain for Vz.
When step ¢ of that chain is reached, we will have Ay = (n1,...,ns)z + 8 = 0, so
we can simply set A; = 0 instead of multiplying. After Vz has been evaluated, add
the constant vector w@/d to the result, where w is the rightmost column of VU, and
let W be the other s — 1 columns of VU. The new polynomial chain has computed
V+wB/d=VU(y,...,ys—1,-B/d)T +wB/d=W(y,...,ys—1)7, with £ — 1 multi-
plications. But the columns of W are Z-independent, by part (a); hencet — 12> s —1,
by induction on s, and we have t > s.

(c) Let z; = O for the t — s values of j that aren’t in the set of Z-independent
columns. Any chain for Vi then evaluates V'z’ for a matrix V' to which part (b) applies.

(d) A=z —y, A = A1+ A1, Az = Ao+, Ad = (1/6))( A3, As = A4+ A4,
M = As+y (=z+y/3), M1 =de— A1, As = Ar+ M\ (= z/24y). But {z/2+y,z+y/2}
needs two multiplications, since the columns of (1{2 1}2) are Z-independent. [Journal
of Information Processing 1 (1978), 125-129.]

SECTION 4.7

1. Find the first nonzero coefficient Vi, as in (4), and divide both U(z) and V(z)
by 2™ (shifting the coefficients m places to the left). The quotient will be a power
series if and only if Uy = - - = Up—1 = 0.

2. We have V"W, = VU, — (Ve Wo) (Ve ' V) — (VEW)(Ve' *Viey) — -+ —
(V&W,_1)(V@Vy). Thus, we can start by replacing (U;,V;) by (VojUj,Voj_IVj) for
j > 1, then set W, + U, — Z;é Wi Vn—r for n > 0, finally replace W; by Wj/\/oj+1
for 5 > 0. Similar techniques are possible in connection with other algorithms in this
section.

3. Yes. When a = 0, it is easy to prove by induction that W, = Wz = --- = 0. When
a =1, we find W,, = V,,, by the cute identity

i (M) ViVa—k = VaVo.

n
k=1

4. If W(z) = "), then W'(z) = V'(2) W(2); we find Wo = e"°, and

Wn=)_ Wiy,  forn>1.
k=1

If W(z) = InV(z), the roles of V and W are reversed; hence when Vo = 1 the rule is
Wo =0and W, =V, + 721 (k/n — 1) ViWn_y for n > 1.

[By exercise 6, the logarithm can be obtained to order n in O(nlogn) operations.
R. P. Brent observes that exp(V(z)) can also be calculated with this asymptotic speed
by applying Newton’s method to f(z) = lnz — V/(2); therefore general exponentiation
(1+V(2))” = exp(aln(14+V(z))) is O(nlogn) too. Reference: Analytic Computational
Complexity, edited by J. F. Traub (New York: Academic Press, 1975), 172-176.]

5. We get the original series back. This can be used to test a reversion algorithm.

6. ¢(x) = = + z(1 — zV(2)); see Algorithm 4.3.3R. Thus after Wy, ..., Wn_,
are known, the idea is to input Vy, ..., Van—1, compute (Wo +--- + WN_lzN_l) X
(Vo+ -+ Van_122¥ ) = 14+ Roz™ + -+ + Rvo12®V 1 + 0(2*Y), and let Wy +
oo Wano1 2V = —(Wo + -+ + Wrn_12V ") (Ro + -+ + Rv—12V 1) + O(=2Y).
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[Numer. Math. 22 (1974), 341-348; this algorithm was, in essence, first published
by M. Sieveking, Computing 10 (1972), 153-156.] Note that the total time for N coef-
ficients is O(N log N) arithmetic operations if we use “fast” polynomial multiplication
(exercise 4.6.4-57).
7. W, = (",Lk) /n when n = (m — 1)k + 1, otherwise 0. (See exercise 2.3.4.4-11.)
8. G1. Input Gi and Vi; sef n « 1, Uy + 1/Vi; output W, = G1Up.
G2. Increase n by 1. Terminate the algorithm if n > N; otherwise input V,
and G,,.
G3. Set U + (U — Z;c:l Ur—;Vis1)/Vi for k=0, 1, ..., n— 2 (in this order);
then set Un—1  — > 1o kUn - Vi/V1.
G4. Output W, = 5 ,'_, kUn_xGr/n and return to G2. |
(The running time of the order N° algorithm is hereby increased by only order N2.)
Note: Algorlthms T and N determine V1~ ( (2)); the algorithm in this exercise
determines G( (z)) which is somewhat different. Of course, the results can all be
obtained by a sequence of operations of reversion and composition (exercise 11), but it
is helpful to have more direct algorithms for each case.

9. n=1 n=2 n=3 n=4 n=5

Ty, 1 1 2 5 14
Tz, 1 2 5 14
T3n 1 3 9
T4n 1 4
Tsn 1

10. Form y'/* = z(1 + a1z + az2® + - N = (1 + iz + cez? + -+ ) by means of
Eq. (9); then revert the latter series. (See the remarks following Eq. 1.2.11.3-(11).)

11. Set Wy « Uy, and set (Tk,Wi) + (V%,0) for 1 < k < N. Then for n = 1,
2, ..., N, do the following: Set W; « W, + U,T; for n < j < N; and then set
T; <—Tj_1V1-|—~~~+Tan_n forj=N,N—-1,...,n+ 1.

Here T(z) represents V(z)". An online power series algorithm for this problem,
analogous to Algorithm T, could be constructed, but it would require about N?2/2
storage locations. There is also an online algorithm that solves this exercise and needs
only O(N) storage locations: We may assume that Vi = 1, if Uy is replaced by UxV{*
and Vj is replaced by Vi /Vi for all k. Then we may revert V(z) by Algorithm L, and
use its output as 1nput to the algorithm of exercise 8 with G, = U, Gy = Us, etc.,
thus computing U(V! U(2)) — Uo. See also exercise 20.

Brent and Kung have constructed several algorithms that are asymptotically faster.
For example, we can evaluate U(z) for z = V(z) by a slight variant of exercise 4.6.4—
42(c), doing about 2v/N chain multiplications of cost M(N) and about N parameter
multiplications of cost N, where M (N) is the number of operations needed to multiply
power series to order N; the total time is therefore O(v' NM(N) + N?%) = O(N?).
A still faster method can be based on the identity U(Vo(2) + 2™Vi(2)) = U(Vo(2)) +
2™U (Vo(2))Va (2)+22mU" (Vo(2)) Vi (2)?/2!+ - -, extending to about N/m terms, where
we choose m ~ /N/log N; the first term U(Vy(z)) is evaluated in O(mN(log N)?)
operations using a method somewhat like that in exercise 4.6.4-43. Since we can go from
UR (Vo (2)) to U (Vy(2)) in O(N log N) operations by differentiating and dividing
by Vg (2), the entire procedure takes O(mN (log N)?+(N/m) Nlog N) = O(Nlog N)*/?
operations. [JACM 25 (1978), 581-595.)
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When the polynomials have m-bit integer coefficients, this algorithm involves
roughly N3/2*¢ multiplications of (N lgm)-bit numbers, so the total running time
will be more than N®2. An alternative approach with asymptotic running time
O(N?*¢) has been developed by P. Ritzmann [Theoretical Comp. Sci. 44 (1986), 1-16].
Composition can be done much faster modulo a small prime p (see exercise 26).

12. Polynomial division is trivial unless m > n > 1. Assuming the latter, the equation
u(z) = g(z)v(z) +r(z) is equivalent to U(z) = Q(2)V (2) + 2™ "t R(2) where U(z) =
™ u(z™), V(z) = z2"v(z7), Qz) = 2™ "q(z7!), and R(z) = " 'r(z™') are the
“reverse” polynomials of u, v, q, and 7.

To find q(z) and r(z), compute the first m —n + 1 coefficients of the power series
U(2)/V(z) = W(z) + O(z™™*1); then compute the power series U(z) — V(2) W (2),
which has the form 2™ "*1T(z) where T(z) = To + T1z2 4 ---. Note that T; = 0 for all
j > n; hence Q(z) = W(z) and R(z) = T(z) satisfy the requirements.

13. Apply exercise 4.6.1-3 with u(z) = z% and v(z) = Wo + -~ + Wrn_12V"1; the
desired approximations are the values of vs(z)/v2(z) obtained during the course of
the algorithm. Exercise 4.6.1--26 tells us that there are no further possibilities with
relatively prime numerator and denominator. If each W, is an integer, an all-integer
extension of Algorithm 4.6.1C will have the desired properties.

Notes: See the book History of Continued Fractions and Padé Approximants by

Claude Brezinski (Berlin: Springer, 1991) for further information. The case N =2n+1
and deg(w,) = deg(wz) = n is of particular interest, since it is equivalent to a so-called
Toeplitz system; asymptotically fast methods for Toeplitz systems are surveyed in Bini
and Pan, Polynomial and Matrix Computations 1 (Boston: Birkhauser, 1994), §2.5.
The method of this exercise can be generalized to arbitrary rational interpolation of
the form W (z) = p(z)/q(z) (modulo (z — 21)...(z — zn)), where the z;’s need not be
distinct; thus, we can specify the value of W(z) and some of its derivatives at several
points. See Richard P. Brent, Fred G. Gustavson, and David Y. Y. Yun, J. Algorithms
1 (1980), 259-295.
14. IfU(z2) = 24+ Ug2"+---and V(2) = 2"+ Viy12*t 4+ - we find that the difference
V(U(2) =U'(2)V(2) is 20,5, 2264371 (U Viey; — Ur4; + (polynomial involving only
Uk, -+ -y Uetj—1, Vg1, -+, Visj_1)); hence V(z) is unique if U(z) is given and U(z)
is unique if V(z) and Ui are given.

The solution depends on two auxiliary algorithms, the first of which solves the
equation V(z+2°U(2)) = (142 W (2))V (2)+2"715(2)+0(2* 117" for V(2) = Vo+
Viz+ -+ Va_12"7 ), given U(z), W(z), S(z), and n. If n =1, let Vo = —8(0)/W(0);
or let Vi be arbitrary when S(0) = W(0) = 0. To go from n to 2n, let

V(s 4 2U) = (14 I WE)IV(E) + 2 28(2) — 277 R(z) + 01,
L4 AW (@) = (2/(2 4 U )" (1L+ 27 W (@) + 047,
$(z) = (2/(z+ 2"U(2)))" R(2) + O(z"),
and let V(2) = Vi, + Viy1z + - -+ + Van_12™7 ! satisfy
V(z+2"U(z)) = 1+ 2"'W(2))V(2) + ZF718(2) + 0z,

The second algorithm solves W (2)U(z) + 2U'(2) = V(z) + O(2") for U(z) =
Uo+Urz+++ +Un_12"" %, given V(2), W(z), and n. If n = 1, let Uy = V'(0)/W (0), or let
U be arbitrary in case V(0) = W(0) = 0. To go from n to 2n, let W(2)U(2)+2U'(z) =
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V(z) — 2" R(z) + O(an), and let U(z) = Un + -+ + Uzn_12""" be a solution to the
equation (n + W (2))U(z) +2U'(2) = R(z) + O(z").

Resuming the notation of (27), the first algorithm can be used to solve V(U(2)) =
U'(z)(z/U(z))kV(z) to any desired accuracy, and we set V(z) = zkf/(z)_ To find
P(z), suppose we have V(P(z)) = P'(2)V(z) + O(2%*71*™), an equation that holds
for n = 1 when P(z) = z+ az® and a is arbitrary. We can go from n to 2n by
letting V(P(2)) = P'(2)V(z) + 221 R(2) + O(2**7'*2™) and replacing P(z) by
P(z)+ z"t"P(z), where the second algorithm is used to find the polynomial P(z) such
that (k+n— V' (P(2))/V(2))P(2) + 2P'(z) = (2*/V(2))R(z) + O(z™).

15. The differential equation U’(z)/U(2)* = 1/2" implies that U(z)'=F =2'"F+cfor
some constant ¢. So we find U™ (2) = z/(1 + enz 7F)H/ (=1,

A similar argument solves (27) for arbitrary V(z): If W'(z) = 1/V(z), we have
W (U™ (2)) = W(z) + nc for some c.

16. We want to show that [t"]¢" ! ((n+1)Rky1(t)/V ()" —nRi(t)/V(t)**') = 0. This
follows since (n + 1)Rj,1(t)/V ()™ — nRi(t)/V ()" = 4 (Re+1(t)/V(¢)"). Conse-
quently we have n1[t» 1] R} (t) t/V(t)» = (n — 1) [t 2] Ra(t) tr-Y/V ()t = .- =
1110 R (6)¢/V (£) = (8] Ra(D)/Vi = Wa.

17. Equating coefficients of z'y™, the convolution formula states that (lfnm) Un(l4m) =
>k (M) vktV(n—k)ym, which is the same as [z"] Vi)™ = S (V) ([ F 1 V()™),
which is a special case of (2).

Notes: The name “poweroid” was introduced by J. F. Steffensen, who was the
first of many authors to study the striking properties of these polynomials in general
[Acta Mathematica 73 (1941), 333-366]. For a review of the literature, and for further
discussion of the topics in the next several exercises, see D. E. Knuth, The Mathematica
Journal 2 (1992), 67-78. One of the results proved in that paper is the asymptotic
formula V,(z) = e®V ) (2)*(1 - Vay + O(y*) +O(z™)),if Vi1 =1 and sV'(s) =y and
y = n/z is bounded as ¢ — oo and n — oo.

18. We have V,(z) = 3_, 2°n! [2"] V(2)*/k! = n! [2"] e®V(®) . Consequently V,,(z)/z =
(n -~ D z""1 V' (2) eV (*) when n > 0. We get the stated identity by equating the
coefficients of 2"~ ! in V'(z) e®T¥VV () = V'(2) e®V () eyV(z),

19. We have

n! . a. (01 vz o U3 3 ™
vnm:m[z ](Fz-l—az +§Z +>

n! v\ 51 fug\ k2 VUn \ Fn
- Z kilka!. .. kp! (F) (5) (ﬁ)

k1 kot thn=m
ki+2ko+-+nkp=n
k1,k2,.kn 20

by the multinomial theorem 1.2.6-(42). These coefficients arise also in Arbogast’s
formula, exercise 1.2.5-21, and we can associate the terms with set partitions as
explained in the answer to that exercise. The recurrence

n—1
Unk = Z(J —1 )viv(n—j)(k—l)
J

shows how to calculate column k from columns 1 and k—1; it is readily interpreted with

respect to partitions of {1,...,n}, since there are (’;:11) ways to include the element n
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in a subset of size j. The first few rows of the matrix are

U1
V2 v?
3
v3 3viva vy
2 2 4
V4 4vyvs + 3v3 6vi vz vl

vy Hvivg + 10v2v3 15v1v§+10v‘1°‘v3 10030y o

20. [z"]W(2)* = 2,([7]U(2)*)([z"]V(2)’); hence wnk = (n!/k!) 35 ;((k!/5)ujx)
((5!/n))vn;). [E. Jabotinsky, Comptes Rendus Acad. Sci. Paris 224 (1947), 323-324.]
21. (a) If U(z) = aW(Bz) we have un, = & [2"] (aW(B(2))* = a®B wns; in partic-
ular, if U(z) = VITU(2) = =W (—2) we have unk = (—1)" *wnr. So 3, UnkVkm and
> & UnkUkm correspond to the identity function z, by exercise 20.

(b) [Solution by Ira Gessel.] This identity is, in fact, equivalent to Lagrange’s
inversion formula: We have wnr = (—=1)" Funr = (=1)"7F 2 [27] VI=l(2)*, and the
coefficient of 2" in VI"U(2)* is n 7t [t" 1 kt"T* Y/ V()™ by exercise 16. On the
other hand we have defined v(_x)(~n) to be (—k)2=£[2""*](V(2)/2)) ™™, which equals
(=D)n—k(n—1)...(k+ 1)k [z zntk-1/V(2)"

22. (a) If V(z) = Ut®}(2) and W(z) = V¥ (2), we have W(2) = V(W (2)?) =
U(zW (2)P V(2W (2)P)*) = U(2W (2)**?). (Notice the contrast between this law and
the similar formulas Ulll(z) = U(z), Ullfl(z) = Ulehl(z) that apply to iteration.)

(b) B{?}(2) is the generating function for binary trees, 2.3.4.4—-(12), which is
W(z)/z in the example z = t — t? following Algorithm L. Moreover, B{*}(z) is the
generating function for t-ary trees, exercise 2.3.4.4~11.

(c) The hint is equivalent to zU*}(2)®* = W(=!(2), which is equivalent to the
formula 2U{*} (2)®/U (2U1*}(2)*)* = 2. Now Lagrange’s inversion theorem (exercise 8)
says that [z"] W(-1l(2)® = £[z7"] W(2)™" when z is a positive integer. (Here W(z)™"
is a Laurent series— a power series divided by a power of z; we can use the notation
[2™] V(z) for Laurent series as well as for power series.) Therefore [2"]U*}(2)® =

[2"] (W[—l](z)/z)m/a = [zn—i—m/a] W[—ll(z)m/o‘ is equal to ;_‘;’__/mo‘% [z—m/a] W(z)—n—m/a —

2 [y=%/a] g7/ *(2)®*+"* when x/a is a positive integer. We have verified the

T4no
result for infinitely many «; that is sufficient, since the coefficients of Uled(2)® are
polynomials in «a.

We've seen special cases of this result in exercises 1.2.6-25 and 2.3.4.4-29. One
memorable consequence of the hint is the case a = —1:

W(z) = zU(z) ifandonlyif WI(z) =2z/Ui"1(z).

(d) If Uy = 1 and V, (=) is the poweroid for V(z) = InU(z), we've just proved that
ZVn(z + na)/(z + na) is the poweroid for In U*}(z). So we can plug this poweroid
into the former identities, changing y to ¥ — an in the second formula.

23. (a) We have U = I + T where T™ is zero in rows < n. Hence InU =T — %Tz +

%Tg — -+ will have the property that exp(alnU) =T+ (3)T + (‘;)T2 +---=U*%. Each

entry of U% is a polynomial in a, and the relations of exercise 19 hold whenever « is a

positive integer; therefore U is a power matrix for all «, and its first column defines

Ul®l(2). (In particular, U™} is a power matrix; this is another way to revert U(z).)
(b) Since U* =T + elnU + O(€®), we have

Lok = (e, = 2 7][e) (= + €L(2) + O()* = 2 7] k2 L(2).
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(c) a%U[a](z) = [€] U[o‘+€](z), and we have
Ut (2) = U (UM () = Uz + eL(2) + O()).

Also Uletd(z) = UH(U[al(z)) = Ulel(z) + eL(U(2)) + O(€?).
(d) The identity follows from the fact that U commutes with InU. It determines
l,.—1 when n > 4, because the eoefficient of [,—1 on the left is nu,, while the coefficient

on the right is Up(n—1) = ( )uz Similarly, if us = -+ = ug—1 = 0 and uy # 0, we have
I, = ux and the recurrence for n > 2k determines lk+1, lkt2, ...: The left side has the
form I, + ( )ln+1 kUi + - -+ and the right side has the form I, + (")ln+1_kuk + .
In general, I = uq, I3 = u3z — EUZ’ l4g = Ug — Dusus + uz, ls = ug — -12—5UZU4 — 5u§ +

135 u2u3 — 20u2

(e) We have U = . _(InU)™/m/!, and for fixed m the contribution to un = un1
from the mth term is > ln,n,u_g - - Inanilning summed over n = ny, > <00 > np >
no = 1. Now apply the result of part (b). [See Trans. Amer. Math. Soc. 108 (1963),
457—477.]

4. (a) By (21) and exercise 20, we have U = VDV ™! where V is the power matrix
of the Schréder function and D is the dlagonal matrix diag(u,u? u®, ) So we may
take InU = Vdiag(lnwu, 2lnu, 31nw,...)V "' (b) The equation WVDV‘ =VDV'w
implies (V'WV)D = D(V"'WV). The diagonal entries of D are distinct, so VWV
must be a diagonal matrix D’. Thus W = VD'V™! and W has the same Schroder
function as U. It follows that Wi # 0 and W = VD*V™!, where a = (In W1)/(In U1).

25. We must have k = [ because """ U(V(2)) = Uksi—1 + Viri—1 + kU Vi. To
complete the proof it suffices to show that Ux = Vi and U(V(z)) = V(U(2)) implies
U(z) = V(2). Suppose [ is minimal with U; # V|, and let n = k + 1 — 1. Then we
have Upr — Unk = (’l‘)(ul — U1); Unj = VUnjy forall 3 > k; un = (Z)uk; and u,; = 0 for
| < j < n. Now the sum ) UnjUj = Un + UnkVk + -+ + U1 + v, must be equal to
2, Unjug; so we find (7)(w — vi)ve = (7)ve(w — v). But we have **7h = (*7Y
if and only if k = [.

[From this exercise and the previous one, we might suspect that U(V(z)) =
V(U(z)) only when one of U and V is an iterate of the other. But this is not necessarlly
true when U; and Vi are roots of unlty For example, if Vi = —1 and U(2) = (z)
V is not an iterate of U*/? nor is U!/? an iterate of V]

26. Writing U(z) = Uq)(2®) + 2Up1)(2), we have U(V(2)) = Uy (Viz® + Vaz* +- ) +
V(2)Upj(Vi2® +Vaz* + -+ ) (modulo 2). The running time satlsﬁes T(N) = 2T(N/2) +
C(N), where C(N) is essentially the time for polynomial multiplication mod zV. We
can make C(N) = O(N'*¢) by the method of, say, exercise 4.6.4-59; see also the answer
to exercise 4.6-5.

A similar method works mod p in time O(pN'*<). [D. J. Bernstein, to appear.]

27. From (W(gz) — W(2))V(z) = W(2)(V(¢™z) — V(z)) we obtain the recurrence
Wa =31, ViWaoik(¢*™ —q""*)/(¢" —1). [J. Difference Egs. and Applics. 1 (1995),
57-60.]

28. Note first that §(U(2)V(z)) = (6U(2))V(z) + U(2)(6V (2)), because t(mn) =
t(m) + t(n). Therefore §(V(2)") = nV(2)" "6V (z) for all n > 0, by induction
on n; and this is the identity we need to show that de”(*) = S, 5( (2)*/nl) =
e’ )5V(z) Replacing V(z) by InV(z) in this equation gives V(z)dInV(z) = 6V (2);
hence §(V(2)*) = §e*V(®) = 2"V §(alnV(2)) = aV(z)*~! for all complex
numbers a.
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It follows that the desired recurrences are
() Wi =1, Wn = Zd\n,d>1((a + Dt(d)/t(n) — 1)VaWnya;
(b) Wi =1, Wa = S g\ a1 (8(d)/6(n)) VaWaa
(c) W1 =0, W, =V + Zd\n‘dﬂ(t(d)/t(n) —1)VaWoya.

[See H. W. Gould, AMM 81 (1974), 3-14. These formulas hold when t is any function
such that t(m) + t(n) = t(mn) and t(n) = 0 if and only if n = 1, but the suggested ¢
is simplest. The method discussed here works also for power series in arbitrarily many
variables; then t is the total degree of a term.]

“It is certainly an idea you have there,” said Poirot, with some interest.
“Yes, yes, | play the part of the computer.
One feeds in the information—"

“And supposing you come up with all the wrong answers?"” said Mrs. Oliver.

“That would be impossible,” said Hercule Poirot.
“Computers do not do that sort of a thing.”

“They're not supposed to,” said Mrs. Oliver,
“but you'd be surprised at the things that happen sometimes.”

— AGATHA CHRISTIE, Hallowe'en Party (1969)



APPENDIX A

TABLES OF NUMERICAL QUANTITIES

Table 1

QUANTITIES THAT ARE FREQUENTLY USED IN STANDARD SUBROUTINES
AND IN ANALYSIS OF COMPUTER PROGRAMS (40 DECIMAL PLACES)

V2 = 1.41421 35623 73095 04880 16887 24209 69807 85697 —
V3 = 1.73205 08075 68877 29352 74463 41505 87236 69428+
V5 = 2.23606 79774 99789 69640 91736 68731 27623 54406+
V10 = 3.16227 76601 68379 33199 88935 44432 71853 37196—
V2 = 1.25992 10498 94873 16476 72106 07278 22835 05703 —
/3 = 1.44224 95703 07408 38232 16383 10780 10958 83919—
V2 = 1.18920 71150 02721 06671 74999 70560 47591 52930—
ln2 = 0.69314 71805 59945 30941 72321 21458 17656 80755+
In3 = 1.09861 22886 68109 69139 52452 36922 52570 46475—

In 10 = 2.30258 50929 94045 68401 79914 54684 36420 76011+
1/1n2 = 1.44269 50408 88963 40735 99246 81001 89213 74266+
1/1n10 = 0.43429 44819 03251 82765 11289 18916 60508 22944—
7 = 3.14159 26535 89793 23846 26433 83279 50288 41972—

1° = 7/180 = 0.01745 32925 19943 29576 92369 07684 88612 71344+
1/7 = 0.31830 98861 83790 67153 77675 26745 02872 40689+

72 = 9.86960 44010 89358 61883 44909 99876 15113 53137—

V7 =T(1/2) = 1.77245 38509 05516 02729 81674 83341 14518 27975+
I'(1/3) = 2.67893 85347 07747 63365 56929 40974 67764 41287—
I'(2/3) = 1.35411 79394 26400 41694 52880 28154 51378 55193+
e = 2.71828 18284 59045 23536 02874 71352 66249 77572+

1/e = 0.36787 94411 71442 32159 55237 70161 46086 74458+

e? = 7.38905 60989 30650 22723 04274 60575 00781 318034

v = 0.57721 56649 01532 86060 65120 90082 40243 10422—

In7 = 1.14472 98858 49400 17414 34273 51353 05871 16473

¢ = 1.61803 39887 49894 84820 45868 34365 63811 77203+

e? = 1.78107 24179 90197 98523 65041 03107 17954 91696+
e™/* = 2.19328 00507 38015 45655 97696 59278 73822 34616+
sin1 = 0.84147 09848 07896 50665 25023 21630 29899 96226
cos 1 = 0.54030 23058 68139 71740 09366 07442 97660 37323+
—('(2) = 0.93754 82543 15843 75370 25740 94567 86497 78979~
¢(3) = 1.20205 69031 59594 28539 97381 61511 44999 07650—
In ¢ = 0.48121 18250 59603 44749 77589 13424 36842 31352—
1/1n ¢ = 2.07808 69212 35027 53760 13226 06117 79576 77422—
—Inln2 = 0.36651 29205 81664 32701 24391 58232 66946 94543 —

726
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Table 2

QUANTITIES THAT ARE FREQUENTLY USED IN STANDARD SUBROUTINES
AND IN ANALYSIS OF COMPUTER PROGRAMS (45 OCTAL PLACES)

The names at the left of the “=" signs are given in decimal notation.

0.1 = 0.06314 63146 31463 14631 46314 63146 31463 14631 {6315~
0.01 = 0.00507 53412 17270 24365 60507 53412 17270 24365 60510—

0.001 = 0.00040 61115 64570 65176 16355 44264 16254 02030 44672+
0.0001 = 0.00008 21556 13530 70414 54512 75170 35021 15002 35223—
0.00001 = 0.00000 24761 32610 70664 36041 06077 17401 56063 34417—
0.000001 = 0.00000 02061 57564 05536 66151 55323 07746 44470 26035+
0.0000001 = 0.00000 00153 27745 15274 53644 12741 72312 20854 02151+
0.00000001 = 0.00000 00012 57143 56106 04303 47874 77341 01512 63327+
0.000000001 = 0.00000 00001 04560 27640 46655 12262 71426 40124 21742+
0.0000000001 = 0.00000 00000 06676 33766 35367 55653 37265 34642 01627—
2= 1.32404 74681 77167 46220 42627 66115 46725 12575 17435+

V3= 1.56663 65641 30231 25163 54453 50265 60361 34073 42223—

VB = 2.17067 36384 57722 47602 57471 63003 00563 55620 32021—

V10 = 3.12305 40726 64555 22444 02242 57101 41466 33775 22532+

V2= 1.20505 05746 15345 05342 10756 65334 25574 22415 03024+

V3= 1.34233 50444 22175 73134 67565 76133 05354 31147 60121—

V2 = 1.14067 74050 61556 12455 72152 64430 60271 02755 73136+

In2 = 0.54271 02775 75071 738682 57117 07516 30007 71366 53640+

In3 = 1.06237 24752 55006 05227 32440 63065 25012 35574 55337+

In10 = 2.23273 06735 52524 25405 56512 66542 56026 46050 50705+

1/In2 = 1.34252 16624 55405 77027 85750 87766 {0644 35175 04353+
1/In10 = 0.33626 75425 11562 41614 52325 33525 27655 14756 06220—

7= 8.11037 55242 10264 30215 14230 63050 56006 70163 21122+
1°=7/180 = 0.01078 72152 11224 72344 25603 5,276 63351 22056 11544+
1/m = 0.24276 80155 62344 20251 23760 47257 50765 15156 70067—

VA =T(1/2) = 1.61337 61106 64736 65247 47035 40510 15278 84470 17762—
) = 2.53347 85234 51018 61316 73106 {7644 54653 00106 66046—.

) = 1.26528 57112 14154 74312 54572 37655 60126 23231 02452+
e = 2.55760 52130 50585 51246 52773 42542 00471 72363 61661+
e = 0.27426 53066 13167 46761 52726 75436 02440 52371 03355+
2 = 7.30714 45615 23355 33460 63507 35040 32664 25356 50217+
N = 0.44742 14770 67666 06172 23215 7,876 01002 51313 25521—

Inw = 1.11206 40443 47503 36413 65374 52661 52410 37511 46057+

= 1.47483 57156 27751 28701 27634 71401 40271 66710 15010+

eY = 1.61772 13452 61152 65761 22477 36553 53327 17554 21260+

e™* = 2.1/275 81512 16162 52370 35530 11342 53525 44807 02171—
sinl = 0.65665 24436 04414 73402 03067 23644 11612 07474 14505—
cosl = 0.42450 50037 32406 42711 07022 14666 27320 70675 12321+
—C'(2) = 0.74001 45144 53253 42862 42107 23850 50074 46100 27706+
C(3) = 1.14735 00023 60014 20470 15613 42561 31715 10177 06614+
Ing = 0.36630 26256 61213 01145 13700 41004 52264 30700 40646+
1/lng = 2.04776 60111 17144 41512 11436 16575 00355 43630 40651+
—Inln2 = 0.27351 71233 67265 63650 17401 56637 26334 31455 57005—

I
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Several of the 40-digit values in Table 1 were computed on a desk calculator
by John W. Wrench, Jr., for the first edition of this book. When computer
software for such calculations became available during the 1970s, all of his
contributions proved to be correct. The 40-digit values of other fundamental
constants can be found in Egs. 4.5.2—(60), 4.5.3-(26), 4.5.3—(41), 4.5.4—(9g), and
the answers to exercises 4:5.4-8, 4.5.4-25, 4.6.4-38.

Table 3

VALUES OF HARMONIC NUMBERS, BERNOULLI NUMBERS,
AND FIBONACCI NUMBERS, FOR SMALL VALUES OF n

—
QWO Utk WD RO 3

N NN DN DN DNDNDNDINDLDRE = == === =
O O 00O U WNEFEO©WOOW-=IO U AW

Hy

0
1
3/2
11/6
25,12
137/60
49/20
363/140
761,/280
7129/2520
7381/2520
83711/27720
86021/27720
1145993/ 360360
1171733 /360360
1195757/360360
2436559/720720
42142223 /12252240
14274301 /4084080
275295799/ 77597520
55835135/15519504
18858053 /5173168
19093197/5173168
444316699, 118982864
1347822955/ 356948592

34052522467 /8923714800
34395742267/8923714800
312536252003/80313433200
315404588903 /80313433200
9227046511387/2329089562800
9304682830147/2329089562800

B

1
~1/2
1/6
0
~1/30
0
1/42
0
~1/30
0
5/66
0
—691/2730
0
7/6
0
—3617/510
0
43867/798
0
—174611/330
0
854513/138
0
—236364091 /2730
0
8553103 /6
0
—23749461029/870
0
8615841276005/14322

Fn

G W N~ = O

8

13

21

34

95

89

144
233
377
610
987
1597
2584
4181
6765
10946
17711
28657
46368
75025
121393
196418
317811
514229
832040

© 0O Uk wNR~R,O 3
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For any z, let H, = ;(% — n-li—a:> Then
Hyjp=2-2In2,
Hy3=3-Lir/v/3—5In3,
H2/3=%+%7T/\/——%1D3,
H1/4:4—%7r—31n2,
Hyy=%+imr—3In2,
Hyjs=5-ing¥?5 /4 - $In5 - 3v/5Ing,
Hys = § — bng=*/%57/1 = S5+ §v5Ing,
Hyjs = § + 4ng/2571/4 = §In5 + 3V51Ing,
Hys = 3+ in¢?/2571/4 = §In5 — 3v/51n ¢,
Hye=6—3mv3—2In2— 33,

Hyg =8+ 1ry/3—-2mn2— $In3,

and, in general, when 0 < p < ¢ (see exercise 1.2.9-19),

2
Hy/ = 1_ gcot I—)vr —In2q+2 Z cos —gﬁvr-lnsin Do

p q 1<n<q/2 q q



APPENDIX B

INDEX TO NOTATIONS

In the following formulas, letters that are not further qualified have the following

significance:

i, k integer-valued arithmetic expression
m,n nonnegative integer-valued arithmetic expression
x,y real-valued arithmetic expression
z complex-valued arithmetic expression
f real-valued or complex-valued function
S, T set or multiset
Where
Formal symbolism Meaning defined
I | end of algorithm, program, or proof 1.1
A, or A[n] | the nth element of linear array A 1.1
Apmn or Alm,n] | the element in row m and column n of
rectangular array A 1.1
V «+ E | give variable V' the value of expression F 1.1
U < V | interchange the values of variables U and V | 1.1
(B= E; E') | conditional expression: denotes FE if B is
true, E’ if B is false
[B] | characteristic function of condition B:
(B=1; 0) 1.2.3
dk; | Kronecker delta: [j = k] 1.2.6
[2™] g(2) | coefficient of 2™ in power series g(z) 1.2.9
Z f(k) | sum of all f(k) such that the variable k is an
R(k) integer and relation R(k) is true 1.2.3
H f(k) | product of all f(k) such that the variable k
R(k) is an integer and relation R(k) is true 1.2.3
min f(k) | minimum value of all f(k) such that the var-
(k) iable k is an integer and relation R(k) is true | 1.2.3
max f(k) | maximum value of all f(k) such that the var-
B(k) iable k is an integer and relation R(k) is true | 1.2.3
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Where
Formal symbolism Meaning defined
Rz | real part of z 1.2.2
Sz | imaginary part 2 1.2.2
Z | complex conjugate: Rz — i3z 1.2.2
AT | transpose of rectangular array A:
AT[j k] = Alk, ] 1.2.3
z¥ | = to the y power (when z is positive) 1.2.2
z* | z to the kth power:
<k >0= [] = 1/x_k> 1.2.2
0<j<k
a:’-“ z to the k rising: I'(z + k)/T'(z) =
<k20:> H (z+7); 1/(a:+k)__k> 1.2.5
0<j<k
2% | z to the k falling: z!/(z — k)! =
<k >0= [] -7 1/(z- k)-_k> 1.2.5
0<j<k
n! | n factorial: T'(n + 1) = nt 1.2.5
f'(z) | derivative of f at x 1.2.9
f"(z) | second derivative of f at 1.2.10
F™(z) | nth derivative: (n=0= f(x); ¢'(2)),
where g(z) = f*~U(z) | 1.2.11.2
f(z) | nth iterate: (n =0= z; F(fin=t(z))) 4.7
Fi*}(z) | nth induced function:
firH @) = fzf ) o
H'®) | harmonic number of order z: Z 1/k® 1.2.7
. 1<k<n
H,, | harmonic number: Hr(l ) 1.2.7
F,, | Fibonacci number:
n<1l=mn; Foo1+ Fr2) 1.2.8
B,, | Bernoulli number: n![z"] z/(e* — 1) 1.2.11.2
X .Y | dot product of vectors X = (z1,...,%n) 3.34
and Y = (y1,.--,Yn): T11 + -+ Tn¥n
j\k | j divides k: kmodj=0and j >0 1.24
S\ T | set difference: {a | a in S and a not in T’}
® © ®® | rounded or special operations 4.2.1
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Where
Formal symbolism Meaning defined
(...a1ag.a_1...)p | radix-b positional notation: ), arb” 4.1
//z1,22,...,Z,// | continued fraction:
(2 +1/(@2 + 1/ +1/(z0)...))) 4.5.3
(j:) binomial coefficient: (k < 0 = 0; z%/k!) 1.2.6
n multinomial coefficient (defined only when
ni,Ne, ..., Mm /) | D=11+N2+ - +nm) 1.2.6
[n] Stirling number of the first kind:
m
> kika .. kn—m 1.2.6
0<ky<ka< - <kn_m<n
{ " } Stirling number of the second kind:
m
> kiks - kp—m 1.2.6
1<k <k < Shknom<m
{a | R(a)} | set of all a such that the relation R(a) is true
{a1,...,a,} | the set or multiset {ax | 1 < k <n}
{z} | fractional part (used in contexts where a
real value, not a set, is implied): z — |z| 1.2.11.2
[a..b] | closed interval: {z |a <z < b} 1.2.2
(a..b) | open interval: {z|a <z < b} 1.2.2
[a..b) | half-open interval: {z|a <z < b} 1.2.2
(a..b] | half-closed interval: {z | a < z < b} 1.2.2
|S| | cardinality: the number of elements in set S
|z| | absolute value of z: (z > 0 = z; —x)
|z] | absolute value of z: NIT 1.2.2
|z | floor of z, greatest integer function: maxy<, k| 1.2.4
[z] | ceiling of z, least integer function: miny>, k| 1.2.4
((z)) | sawtooth function 3.3.3
(Xp) | the infinite sequence Xy, X1, Xo, ...
(here the letter n is part of the symbolism) | 1.2.9
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Where
Formal symbolism Meaning defined
v | Euler’s constant: lim, o (H, —Inn) 1.2.7
v(z,y) | incomplete gamma function: [ e~*t=~!d¢ 1.2.11.3
I'(z) | gamma function: (z — 1)! = y(z, 00) 1.2.5
d(z) | characteristic function of the integers 3.3.3
e | base of natural logarithms: ) . 1/n! 1.2.2
((z) | zeta function: limy,_, (=) (when z > 1) 1.2.7
K.(z1,...,2,) | continuant polynomial 4.5.3
£(u) | leading coefficient of polynomial u 4.6
I(n) | length of shortest addition chain for n 4.6.3
A(n) | von Mangoldt’s function 4.5.3
w(n) | Mobius function 4.5.2
v(n) | sideways sum 4.6.3
O(f(n)) | big-oh of f(n), as the variable n — oo 1.2.11.1
O(f(2)) | big-oh of f(z), as the variable z — 0 1.2.11.1
Q(f(n)) | big-omega of f(n), as the variable n — 0o 1.2.11.1
©(f(n)) | big-theta of f(n), as the variable n — oo 1.2.11.1
m(z) | prime count: ) [n is prime] 4.5.4
m | circle ratio: 43,5, (—1)"/(2n +1) 4.3.1
¢ | golden ratio: (1++/5) 1.2.8
0 | empty set: {z|0=1}
¢(n) | Euler’s totient function: 3 o [k L n] 1.2.4
oo | infinity: larger than any number 4.2.2
det(A) | determinant of square matrix A 1.2.3
sign(z) | sign of z: (z =0= 0; z/|z|)
deg(u) | degree of polynomial u 4.6
cont(u) | content of polynomial u 4.6.1
pp(u(z)) | primitive part of polynomial u 4.6.1
log, z | logarithm, base b, of z (when z > 0,
b> 0, and b # 1): the y such that x = b¥ 1.2.2
Inz | natural logarithm: log, = 1.2.2
lgz | binary logarithm: log, 1.2.2
expx | exponential of z: e® 1.2.2
j L k| jis relatively prime to k: ged(j, k) =1 1.24
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Where
Formal symbolism Meaning defined
ged(j, k) | greatest common divisor of j and k:
(j =k =0=0; max d) 4.5.2
d\j, d\k
lem(7, k) | least common multiple of 7 and k:
(jk =0=0; min d) 4.5.2
d>0,j\d, k\d
zmod y | mod function: (y =0=>1z; z —y|z/y]) 1.2.4
u(z) mod v(z) | remainder of polynomial u after division by
polynomial v 4.6.1
z =z’ (modulo y) | relation of congruence: z mody = z’ mod y 1.2.4
z ~ Yy | r is approximately equal to y 3.5,4.2.2
Pr(S(n)) | probability that statement S(n) is true, for
random positive integers n 3.5
Pr(S(X)) | probability that statement S(X) is true, for
random values of X 1.2.10
E X | expected value of X: )" zPr(X =z) 1.2.10
mean(g) | mean value of the probability distribution
represented by generating function g: ¢'(1) 1.2.10
var(g) | variance of the probability distribution
represented by generating function g:
g"(1)+¢'(1) — g'(1)? 1.2.10
(min z,, ave 9, a random variable having minimum
max 3, dev z4) | value z, average (expected) value x2,
maximum value 3, standard deviation x4 1.2.10
u | one blank space 1.3.1
rA | register A (accumulator) of MIX 1.3.1
rX | register X (extension) of MIX 1.3.1
rll,...,rI6 | (index) registers I1, ..., I6 of MIX 1.3.1
rJ | (jump) register J of MIX 1.3.1
(L:R) | partial field of MIX word, 0 <L <R <5 1.3.1
OP ADDRESS,I(F) | notation for MIX instruction 1.3.1,1.3.2
u | unit of time in MIX 1.3.1
* | “self” in MIXAL 1.3.2
OF, 1F, 2F, ..., 9F | “forward” local symbol in MIXAL 1.3.2
OB, 1B, 2B, ..., 9B | “backward” local symbol in MIXAL 1.3.2
OH, 1H, 2H, ..., 9H | “here” local symbol in MIXAL 1.3.2
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Seek and ye shall find.
— Matthew 7:7

When an index entry refers to a page containing a relevant exercise, see also the answer to
that exercise for further information. An answer page is not indexed here unless it refers to a

topic not included in the statement of the exercise.

0-origin indexing, 444, 512.

[0..1) sequence, 151.

2-adic numbers, 213.

10-adic numbers, 632.

1009, vi, 188, 413, 661.

69069, 75, 106, 108.

oo, representation of, 225, 244245, 332.

oo-distributed sequence, 151-161,
177, 180-182.

~ (Euler’s constant), 359, 379, 726-727, 733.

m (circle ratio), 41, 151, 158, 161, 198, 200,
279-280, 284, 358, 726-727, 733.

w(z) (prime count), 381-382, 416.

¢ (golden ratio), 164, 283, 359, 360, 514,
652, 726-727, 733.

logarithm of, 283.
number system, 209.

p(n) (totient function), 19-20, 289,
369, 376, 583, 646.

x2, 42, 56, see Chi-square.

A priori tests, 80.
Abacus, 196.
binary, 200.

Abel, Niels Henrik, binomial theorem,
58, 535.

Abramowitz, Milton, 44.

Absolute error, 240, 309, 312-313.

Absorption laws, 694.

Abuse of probability, 433.

Abuse of theory, 88.

ACC: Floating point accumulator,
218-219, 248-249.

Acceptance-rejection method, 125-126,
128-129, 134, 138, 139, 591.

Accuracy of floating point arithmetic, 222,
229-245, 253, 329, 438, 485.

Accuracy of random number generation,
27, 95, 105, 185.

Adaptation of coefhicients, 490-494, 516-517.

Add-with-carry sequence, 23, 35, 72,
108, 547.
Addition, 194, 207, 210, 213, 265—-267.
complex, 487.
continued fractions, 649.
double-precision, 247-249, 251.
floating point, 215-220, 227-228, 230-231,
235-238, 253-254, 602.
fractions, 330-331.

735

left to right, 281.
mixed-radix, 281.
mod m, 12, 15, 203, 287-288.
modular, 285-286, 293.
multiprecision, 266-267, 276-278,
281, 283.
polynomial, 418-420.
power series, 525.
sideways, 463.
Addition chains, 465-485, 494, 519.
ascending, 467.
dual, 481, 485.
10-, 479, 483, 485.
star, 473-477, 480, 482, 467.
Addition-subtraction chains, 484.
Additive random number generation, 27-29,
39-40, 186-188, 193.
Adleman, Leonard Max, 396, 403, 405,
414, 417, 671.
Admissible numbers, 177.
Ahrens, Joachim Heinrich Lidecke,
119, 129-130, 133, 134, 136, 137,
140, 141, 588.
Ahrens, Wilhelm Ernst Martin Georg, 208.
Akushsky, Izrail Yakovlevich (Axkyumickuii,
Wzpanns Sxkosnesuy), 292.
al-Birtini, Abtd al-Rayhan Muhammad
Slasil saf), 461.
al-Kashi, Jamshid ibn Mas‘Gd
(&l ysacus o aniias), 198, 326, 462.
al-Khwarizmi, Abu ‘Abd Allah
Muhammad ibn Musa
(oolsall usa o aene alll wae o),
197, 280.
al-Samaw’al (= as-Samaw’al), ibn Yahya
ibn Yahuda al-Maghribi
(Jegaradl poaall lasgs Cn (ma o), 198.
al-Ugqlidisi, Abt al-Hasan
Ahmad ibn Ibrahim
(ousda¥ paal iyl dand Cpualdl gf),
198, 280-281, 461.
Ala-Nissila, Tapio, 75, 570.
Alanen, Jack David, 30.
Aldous, David John, 145.
Alekseev, Boris Vasilievich (Anekcees,
Bopuc Bacunvesuu), 117.
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Alekseyev, Valery Borisovich (Amnekcees,
Baunepuit Bopucopud), 699.

Alexi, Werner, 669.

Alford, William Robert, 659.

Algebra, free associative, 437.

Algebraic dependence, 496, 518.

Algebraic functions, 533.

Algebraic integers, 396.

Algebraic number fields, 331, 333,

345, 403, 674.

Algebraic system: A set of elements
together with operations defined
on them, see Field, Ring, Unique
factorization domain.

ALGOL, 279.

Algorithms: Precise rules for transforming
specified inputs into specified outputs
in a finite number of steps.

analysis of, 7-9, 76, 140, 147, 276278,
281, 301-302, 348-356, 360-373,
377-378, 382-384, 399-400, 435,
445-447, 455-456, 530-532, 658, 714.

complexity of, 138, 178-179, 280, 294318,
396, 401-402, 416, 453, 465485,
494-498, 516-524, 720.

discovery of, 99.

historical development of, 335, 461-462.

proof of, 281-282, 336-337, 592.

Alias method, 120, 127, 139.

Allouche, Jean-Paul, 656.

ALPAK, 419.

Alt, Franz Leopold, 706.

American National Standards Institute,
226, 246, 600, 602.

AMM: American Mathematical Monthly,
published by the Mathematical
Association of America since 1894.

Amplification of guesses, 172-174, 416-417.

Analysis of algorithms, 7-9, 76, 140, 147,
276-278, 281, 301-302, 348-356,
360-373, 377-378, 382-384, 399-400,
435, 445-447, 455-456, 530-532,

658, 714.

history, 360.

Analytical Engine, 189, 201.

Ananthanarayanan, Kasi (#7&
DG 5. [BITTTWIGETGT), 128.

AND (bitwise and), 140, 188, 322, 328-329,
389-390, 453, 671.

Anderson, Stanley F., 312.

ANSI: The American National Standards
Institute, 226, 246, 600, 602.

Antanairesis, 335-336, 378.

Apollonius of Perga (CAmoAlwviog
6 Tepyoiog), 225.

Apparently random numbers, 3-4, 170-171.

Apparition, rank of, 410-411.

Approximate associative law, 232-233,
239-240, 244.

Approximate equality, 224, 233-235,
239, 242-243, 245.

Approximately linear density, 126.

Approximation, by rational functions,
438-439, 534.

by rational numbers, 331-332,
378-379, 617.

Arabic mathematics, 197, 280-281,
326, 461-462.

Arazi, Benjamin (v 11233), 396.

Arbitrary precision, 279, 283, 331, 416,
see also Multiple-precision.

Arbogast, Louis Francois Antoine, 722.

Archibald, Raymond Clare, 201.

Arctangent, 313, 628.

Aristotle of Stagira, son of Nicomachus
("Aptototerng Nuxopdixov 6 Traytpttng),
335.

Arithmetic, 194-537, see Addition,
Comparison, Division, Doubling,
Exponentiation, Greatest common
divisor, Halving, Multiplication,
Reciprocal, Square root, Subtraction.

complex, 205, 228, 283, 292, 307-310,
487, 501, 506, 519, 700, 706.

floating point, 214-264.

fractions, 330-333, 420, 526.

fundamental theorem of, 334, 422, 483.

mod m, 12-16, 185-186, 203, 284,
287-288.

modular, 284-294, 302-305, 450, 454, 499.

multiprecision, 265-318.

polynomial, 418-524.

power series, 525-537.

rational, 330-333, 420, 526.

Arithmetic chains, see quolynomial chains.

Armengaud, Joel, 409.

Arrival time, 132.

Arwin, Axel, 687.

Aryabhata (37T5Wg), 343.

ASCII: The American Standard Code for
Information Interchange, 417.

Ashenhurst, Robert Lovett, 240, 242, 327.

Associative law, 229-233, 242, 341, 418, 694.

approximate, 232-233, 239-240, 244.

Asymptotic values: Functions that express
the limiting behavior approached
by numerical quantities, 59-60, 79,
263-264, 355, 372-373, 377-378, 415,
472, 525, 541-542, 659, 686, 722.

Atanasoff, John Vincent, 202.

Atkin, Arthur Oliver Lonsdale, 681.

Atrubin, Allan Joseph, 315.

Automata (plural of Automaton),
313-317, 329, 416.

Automorphic numbers, 293-294.

Avogadro di Quaregna e Cerreto, Lorenzo

Romano Amedeo Carlo, number,
214, 227, 238, 240.



Axioms for floating point arithmetic,
230-231, 242-245.

b-ary number, 151.
b-ary sequence, 151-153, 177.
Babbage, Charles, 201.
Babenko, Konstantin Ivanovich (Babenko,
Konucranrun VBanosuy), 366, 376.
Babington-Smith, Bernard, 3, 74, 76.
Babylonian mathematics, 196, 225, 335.
Bach, Carl Eric, 396, 661, 663, 639.
Bachet, Claude Gaspard, sieur de
Méziriac, 208.
Bag, 694.
Bailey, David Harold, 284, 634.
Baker, Kirby Alan, 316.
Balanced binary number system, 213.
Balanced decimal number system, 211.
Balanced mixed-radix number system,
103, 293, 631.
Balanced ternary number system, 207-208,
209, 227, 283, 353.
Ballantine, John Perry, 278.
Bareiss, Erwin Hans, 262, 292, 434.
Barlow, Jesse Louis, 262.
Barnard, Robert, 292.
Barnsley, Michael Fielding, 206.
Barton, David Elliott, 74, 566.
Barycentric coordinates, 567.
Base of representation, 195.
floating point, 214-215, 254, 263.
Baseball, 378.
Bauer, Friedrich Ludwig, 241-242, 327.
Baum, Ulrich, 701.
Baur, Walter, 718.
Bays, John Carter, 34.
Beauzamy, Bernard, 452, 461, 683, 634.
Beckenbach, Edwin Ford, 135.
Becker, Oskar Joachim, 359.
Béjian, Robert, 164.
Belaga, Edward Grigorievich (Benara,
Snyapn ['puropresudu), 496.
Bell Telephone Laboratories Model V, 225.
Bellman, Richard Ernest, ix.
Ben-Or, Michael (7N -12 Dx2M), 669.
Benford, Frank, 255.
Bentley, Jon Louis, 141.
Bergman, George Mark, 676.
Berkowitz, Stuart J., 718.
Berlekamp, Elwyn Ralph, 439, 449, 456, 681.
algorithm, 439-447.
Bernoulli, Jacques (= Jakob = James), 200.
numbers B, 355, 569.
numbers, table, 728.
sequences, 177.
Bernstein, Daniel Julius, 724.
Besicovitch, Abram Samoilovitch
(Besukosu4, A6pam Camoitnosud), 178.
Beta distribution, 134-135.
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Beyer, William Aaron, 115.

Bharati Krishna Tirthaji Maharaja,
Jagadguru Swami Sri, Shankaracharya
of Goverdhana Matha (TTg¥= 78 &
AHRTTATE STEE TTHT ST W T
AT JFgIII), 208.

Bhaskara Acharya I (MTER{T=TH), 343.

Bienaymé, Irénée Jules, 74.

Bilinear forms, 506-514, 520-524.

Billingsley, Patrick Paul, 384, 661.

Bin-packing problem, 585.

Binary abacus, 200.

Binary basis, 212.

Binary-coded decimal, 202, 322, 328-329.

Binary computer: A computer that
manipulates numbers primarily in the
binary (radix 2) number system, 30-32,
201-202, 276, 328, 339, 389-390.

Binary-decimal conversion, 319-329.

Binary digit, 195, 200.

Binary ged algorithms, 338-341,

348-356, 435.
compared to Euclid’s, 341.
extended, 356.

Binary method for exponentiation,
461-463, 466, 482, 696.

Binary number systems, 195, 198-206,
209-213, 419, 461, 483.

Binary point, 195.

Binary recurrences, 318, 634, 714.

Binary search, 324.

Binary shift, 322, 339, 481, 637, 686.

Binary trees, 378, 527, 696, 723.

BINEG, 205.

Binet, Jacques Philippe Marie, 653.

identity: > 7, ajx; >oh—1 by =
D001 05Y5 2 k=1 beTk +
Yi<jck<n (@ibe — akbi)(ziyk — TkY5),
564.
Bini, Dario Andrea, 500, 505, 515,
714, 715, 721.
Binomial coefficients, 416, 516, 622.
Binomial distribution, 136-138, 141,
401, 559.
tail of, 167.

Binomial number system, see Combinatorial
number system.

Binomial theorem, 526, 534.

Birnbaum, Zygmunt Wilhelm, 57.

Birthday spacings, 34, 71-72, 78-79, 188.

BIT: Nordisk Tidskrift for Informations-
Behandling, an international journal
published in Scandinavia since 1961.

Bit: “Binary digit”, either zero or
unity, 195, 200.

random, 12, 30-32, 35-36, 38, 48,
119-120, 170-176.
Bitwise operations, see Boolean operations.
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Bjork, Johan Harry, 244.
Blachman, Nelson Merle, 205.
Black box, 455.
Bleichenbacher, Daniel, 478.
Blinn, James Frederick, 630.
Blste, Hendrik Willem Jan, 29.
Blouin, Frangois Joseph Raymond
Marcel, 582. '
Bluestein, Leo Isaac, 634.
Blum, Bruce Ivan, 279.
Blum, Fred, 433, 518.
Blum, Lenore Carol, 36, 599.
Blum, Manuel, 36, 174, 179, 599.
integer, 174, 416.
Bofinger, Eve, 563.
Bofinger, Victor John, 563.
Bohlender, Gerd, 242, 616.
Bojariczyk, Adam Wojciech, 646.
Bombieri, Enrico, 683.
norm, 458, 684.
Boolean operations, 30-31, 140, 202,
328-329, 389-390, 459, 605.
and, 140, 188, 322, 328-329, 389-390,
453, 671.
exclusive or, 31, 32, 193, 419.
or, 140, 686, 695.
shifts, 322, 339, 481, 637, 686.
Border rank, 522-523.
Borel, Emile Félix Edouard Justin, 177.
Borodin, Allan Bertram, 498, 505, 515, 707.
Borosh, Itzhak, 106-107, 117, 291, 584.
Borrow: A negative carry, 267, 273,
281, 545.
Borwein, Peter Benjamin, 284.
Bosma, Wiebren, 665.
Bouyer, Martine, 280.
Bowden, Joseph, 201.
Box, George Edward Pelham, 122.
Boyar, Joan, 599.
Boyd, David William, 691.
Bradley, Gordon Hoover, 343, 378.
Brakke, Kenneth Allen, 608.
Bramhall, Janet Natalie, 530.
Brauer, Alfred Theodor, 470, 478, 483, 690.
Bray, Thomas Arthur, 33, 128, 544.
Brent, Richard Peirce, 8, 28, 40, 130, 136,
139, 141, 241, 279, 280, 313, 348,
352-353, 355, 356, 382, 386, 403, 501,
529-534, 539-540, 556, 590, 600, 643,
644, 646, 657, 695, 719-721.
Brezinski, Claude, 357, 721.
Brillhart, John David, 29, 394, 396, 400, 660.
Brockett, Roger Ware, 712.
Brocot, Achille, 655.
Bronté, Emily Jane, 292.
Brooks, Frederick Phillips, Jr., 226.
Brouwer, Luitzen Egbertus Jan, 179.
Brown, David, see Spencer Brown.
Brown, George William, 135.

Brown, Mark Robbin, 712.
Brown, Robert, see Brownian motion.
Brown, William Stanley, 419, 428,
438, 454, 686.
Brownian motion, 559.
Bruijn, Nicolaas Govert de, 181, 212,
568, 653, 664, 686, 694.
cycle, 38-40.
Brute force, 642.
Bshouty, Nader Hanna ( Syt La ,sls), 700.

Buchholz, Werner, 202, 226.

Bunch, James Raymond, 500.
Buneman, Oscar, 706.

Biirgisser, Peter, 515.

Burks, Arthur Walter, 202.

Burrus, Charles Sidney, 701.

Butler, James Preston, 77.

Butler, Michael Charles Richard, 442.

C language, 185-188, 193, 327, 556.
CACM: Communications of the ACM,
a publication of the Association for
Computing Machinery since 1958.
Cahen, Eugeéne, 676.
Calculating prodigies, 279, 295.
Camion, Paul Frédéric Roger, 449.
Campbell, Edward Fay, Jr., vii.
Campbell, Sullivan Graham, 226.
Cancellation error, 58, 245.
avoiding, 617.
Cantor, David Geoffrey, 446, 448, 449,
455, 460, 672, 681.
Cantor, Georg Ferdinand Ludwig
Philip, 209.
Cantor, Moritz Benedikt, 450, 655.
Capovani, Milvio, 500, 715.
Caramuel Lobkowitz, Juan de, 199-200.
Cards, playing, 2, 145, 147, 190.
Carissan, Eugéne Olivier, 390.
Carling, Robert Laurence, 104.
Carlitz, Leonard, 84, 90.
Carmichael, Robert Daniel, numbers,
662, 659.
Carr, John Weber, 111, 226, 241, 242.
Carroll, Lewis (= Dodgson, Charles
Lutwidge), 435.
Carry: An amount propagated to the
current digit position from the digits in
less significant positions, 205, 247, 266,
268, 273, 276-278, 281, 419, 470, 547.
Cassels, John William Scott, 109, 158.
Casting out nines, 289, 303, 324.
Castle, Clive Michael Anthony, 653.
Catalan, Eugéne Charles, numbers, 723.
Cauchy, Augustin Louis, 208.
inequality, 97, 231.
matrices, 331.
CCITT: The International Telegraph
and Telephone Consultative



Committee of the ITU (International
Telecommunication Union), 405.

CDC 1604 computer, 291.

CDC 7600 computer, 280.

CDROM: Compact disk read-only
memory, 3.

Ceiling function [z], 81, 732.

Cerlienco, Luigi, 683.

Certificate of irreducibility, 460.

Certificate of primality, 413.

Cesaro, Ernesto, 354, 622, 640.

Ceulen, Ludolph van, 198.

Chace, Arnold Buffum, 462.

Chain multiplications, 518, 519, 524.

Chain steps, 494.

Chains of primes, 415, 666.

Chaitin, Gregory John, 170, 178.

Chan, Tony Fan-Cheong (i % &), 615.

Chapple, M. A., 530.

CHAR (convert to characters), 328.

Characteristic, 214, see Exponent part.

Characteristic polynomial, 499, 524.

Charles XII of Sweden, 200.

Chartres, Bruce Aylwin, 242.

Chebotarev, Nikolai Grigorievich
(Ueborapes, Hukosmail I'puropbeput),
690.

Chebyshev, Pafnutii Lvovich (Yebpiuies,
Haduyruit JIsBoBug), inequality,
183, 669.

Cheng, Russell Ch’uan Hsun (& JI| ll), 135.

Chesterton, Gilbert Keith, 417.
Chi-square distribution, 44, 48, 60,
69, 135, 590.
table, 44.
Chi-square test, 42-47, 53-56, 58—60.
Ch’in Chiu-Shao (= Qin Jiushdo)
(ZB L), 287, 486.
Chinese mathematics, 197-198, 287,
340, 486.
Chinese remainder algorithm, 21, 289-290,
293, 304-305, 505.
Chinese remainder theorem, 285-290,
389, 404, 509, 584.
for polynomials, 440, 456, 510.
generalized, 292.
Chirp transform, 634.
Chiu Chang Suan Shu (JL Z H #i1), 340.
Choice, random, 2, 119-121, 142.
Chor, Ben-Zion (Mv w8-11), 669.
Christiansen, Hanne Delgas, 74.
Christie Mallowan, Agatha Mary Clarissa
Miller, 725.
Chudnovsky, David Volfovich (HymHoBCcKHiA,
Hasng Bosasdoswna), 280, 311, 533.
Chudnovsky, Gregory Volfovich
(yauoBckuit, I'puropuit Bosibdobuy),
280, 311, 533.
Church, Alonzo, 178.
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Cipolla, Michele, 682.

Classical algorithms, 265-284.

Clausen, Michael Hermann, 515, 701.

Clinger, William Douglas, 638.

CMath: Concrete Mathematics, a book
by R. L. Graham, D. E. Knuth,
and O. Patashnik.

Cochran, William Gemmell, 55.

Cocke, John, 228.

Codes, linear, 711.

Codes for exercises, xi.

Cody, William James, Jr., 226.

Coefficients of a polynomial, 418.

adaptation of, 490-494, 516-517.
leading, 418, 451-452, 454.
size of, 420, 451, 457-458, 461.

Cohen, Daniel Isaac Aryeh, 622.

Cohen, Henri José, 345, 396, 658, 687, 712.

Cohn, Paul Moritz, 436, 676.

Coincidence, 6, 8.

Colenne, Joseph Désiré, 201.

Collins, George Edwin, 278, 279, 373, 420,
428, 453, 454, 460, 677.

Collision test, 70-71, 74, 158.

Color values, 284.

Colson, John, 208.

Colton, Charles Caleb, vii.

Column addition, 281, 284.

Combination, random, 142—-148.

Combination of random number generators,
33-36, 38, 39.

Combinations with repetitions, 664.

Combinatorial matrices, 116.

Combinatorial number system, 209.

Commutative law, 230, 333, 418, 500,
694, 696.

Commutative ring with identity, 418,

420, 425.

Comp. J.: The Computer Journal, a
publication of the British Computer
Society since 1958.

Compagner, Aaldert, 29, 169.

Companion matrix, 512.

Comparison: Testing for <, =, or >.

continued fractions, 654.

floating point numbers, 233-235,
239, 242-243.

fractions, 332.

mixed-radix, 290.

modular, 290.

multiprecision, 281.

Complement notations for numbers, 15,
203-204, 210, 213, 228, 275-276.

Complete binary tree, 667.

Completely equidistributed sequence, 177.

Complex arithmetic, 205, 228, 283, 292,
307-310, 487, 501, 506, 519, 700, 706.

Complex numbers, 420, 497.

representation of, 205-206, 209-210, 292.
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Complex radices, 205-206, 209-210.
Complexity of calculation, 138, 178-179,
280, 294-318, 396, 401-402, 416, 453,
465-485, 494-498, 516-524, 720.
Composition of power series, 533,
535--536, 720.
Computability, 162-163, 178.
Conditional expression, 730.
Congruential sequence, inversive, 32-33, 40.
Congruential sequence, linear, 10-26,
145-146, 184-186, 193.
choice of increment, 10-11, 17, 22,
89, 97, 185.
choice of modulus, 12-16, 23, 184.
choice of multiplier, 1626, 8889,
105-109, 184-185.
choice of seed, 17, 20, 143, 184.
period length, 16-23.
subsequence of, 11, 73.

Congruential sequence, quadratic, 26-27, 37.

Conjugate of a complex number, 700, 731.
Connection Machine, 538.
Content of a polynomial, 423.
Context-free grammar, 694.
Continuant polynomials, 357, 360, 374, 377,
379, 438, 647, 651, 655, 676.
Continued fractions, 356-359, 396-401.
infinite, 358-359, 374.
quadratic irrationalities, 358, 374-375,
397-401, 412, 415, 665.
regular, 346, 358-359, 368, 374-379,
412, 415, 665.
with polynomial quotients, 438-439,
498, 518.
Continuous binomial distribution, 588.
Continuous distribution functions, 49,
53, 57, 60, 121-136.
Continuous Poisson distribution, 588.
Convergents, 378, 397, 438-439, 617, 622.
Conversion of representations, 221, 228,
252-253, 265, 288-290, 293, 304-305,
see also Radix conversion.
Convolution, 305, 318, 525, 586.
cyclic, 294, 305-307, 510-512, 520, 521.
multidimensional, 710.
negacyclic, 521.
Conway, John Horton, 109, 402, 623.
Cook, Stephen Arthur, 211, 297, 299,
312, 318, 672, 707.
Cooley, James William, 701.
Coolidge, Julian Lowell, 486.
Coonen, Jerome Toby, 226.
Copeland, Arthur Herbert, 177.
Coppersmith, Don, 182, 183, 500,
501, 523, 671.
Cormack, Gordon Villy, 664.
Coroutine, 375.
Corput, Johannes Gualtherus van der,
163-164, 181.

Correlation coeflicient, 72-73, 77, 132.

Cosine, 247, 490.

Cotes, Roger, 651.

Couffignal, Louis, 202.

Counting law, 694.

Coupon collector’s test, 63-65, 74,

76, 158, 180.
Couture, Raymond, 546, 582.
Covariance, 67.
matrix, 60, 69, 139.

Cover, Thomas Merrill, 571.

Coveyou, Robert Reginald, 26-27, 37,
88, 92, 114, 115, 553.

Cox, Albert George, 278.

Crandall, Richard Eugene, 403, 632.

Craps, 190.

Cray T94 computer, 409.

Cray X-MP computer, 108.

Creative writing, 190-193.

Crelle: Journal fiir die reine und angewandte
Mathematik, an international journal
founded by A. L. Crelle in 1826.

Cryptanalysis, 193, 403-407, 415, 417, 505.

Cube root modulo m, 404, 415.

Cunningham, Allan Joseph Champneys, 666.

Cusick, Thomas William, 584.

Cut-and-riffie, 147.

Cycle in a random permutation, 384, 460.

Cycle in a sequence, 4, 10, 22, 37-40.

detection of, 7-8.

Cyclic convolution, 294, 305-307,
510-512, 520, 521.

Cyclotomic polynomials, 394, 451,

459, 510, 514.

Dahl, Ole-Johan, 148, 592.

Daniels, Henry Ellis, 568.

Dase, Johann Martin Zacharias, 279.

Datta, Bibhutibhusan (Rgfogad wa),
343, 461.

Daudé, Hervé, 366.

Davenport, Harold, 648.

David, Florence Nightingale, 566.

Davis, Chandler, 606.

Davis, Clive Selwyn, 651.

de Bruijn, Nicolaas Govert, 181, 212,
568, 653, 664, 686, 694.

cycle, 38-40.

de Finetti, Bruno, 566.

de Groote, Hans Friedrich, 708.

de Jong, Lieuwe Sytse, 515.

de Jonquieres, Jean Philippe Ernest
de Fauque, 465, 466, 469, 477.

de La Vallée Poussin, Charles-Jean-
Gustave-Nicolas, 381.

de Lagny, Thomas Fantet, 279, 360.

Debugging, 193, 221-223, 275, 331.

Decimal computer: A computer that
manipulates numbers primarily in



the decimal (radix ten) number
system, 21, 202-203.
Decimal digits, 195, 319.
Decimal fractions, history, 197-198, 326.
Decimal number system, 197-199, 210,
320--326, 374.
Decimal point, 195.
Decimation, 326, 328.
Decision, unbiased, 2, 119-121.
DECsystem 20 computer, 15.
Decuple-precision floating point, 283.
Dedekind, Julius Wilhelm Richard, 83, 687.
sums, generalized, 83-92, 106.
Definitely greater than, 224, 233-235,
239, 242-243.
Definitely less than, 224, 233-235,
239, 242-243.
Definition of randomness, 2, 149-183.
Dégot, Jérome, 683.
Degree of a polynomial, 418, 420, 436.
Degrees of freedom, 44, 495, 517-518, 704.
Dekker, Theodorus Jozef, 242, 244, 253.
Deléglise, Marc, 667.
Dellac, H., 465.
DeMillo, Richard Allan, 675.
Denneau, Monty Montague, 311.
Denormal floating point number, 246.
Density function, 124-126, 139.
nearly linear, 126.
Dependent normal deviates, 132, 139.
Derandomization, 414.
Derflinger, Gerhard, 138.
Derivatives, 124, 439, 489, 524, 526, 537.
Descartes, René, 407.
Determinants, 356, 373, 432, 434,
498-500, 523-524.
Deviate: A random number.
Devroye, Luc Piet-Jan Arthur, 138.
Dewey, Melvil, notation for trees, 555.
Diaconis, Persi Warren, 145, 263, 264, 622.
Diamond, Harold George, 245.
Dice, 2, 7, 42-43, 45-46, 58, 120-121, 190.
Dickman, Karl Daniel, 382—-383.
Dickman—Golomb constant, 661.
Dickson, Leonard Eugene, 287, 387, 647.
Dictionaries, 201-202.
Dieter, Ulrich Otto, 89, 91, 92, 101, 114,
116, 119, 129-130, 137, 573, 574, 588.
Differences, 297-298, 504, 516.
Differential equations, 526-527.
Differentiation, see Derivatives.
Diffie, Bailey Whitfield, 406.
Digit: One of the symbols used in positional
notation; usually a decimal digit, one
of the symbols 0, 1, ..., or 9.
binary, 195, 200.
decimal, 195, 319.
hexadecimal, 195, 210.
octal, 210.
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Dilcher, Karl Heinrich, 403.

Dilogarithm, 621.

Diophantine equations, 343-345, 354,
417, 449, 648.

Diophantus of Alexandria (Awgavtog
’AXeEavdpétog), see Diophantine
equations.

Direct product, 520, 522—-523.

Direct sum, 520, 522-523.

conjecture, 708.
Directed graph, 480-481, 484-485.
Dirichlet, Peter Gustav Lejeune, 342.
series, 536-537, 695.

Discrepancy, 39, 110-115.

Discrete distribution functions, 48,
120-121, 136-138.

Discrete Fourier transforms, 169, 305-311,
316-318, 501-503, 506, 512, 520-521,
524, 595, 700.

Discrete logarithms, 417.

Discriminant of a polynomial, 674, 686.

Distinct-degree factorization, 447-449,
459, 689.

Distribution: A specification of probabilities
that govern the value of a random
variable, 2, 119, 121.

beta, 134-135.

binomial, 136-138, 141, 401, 559.

chi-square, 44, 48, 60, 69, 135, 590.

exponential, 133, 137, 589.

F-, 135.

of floating point numbers, 253-264.

gamma, 253-264.

geometric, 136, 137, 140, 585.

integer-valued, 136—-141.

Kolmogorov—-Smirnov, 57-60.

of leading digits, 254-264, 282, 404.

negative binomial, 140.

normal, 56, 122, 132, 139, 384, 565.

partial quotients of regular continued
fractions, 362-369, 665.

Poisson, 55, 137-138, 140, 141, 538, 570.

of prime factors, 382-384, 413.

of prime numbers, 381-382, 405.

Student’s, 135.

t-, 135.

tall of binomial, 167.

tail of normal, 139.

uniform, 2, 10, 48, 61, 119, 121, 124, 263.

variance-ratio, 135.

wedge-shaped, 125-126.

Distribution functions, 48, 121, 140,

263, 362, 382-384.
continuous, 49, 53, 57, 60, 121-136.
discrete, 48, 120-121, 136-138.
empirical, 49.
mixture of, 123-124, 138.
polynomial, 138.
product of, 121.
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Distributive laws, 231, 334, 418, 694.
Divide-and-correct, 270-275, 278, 282-284.
Divided differences, 504, 516.
Dividend: The quantity u while computing
lu/v] and u mod v, 270.
Division, 194, 265, 270-275, 278,
282-284, 311-313.
algebraic numbers, 333, 674.
avoiding, 523-524.
balanced ternary, 283.
by ten, 321, 328.
by zero, 220, 224, 241, 639.
complex, 228, 283, 706.
continued fractions, 649.
double-precision, 251-252, 278-279.
exact, 284.
floating point, 220-221, 230-231, 243.
fractions, 330.
long, 270-275, 278, 282-284.
mixed-radix, 209, 635.
mod m, 354, 445, 499.
multiprecision, 270-275, 278-279,
282-283, 311-313.
multiprecision by single-precision, 282.
polynomial, 420-439, 487, 534.
power series, 525-526, 533-534.
pseudo-, 425-426, 435—436.
quater-imaginary, 283.
short, 282.
string polynomials, 436-437.
Divisor: The quantity v while computing
lu/v] and v mod v, 270.
Divisor: z is a divisor of y if ymodz = 0
and z > 0; it is a proper divisor if it is
a divisor such that 1 < z < y.
polynomial, 422.
Dixon, John Douglas, 372, 401-402,
412, 414, 415, 417.
Dixon, Wilfrid Joseph, 565.
Dobell, Alan Rodney, 17.
Dobkin, David Paul, 697, 712.
Dodgson, Charles Lutwidge, 435.
Donsker, Monroe David, 559.
Doob, Joseph Leo, 559.
Dorn, William Schroeder, 488.
Dot product, 36, 97, 173-174, 499-501.
Double-precision arithmetic, 246-253,
278-279, 295.
Doubling, 322, 462.
continued fraction, 375.
Doubling step, 467.
Downey, Peter James, 485.
Dragon curve, 606, 609, 655.
Dragon sequence, 655.
Dresden, Arnold, 196.
Drift, 237, 244.
Du Shiran (£ 7 #R), 287.
Dual of an addition chain, 481, 484.
Duality formula, 569.

Duality principle, 481, 485, 507, 535, 718.
Dubner, Harvey Allen, 664.

Dumas, Philippe, 355.

Duncan, Robert Lee, 264.

Duodecimal number system, 199-200.
Dupré, Athanase, 653.

Durbin, James, 57, 568.

Durham, Stephen Daniel, 34.
Durstenfeld, Richard, 145.

e, 12, 76, 359, 726-727, 733.
Earle, John Goodell, 312.
Eckhardt, R., 189.
L’Ecuyer, Pierre, 108, 179, 546, 582,
584, 603.
Edelman, Alan Stuart, 280.
Edinburgh rainfall, 74.
EDVAC computer, 225—-226.
Effective algorithms, 161-166, 169, 178.
Effective information, 179.
Egyptian mathematics, 335, 462.
Eichenauer-Herrman, Jirgen, 32, 558, 559.
Eisenstein, Ferdinand Gotthold Max, 457.
Electrologica X8 computer, 222.
Electronic mail, 406.
Elementary symmetric functions, 682—683.
Elkies, Noam David, xi.
Ellipsoid, 105.
random point on, 141.
Elliptic curve method, 402.
Empirical distribution functions, 49.
Empirical tests for randomness, 41, 61-80.
Encoding a permutation, 65-66, 77-78, 145.
Encoding secret messages, 193, 403-407,
415, 417.
Enflo, Per, 683.
Engineering Research Associates, 208.
Enhancing randomness, 26, 34.
ENIAC computer, 54, 280.
Entropy, 712.
Enumerating binary trees, 527, 696, 723.
Enumerating prime numbers, 382, 412, 416.
Equality, approximate, 224, 233-235,
239, 242-243, 245.
essential, 233-235, 239-240, 242-244.
Equidistributed sequence, 150, 163,
177, 179-183.
Equidistribution test, 61, 74, 75.
Equitable distribution, 181.
Equivalent addition chains, 480, 484.
Eratosthenes of Cyrene (’Epatosfévng
6 Kupnvaiog), 412.
Erdés, Pal (= Paul), 181, 384, 471, 696.
ERH, see Extended Riemann hypothesis.
ERNIE, 3.
Error, absolute, 240, 309, 312-313.
Error, relative, 222, 229, 232, 253, 255.
Error estimation, 222, 229, 232, 253,
255, 309-310.
Espelid, Terje Oskar, 616.



Essential equality, 233-235, 239-240,
242-244.
Estes, Dennis Ray, 671.
Estrin, Gerald, 488.
Euclid (Edx\etdn¢), 335-337.
Euclid’s algorithm, 86, 99, 102, 117, 184,
288, 304, 334-337, 340, 579.
analysis of, 356-379.
compared to binary algorithm, 341.
extended, 342-343, 354, 379, 435-436, 534.
for polynomials, 424, 438-439.
for polynomials, extended, 437, 458.
for string polynomials, 426—428.
generalized to the hilt, 426-428.
multiprecision, 345—-348, 373.
original form, 335-336.
Eudoxus of Cnidus (E830Eo¢ Alsxivou
Kvidiog), 335, 359.
Euler, Leonhard (9itep, Jleonapxn),
xi, 357, 375, 377, 392, 407, 526,
649-651, 653, 655.
constant -, 359, 379, 726-727, 733.
theorem, 20, 286, 548.
totient function ¢(n), 19-20, 289,
369, 376, 583, 646.
Eulerian numbers, 284.
Evaluation: Computing the value.
of determinants, 498-500, 523-524.
of mean and standard deviation, 232, 244.
of monomials, 485, 697.
of polynomials, 485-524.
of powers, 461-485.
Eve, James, 493, 517.
Eventually periodic sequence, 7, 22,
375, 385.
Exact division, 439.
Excess ¢ exponent, 214-215, 227, 246.
Exclusive or, 31, 32, 193, 419.
Exercises, notes on, ix—xi.
Exhaustive search, 103.
Exponent overflow, 217, 221, 227, 231,
241, 243, 249.
Exponent part of a floating point number,
214-215, 246, 263, 283.
Exponent underflow, 217, 221-222, 227,
231, 241, 249.
Exponential deviates, generating,
132-133, 137.
Exponential distribution, 133, 137, 589.
Exponential function, 313, 490, 533, 537.
Exponential sums, 84-85, 110-115, 181,
305, 382, 501.
Exponentiation: Raising to a power,
461-485.
multiprecision, 463.
of polynomials, 463-464.
of power series, 526, 537, 719.
Extended arithmetic, 244-245, 639.
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Extended Euclidean algorithm, 342-343,
354, 379, 435-436, 534.
for polynomials, 437, 458.
Extended Riemann Hypothesis,
395-396, 671.

F-distribution, 135.

Factor: A quantity being multiplied.

Factor method of exponentiation, 463,

465, 482, 485.

Factorial number system, 66, 209.

Factorial powers, 297, 515, 534, 643, 731.

Factorials, 416, 622.

Factorization: Discovering factors.
of integers, 13-14, 175, 379-394,

396-403, 412-417.
of polynomials, 439-461, 514.
of polynomials mod p, 439-449, 455-456.
of polynomials over the integers, 449-453.
of polynomials over the rationals, 459.
optimistic estimates of running time, 176.
uniqueness of, 436.

FADD (floating add), 223-224, 227228,

238, 253, 516.

Fagin, Barry Steven, 403, 632.

Falling powers, 297, 731.

Fan, Chung Teh (Ji 52 &), 143.

Fast Fourier transform, 73, 306-310, 318,

502, 505, 512, 516, 706, 710, 713-714.
history of, 701.

Fateman, Richard J, 463.

Faure, Henri, 164.

FCMP (floating compare), 223, 244.

FDIV (floating divide), 223.

Feijen, Wilhelmus [= Wim] Hendricus

Johannes, 636.
Ferguson, Donald Fraser, 280.
Fermat, Pierre de, 386-388, 391, 407, 579.
factorization method, 386-391, 412.
numbers, 14, 386, 397, 403.
theorem, 391, 440, 680.
Ferranti Mark I computer, 3, 192.
Ferrenberg, Alan Milton, 189.
FFT, 516, see Fast Fourier transform.
Fibonacci, Leonardo, of Pisa, 197, 208, 280.
generator, 27, 34, 36, 37, 47, 52, 54, 92.
number system, 209.
numbers F,,: Elements of the Fibonacci
sequence, 731.

numbers, table of, 728.

sequence, 27, 37, 213, 264, 360,
468, 660, 666.

sequence, lagged, 27-29, 35, 40, 72, 75,
79-80, 146, 186~-188, 193.

Field: An algebraic system admitting

addition, subtraction, multiplication,
and division, 213, 331, 420, 422,
506, 525.

finite, 29-30, 449, 457, 554-555, 702.
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Fike, Charles Theodore, 490.
Finck, Pierre Joseph Etienne, 360.
Finetti, Bruno de, 566.
Finite fields, 29-30, 449, 457, 554555, 702.
Finite Fourier transform, see Discrete
Fourier transform.
Finite sequences, random, 1675170, 178.
Fischer, Michael John, 634.
Fischer, Patrick Carl, 241.
Fischlin, Roger, 669.
Fisher, Ronald Aylmer, 145.
Fishman, George Samuel, 108.
FIX (convert to fixed point), 224.
Fix-to-float conversion, 221, 223-224.
Fixed point arithmetic, 214, 225-226,
308-310, 532.
Fixed slash arithmetic, 331-333, 379.
Flajolet, Philippe Patrick, 355, 366,
449, 541, 644.
Flammenkamp, Achim, 478, 483, 693.
Flat distribution, see Uniform distribution.
Flehinger, Betty Jeanne, 262.
Float-to-fix conversion, 224-225, 228.
Floating binary numbers, 214, 225,
227, 254, 263.
Floating decimal numbers, 214, 226,
254-264.
Floating hexadecimal numbers, 254, 263.
Floating point arithmetic, 36, 188, 193,
196, 214-264, 292.
accuracy of, 222, 229-245, 253, 329,
438, 485.
addition, 215-220, 227-228, 230-231,
235-238, 253-254, 602.
addition, exact, 236.
axioms, 230-231, 242-245.
comparison, 233~235, 239, 242-243.
decuple-precision, 283.
division, 220-221, 230-231, 243.
double-precision, 246-253, 278-279.
hardware, 223-226.

intervals, 228, 240-242, 244-245, 333, 613.

mod, 228, 243, 244.

multiplication, 220, 230-231, 243,
263-264.

multiplication, exact, 244.

operators of MIX, 215, 223-225, 516.

quadruple-precision, 253.

reciprocal, 243, 245, 263.

single-precision, 214-228.

subtraction, 216, 230-231, 235-238,
245, 253, 556, 602.

summation, 232, 244.

triple-precision, 252.

unnormalized, 238-240, 244, 327.

Floating point numbers, 196, 214-215,

222, 228, 246.

radix-b, excess-g, 214-215.

statistical distribution, 253-264.

two’s complement, 228.

Floating point radix conversion, 326-329.

Floating point trigonometric subroutines,
245, 247, 490.

Floating slash arithmetic, 331, 333.

Floor function |z|, 81, 732.

FLOT (convert to floating point), 223.

Floyd, Robert W, 7, 148, 280, 361, 505, 540.

FMUL (floating multiply), 223, 516.

Foata, Dominique Cyprien, 9.

FOCS: Proceedings of the IEEE Symposia
on Foundations of Computer Science
(1975-), formerly called the Symposia
on Switching Circuit Theory and
Logic Design (1960-1965), Symposia
on Switching and Automata Theory
(1966-1974).

Forsythe, George Elmer, 4, 128.

FORTRAN language, 188, 193, 279, 600, 602

Fourier, Jean Baptiste Joseph, 278.

division method, 278.

series, 90, 487.

transform, discrete, 169, 305-311,
316--318, 501-503, 506, 512, 520-521,
524, 595, 700.

Fractals, 206.

Fraction overflow, 217, 254, 262, 264.

Fraction part of a floating point number,
214-215, 246, 263.

distribution of, 254-264.

Fractions: Numbers in [0..

conversion, 319-328.
decimal, history, 197-198, 326.
exponentiation, 483.

random, see Uniform deviates.
terminating, 328.

Fractions: Rational numbers, 330-333,
420, 526.

Fraenkel, Aviezri S (9P379 »3w>an), 290,
291, 292, 630.

Franel, Jérome, 258.

Franklin, Joel Nick, 149, 158, 159, 177,
180, 182, 577.

Franta, William Ray, 60.

Fredricksen, Harold Marvin, 557.

Free associative algebra, 437.

Frequency function, see Density function.

Frequency test, 61, 74, 75.

Friedland, Paul, 613.

Frieze, Alan Michael, 599.

Fritz, Kurt von, 335.

Frobenius, Ferdinand Georg, 681, 689.

automorphism, 689.

Frye, Roger Edward, 538.

FSUB (floating subtract), 223, 253.

Fuchs, Aimé, 9.

Fundamental theorem of arithmetic,
334, 422, 483.

1), 36.



Fuss, Paul Heinrich von (®yc, [laBen
Huxostaesuw), 392, 651.

Gage, Paul Vincent, 409.
Galambos, Janos, 661.
Galois, I:]variste, 449, 457.
fields, see Finite fields.
groups, 679, 681, 689, 690.
Gambling systems, 161.
Gamma distribution, 133-134, 140.
Gamma function, incomplete, 56, 59, 133.
Ganz, Jirg Werner, 707.
Gap test, 62-63, 74-76, 136, 158, 180.
Gardner, Martin, 41, 200, 280, 592.
Garner, Harvey Louis, 280, 290, 292.
Gathen, Joachim Paul Rudolf von zur,
611, 673, 687.
GauBl (= Gauss), Johann Friedrich Carl
(= Carl Friedrich), 20, 101, 363, 417,
422, 449, 578, 679, 685, 688, 701.

lemma about polynomials, 422-423, 682.

Gaussian integers, 292, 345, 579.

Gay, John, 1.

ged: Greatest common divisor.

Gebhardt, Friedrich, 34.

Gehrhardt, Karl Immanuel, 200.

Geiger, Hans, counter, 7.

Geiringer, Hilda, von Mises, 76.

Generalized Dedekind sums, 83-92, 106.

Generalized Riemann hypothesis, 396.

Generating functions, 140, 147, 213, 261,
276-278, 525, 562-563, 679-680,
686, 695.

Generation of uniform deviates, 10—40,
184-189, 193.

Genuys, Frangois, 280.

Geometric distribution, 136, 137, 140, 585.

Geometric mean, 283.

Geometric series, 84, 307, 519, 700.

Gessel, Ira Martin, 723.

Gibb, Allan, 242.

Gilbert, William John, 607.

Gill, Stanley, 226.

GIMPS, 409.

Gioia, Anthony Alfred, 469.

Girard, Albert, 424.

Givens, James Wallace, Jr., 94.

Glaser, Anton, 201.

Globally nonrandom behavior, 51-52, 80.

Goertzel, Gerald, 487.

Goflinet, Daniel, 607.

Goldbach, Christian, 392, 651.

Goldberg, David Marc, 226.

Golden ratio, 164, 283, 359, 360, 514,
652, 726-727, 733.

Goldreich, Oded (7319w T1Y), 179,
598, 669.

Goldschmidt, Robert Elliott, 312.

Goldstine, Herman Heine, 202, 278, 327.
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Goldwasser, Shafrira, 598.
Golomb, Solomon ‘Wolf, 147, 661, 711.
Golub, Gene Howard, 562.
Gonzalez, Teofilo, 60.
Good, Irving John, 183.
Goodman, Allan S., 108.
Gosper, Ralph William, Jr., 101, 107, 117,
355, 375, 378, 540, 649.
Gosset, William Sealy (= Student),
t-distribution, 135.
Goulard, A., 477.
Gould, Henry Wadsworth, 725.
Gourdon, Xavier Richard, 355, 449.
Goyal, Girish Kumar (fiT{rer g91¢
Tae), 625.
Gradual underflow, 222.
Griffe, Carl Heinrich, 683.
Graham, Ronald Lewis, 484, 608, 739.
Gram, Jgrgen Pedersen, 674.
Gram—Schmidt orthogonalization
process, 101, 674.
Granville, Andrew James, 659.
Graph, 480-481, 485.
Graphics, 284.
Gray, Frank, code, 209, 568, 699.
Gray, Herbert L., 242.
gray levels, multiplication of, 284.
Great Internet Mersenne Prime Search, 409.
Greater than, definitely, 224, 233-235,
239, 242-243.
Greatest common divisor, 330-356, 483.
binary algorithms for, 338-341,
348-356, 435.
Euclidean algorithm for, see Euclid’s
algorithm.
multiprecision, 345-348, 354, 355,
379, 656.
of n numbers, 341, 378.
of polynomials, 424-439, 460, 453-455.
within a unique factorization domain, 424.
Greatest common right divisor, 437-438.
Greedy algorithm, 293.
Greek mathematics, 196-197, 335, 359.
Green, Bert Franklin, Jr., 27.
Greenberger, Martin, 17, 88, 551.
Greene, Daniel Hill, 659, 686, 697.
Greenwood, Joseph Arthur, 33.
Greenwood, Robert Ewing, 74.
Gregory, Robert Todd, 657.
GRH: The ERH for algebraic numbers, 396.
Groote, Hans Friedrich de, 708.
Grosswald, Emil, 90.
Grotefeld, Andreas Friedrich Wilhelm, 656.
Groups, 701.
Galois, 679, 681, 689, 690.
Grube, Andreas, 582.
Griinwald, Vittorio, 204, 205.
Guaranteed randomness, 35-36, 170-176.
Guard digits, 227.
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Gudenberg, see Wolff von Gudenberg.
Guessing, amplified, 172-174, 416-417.
Guilloud, Jean, 280.

Gustavson, Fred Gehrung, 721.

Guy, Michael John Thirian, 623.

Guy, Richard Kenneth, 402, 413.

Haber, Seymour, 164.
Habicht, Walter, 435.
Hadamard, Jacques Salomon, 382, 432.
inequality, 432, 436, 499.
Hafner, James Lee, 661.
Hajjar, Mansour ( laa jpals), 29.
HAKMEM, 540, 649.
Halberstam, Heini, 664.
Halewyn, Christopher Neil van, 403.
Halliwell-Phillipps, James Orchard, 316.
Halton, John Henry, 164.
Halving, 328, 338, 339, 462.
continued fraction, 375.
modular, 293.
Hamblin, Charles Leonard, 420.
Hamlet, Prince of Denmark, v.
Hammersley, John Michael, 189.
Hamming, Richard Wesley, 255, 263.
Handscomb, David Christopher, 189.
Handy identities, 628-629.
Hansen, Eldon Robert, 617.
Hansen, Walter, 473, 475, 476, 479, 483.
Hanson, Richard Joseph, 615.
Haralambous, Yannis (Xapaidumoug,
Twawwrg), 762.
Hard-core bit, 179.
Hardware: Computer circuitry.
algorithms suitable for, 228,
244 (exercise 17), 280, 312, 313-316,
322, 327-329, 338, 356, 461, 695.
Hardy, Godfrey Harold, 382, 384, 653.
Harmonic numbers H,,, 731.
fractional, 362, 729.
table of, 728-729.
Harmonic probability, 264.
Harmonic sums, 355.
Harmuth, Henning Friedolf, 502.
Harriot, Thomas, 199.
Harris, Bernard, 541.
Harris, Vincent Crockett, 341, 355.
Harrison, Charles, Jr., 242.
Hashing, 70, 148.
Hassler, Hannes, 699.

Hastad, Johan Torkel, 179, 417, 514, 599.

Haynes, Charles Edmund, Jr., 108.
hef, see Greatest common divisor.
Hebb, Kevin Ralph, 477.

Heideman, Michael Thomas, 701.
Heilbronn, Hans Arnold, 372, 377.
Heindel, Lee Edward, 677.

Hellman, Martin Edward, 406.
Henrici, Peter Karl Eugen, 332, 505.

Hensel, Kurt Wilhelm Sebastian, 213, 685.
lemma, 38, 451, 454-455, 458, 685—686.
Hensley, Douglas Austin, 366.
Heringa, Jouke Reyn, 29.
Hermelink, Heinrich, 208.
Hermite, Charles, 115, 579.
Herrmann, Hans Jurgen, 29.
Hershberger, John Edward, 366.
Herzog, Thomas Nelson, 178, 594, 598.
Hexadecimal digits, 195, 210.
Hexadecimal number system, 201-202,
204, 210, 324, 639.
floating point, 254, 263.
nomenclature for, 201.
Higham, Nicholas John, 242.
Hilferty, Margaret M., 134.
Hill, Tan David, 544.
himult, 15, 584.
Hindu mathematics, 197, 208, 281,
287, 343, 461.
HITACHI SR2201 computer, 280.
Hitchcock, Frank Lauren, 506.
Hlawka, Edmund, 117.
HLT (halt), 222.
Hobby, John Douglas, 762.
Hoffmann, Immanuel Carl Volkmar, 279.
Holte, John Myrom, 629.
Homogeneous polynomial, 437, 458, 698.
Hopcroft, John Edward, 500, 507, 699.
Hormann, Wolfgang, 138.
Hoérner, Horst Helmut, 118.
Horner, William George, 486.
rule for polynomial evaluation, 486-489,
498, 504, 515, 517, 519.
Horowitz, Ellis, 505.
Howard, John Vernon, 178.
Howell, Thomas David, 708.
Hoyle, Edmond, rules, 147.
Huang, Ming-Deh Alfred (¥ #4 %), 396.
Huff, Darrell Burton, 42.
Hull, Thomas Edward, 17.
Hurwitz, Adolf, 345, 375, 376.
Huygens (= Huyghens), Christiaan, 655.
Hyde, John Porter, 419.
Hyperbolic tangent, 375.
Hyperplanes, 96, 97, 116.

IBM 704 computer, 280.

IBM 7090 computer, 280.

IBM System/360 computers, early
models, 614.

IBM System/360 Model 91 computer,
396-397.

IBM System /370 computers, 15.

Tbn Ezra, Abraham ben Meir
(XY 1IN PN 13 DNTAN), 197.

Idempotent, 539, 694.

Identity element, 418.

IEEE standard floating point, 226,
246, 600, 602.



Ikebe, Yasuhiko (At J\ ¥ E£), 252.
I1l-conditioned matrix, 292.
Images, digitized, 284.
Imaginary radix, 205-206, 209-210, 283.
Impagliazzo, Russell Graham, 179.
Improving randomness, 26, 34.
IMSL: The International Mathematics and
Statistics Library, 108.
Inclusion and exclusion principle, 354,
563, 610, 640, 678, 699.
Incomplete gamma function, 56, 59, 133.
Increment in a linear congruential sequence,
10-11, 17, 22, 89, 97, 185.
Independence, algebraic, 496, 518.

Independence, linear, 443-444, 508, 659-660.

Independence of random numbers, 2, 43,
46, 55, 59, 66, 95, 240, 559, 562.

Index modulo p, 417.

Indian mathematics, 197, 208, 281,
287, 343, 461.

Induced functions, 535.

Induction, mathematical, 336.

on the course of computation, 266,

269, 337.

Inductive assertions, 281-282.

Infinite continued fractions, 358-359, 374.

Infinity, representation of, 225, 244-245, 332.

Inner product, 97, 499-501, 520.
Integer, random,
among all positive integers, 257,
264, 342, 354.
in a bounded set, 119-121, 138, 185-186.
Integer solution to equations, 343-345,
354, 417, 449, 648.
Integer-valued distributions, 136-141.
Integrated circuit module, 313.
Integration, 153-154, 259.
Interesting point, 642.
Internet, iv, x.
Interpolation, 297, 365, 503-505, 509,
516, 700, 721.
Interpretive routines, 226.
Interval arithmetic, 228, 240-242,
244-245, 333, 613.
Inverse Fourier transform, 307, 316,
516, 633.
Inverse function, 121, see also Reversion
of power series.
Inverse matrix, 98, 331, 500, 524.
Inverse modulo m, 26, 213, 354, 445,
456, 646.
Inversive congruential sequence, 32-33, 40.
Irrational numbers: Real numbers that
are not rational, 181, 359.
multiples of, mod 1, 164, 379, 622.
transcendental, 378.
Irrational radix, 209.
Irrationality, quadratic, 358, 374-375,
397401, 412, 415, 665.
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Irreducible polynomial, 422, 435, 450,
456-457, 460.

Ishibashi, Yoshihiro (44 #& & 5J,), 291.

Islamic mathematics, 197, 280-281,
326, 461-462.

Tteration of power series, 530-536, 723.

Iterative n-source, 172.

Iverson, Kenneth Eugene, 226.

Jabotinsky, Eri, 533, 536, 723.

JACM: Journal of the ACM, a publication
of the Association for Computing
Machinery since 1954.

Jacobi, Carl Gustav Jacob, 435, 662.

symbol, 413-414, 415, 662, 668.

JAE (jump A even), 339, 481.

Jaeschke, Gerhard Paul Werner, 666.

Jager, Hendrik, 665.

Ja'Ja’, Joseph Farid (paxa w,d iaysa), 514

Janssens, Frank, 108, 114.

Jansson, Birger, 540, 553.

JAO (jump A odd), 339, 612.

Japanese mathematics, 648.

Jayadeva, Acharya (314 Fgeq), 648.

Jebelean, Tudor, 629.

Jefferson, Thomas, 229.

Jensen, Johan Ludvig William Valdemar,
683.

Jevons, William Stanley, 388.

Jiuzhang Suanshu (J1, & & #]), 340.

Johnk, Max Detlev, 134.

Johnson, Don Herrick, 701.

Johnson, Jeremy Russell, 625.

Johnson, Samuel, 229.

Jokes, 3, 417.

Jones, Hugh, 200, 326.

Jones, Terence Gordon, 143.

Jong, Lieuwe Sytse de, 515.

Jonquieres, Jean Philippe Ernest de Fauque
de, 465, 466, 469, 477.

Jordaine, Joshua, 199.

Judd, John Stephen, 394.

Jurkat, Wolfgang Bernhard, 699.

Justeson, John Stephen, 196.

JXE (jump X even), 339.

JX0 (jump X odd), 219, 339.

k-distributed sequence, 151-155, 168,
177, 179-182.

Kac, Mark, 384.

Kahan, William Morton, 222, 226, 227,
241-245, 617.

summation formula, 615.

Kaib, Michael Andreas, 578.

Kaltofen, Erich Leo, 345, 449, 455, 672, 718.

Kaminski, Michael, 712.

Kanada, Yasumasa (4 H B IF ), 280.

Kankaala, Kari Veli Antero, 75, 570.

Kannan, Ravindran, 599.

Kanner, Herbert, 327.
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Karatsuba, Anatolii Alekseevich (Kapanyba,
AnaTtonuit AstekceeBrnd), 295,

318, 420, 663.

Karlsruhe, University of, 242.

Katai, Imre, 607.

Katz, Victor Joseph, 198.

Keir, Roy Alex, 237, 638. .

Keller, Wilfrid, 664, 666.

Kempner, Aubrey John, 204, 378.

Kendall, Maurice George, 3, 74, 76.

Kermack, William Ogilvy, 74.

Kerr, Leslie Robert, 699.

Kesner, Oliver, 226.

Khinchin, Alexander Yakovlevich (Xununs,
Anexkcangp fAxosiesnd), 356, 652.

Kinderman, Albert John, 130-131, 135.

Klarner, David Anthony, 213.

Klem, Laura, 27. '

Knop, Robert Edward, 136.

Knopfmacher, Arnold, 345, 686.

Knopfmacher, John Peter Louis, 345.

Knopp, Konrad Hermann Theodor, 364.

Knorr, Wilbur Richard, 335.

Knott, Cargill Gilston, 627.

Knuth, Donald Ervin (7 & #), ii, iv, vii,
2, 4, 30, 89, 138, 145, 159, 196, 205,
226, 242, 316, 335, 372, 378, 384, 435,
491, 584, 595, 599, 606, 636, 659, 661,
686, 694, 697, 722, 739, 762.

Knuth, Jennifer Sierra (& /NE), xiv.

Knuth, John Martin (% /> 5#), xiv.

Kohavi, Zvi (»1517>2%), 498.

Koksma, Jurjen Ferdinand, 161.

Kolmogorov, Andrei Nikolaevich
(Kommoropos, Auapeit HukostaeBu«),
56, 169, 178, 183.

Kolmogorov—Smirnov distribution, 57-60.

table, 51.

Kolmogorov—-Smirnov test, 48—60.

Koons, Florence, 327.

Kornerup, Peter, 332, 333, 629, 657.

Korobov, Nikolai Mikhailovich (Kopo6os,
Hukosait Muxaiisosnd), 114, 159, 177.

Kovacs, Béla, 607.

Kraitchik, Maurice Borisovitch (Kpaituuk,
Meep Bopucosuu), 396, 407.

Krandick, Werner, 625.

Krishnamurthy, Edayathumangalam
Venkataraman (67 w8 g/LomISeLd
QeumiGL_groesT &)(Bekeepiss),
278, 279.

Kronecker, Leopold, 450, 678, 688, 730.

Kruskal, Martin David, 542.

KS test, see Kolmogorov—Smirnov test.

Kuczma, Marek, 533.

Kuipers, Lauwerens, 114, 177.

Kulisch, Ulrich Walter Heinz, 242, 245.

Kung, Hsiang Tsung ({L # ), 356,
529-530, 533, 720.

Kurita, Yoshiharu (38l K ), 29, 572, 604.

Kuttaka (Tg®), 287, 343.

Kuz'min, Rodion Osievich (Kyspmum,
Ponuon Ocuesny), 363.

19-chain, 479, 483, 485.

L3 algorithm, 118, 417, 453.

La Touche, Maria Price, 194, 230.

La Vallée Poussin, Charles-Jean-
Gustave-Nicolas de, 381.

Laderman, Julian David, 700.

Lafon, Jean-Claude, 700.

Lagarias, Jeffrey Clark, 416, 599, 667.
Lagged Fibonacci sequences, 27-29, 35, 40,
72, 75, 79-80, 146, 186—188, 193.

Lagny, Thomas Fantet de, 279, 360.

Lagrange (= de la Grange), Joseph Louis,
Comte, 375, 378, 456, 503, 527,

533, 649, 653, 655.
interpolation formula, 503—-505.
inversion formula, 527-528, 533534, 723.

Lags, 28.

Lake, George Thomas, 327.

Lakshman, Yagati Narayana
(oger mmaber abries), 455.

Lalanne, Léon Louis Chrétien, 208.

Lamé, Gabriel, 360.

Landau, Edmund Georg Hermann, 621, 683.

Laplace (= de la Place), Pierre Simon,
Marquis de, 363.

Lapko, Olga Georgievna (Jlanko, Ossra
Teopruesna), 762.

Large prime numbers, 407-412, 549-550,
663—-664.

Las Vegas algorithms: Computational
methods that use random numbers and
always produce the correct answer if
they terminate, 447-449, 459, 681-682.

Lattice of points, 97.

Lattice reduction, see Short vectors.

Laughlin, Harry Hamilton, 279.

Laurent, Paul Mathieu Hermann, series, 723.

Lauwerier, Hendrik Adolf, 561.

Lavaux, Michel, 108.

Lavington, Simon Hugh, 3.

Lawrence, Frederick William, 390.

lem: Least common multiple.

Leading coefficient, 418, 451-452, 454.

Leading digit, 195, 239.

Leading zeros, 222, 238-240, 327.

Least common left multiple, 437-438.

Least common multiple, 18, 23, 292, 334,
337, 353, 411, 483, 641.

Least remainder algorithm, 376.

Least significant digit, 195.

Lebesgue, Henri Léon, measure, 160,
166-167, 178, 367.

Lebesgue [= Le Besgue], Victor Amédée,
341, 662.



L’Ecuyer, Pierre, 108, 179, 546, 582,
584, 603.
Leeb, Hannes, 604.
Leeuwen, Jan van, 477, 515, 706.
Legendre (= Le Gendre), Adrien Marie,
326-327, 381, 396, 449.
symbol, 414.
Léger, Emile, 360.
Léger, R., 587.
Lehman, Russell Sherman, 387, 405.
Lehmer, Derrick Henry, 10-11, 47, 54, 149,
278, 345-346, 382, 390, 391, 394, 396,
409, 413, 414, 484, 655, 660, 667, 686.
Lehmer, Derrick Norman, 661.
Lehmer, Emma Markovna Trotskaia, 391.
Lehn, Jirgen, 32, 558.
Leibniz, Gottfried Wilhelm, Freiherr
von, 200.
Lempel, Abraham, 556, 712.
Lenstra, Arjen Klaas, 118, 396, 403,
417, 453, T12.
Lenstra, Hendrik Willem, Jr., 118, 396,
402-403, 416, 417, 453, 656.
Leonardo Pisano, see Fibonacci.
Leong, Benton Lau (3 ## %), 485.
Leslie, John, 208.
Less than, definitely, 224, 233-235,
239, 242-243.
Levene, Howard, 74.
LeVeque, William Judson, 648.
Levin, Leonid Anatolievich (JIepun, Jleonns
Anaronpesny), 36, 170, 179.
Levine, Eugene, 104.
Lévy, Paul, 363.
Levy, Silvio Vieira Ferreira, vii.
Lewis, John Gregg, 615.
Lewis, Peter Adrian Walter, 108, 701.
Lewis, Theodore Gyle, 32.
Lexicographic order, 207, 624.
li: Logarithmic integral function.
Li, Ming (Z& BY), 179.
Li Yan (Z=1{g}), 287.
Lickteig, Thomas Michael, 706.
Lindholm, James H., 79.
Linear congruential sequence, 10-26,
145-146, 184-186, 193.
choice of increment, 10-11, 17, 22,
89, 97, 185.
choice of modulus, 12-16, 23, 184.
choice of multiplier, 16-26, 88-89,
105-109, 184-185.
choice of seed, 17, 20, 143, 184.
period length, 16-23.
subsequence of, 11, 73.
Linear equations, 291-292.
integer solution to, 343-345, 354.
Linear factors mod p, 455.
Linear iterative array, 313-317, 329.
Linear lists, 279, 281, 283.
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Linear operators, 363-366, 376.
Linear probing, 592.
Linear recurrences, 29-32, 409-411, 695.
mod m, 37-40.
Linearly independent vectors, 443-444,
508, 659-660.
Linked memory, 279, 281, 283, 419.
Linking automaton, 311.
Linnainmaa, Seppo Ilmari, 242, 244, 718.
Liouville, Joseph, 378.
Lipton, Richard Jay, 497, 675, 697.
Liquid measure, 199.
Little Fermat computer, 311.
Littlewood, John Edensor, 382.
LLL algorithm, 118, 417, 453.
Local arithmetic, 200.
Locally nonrandom behavior, 46,
51-52, 152, 168.
Loewenthal, Dan, 291.
Logarithm, 279, 313.
discrete, 417.
of a matrix, 536.
of a power series, 533, 537.
of a uniform deviate, 133.
of ¢, 283.
Logarithmic integral, 381-382, 414, 663.
Logarithmic law of leading digits,
254-264, 282, 404.
Logarithmic sums, 628-629.
Logical operations, see Boolean operations.
Loh, Giinter, 666.
lomult, 15.
Long division, 270-275, 278-279.
Loos, Ridiger Georg Konrad, 435, 674.
Lotti, Grazia, 500, 715.
Lovasz, Laszld, 118, 417, 453.
Lovelace, Augusta Ada Byron King,
Countess of, 189.
Loveland, Donald William, 178, 179, 183.
Lubiw, Anna, 656.
Lubkin, Samuel, 327.
Luby, Michael George, 179.
Lucas, Francois Edouard Anatole, 391,
407, 409, 413, 414.
numbers L, 695.
Lukes, Richard Francis, 390.
Liischer, Martin, 35, 72, 109, 188,
550, 556, 571.
Luther, Herbert Adesla, 278.

m-ary method of exponention, 464, 466,
470-471, 481-482.

Ma, Keju (L5 # 3), 673.

machine language versus higher-level
languages, 16, 185.

MacLaren, Malcolm Donald, 33, 47,
128, 551, 585.

MacMahon, Percy Alexander, 609.

MacMillan, Donald B., 226.

MacPherson, Robert Duncan, 114.
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MacSorley, Olin Lowe, 280.

Maeder, Roman Erich, 627, 635.

Mabhler, Kurt, 180.
measure, 683.

Makarov, Oleg Mikhailovich (Maxapos,

Ouner Muxaiyiopud), 700, 714.

Mallows, Colin Lingwood, 74. .

Manasse, Mark Steven, 403.

Manchester University Computer, 192.

Mandelbrot, Benoit Baruch, 606.

Mangoldt, Hans Carl Friedrich von, 663.
function, 371, 376.

MANIAC III computer, 242.

Mansour, Yishay (s >vw), 316.

Mantel, Willem, 552.

Mantissa, 214, see Fraction part.

Marczinski, R. W., 205.

Mariage, Aimé, 201.

Mark I computer (Ferranti), 3.

Mark II Calculator (Harvard), 225.

Marsaglia, George, 3, 23, 29, 33, 40, 47,
62, 71, 75, 78, 108, 114-115, 119,
122, 123, 128, 133-135, 179, 544,
546-547, 549, 551, 565, 588.

Martin, Monroe Harnish, 32, 38, 40.

Martin-Lof, Per Erik Rutger, 169-170, 178.

Masking, 322, 329.

Math. Comp.: Mathematics of Computation
(1960-), a publication of the American
Mathematical Society since 1965;
founded by the National Research
Council of the National Academy
of Sciences under the original title
Mathematical Tables and Other Aids
to Computation (1943-1959).

Mathematical aesthetics, 289.

Matias, Yossi (ono0n >0v), 121.

Matrix: Rectangular array, 486.
characteristic polynomial, 499, 524.
determinant, 356, 373, 432, 434,

498-500, 523-524.
greatest common right divisor, 438.
inverse, 98, 331, 500, 524.
multiplication, 499-501, 506-507,
516, 520-523, 699.
null space, 443-444, 456, 659-660, 681.
permanent, 499, 515-516.
rank, 443-444, 506, 508, 520.
semidefinite, 586.
singular, 98, 116, 513, 520.
triangularization, 444, 659660, 677.

Matrix (Bush), Irving Joshua, 41, 280.

Matsumoto, Makoto (§ 7 B), 29, 572, 604.

Matthew, Saint ("Ayto¢ Matbatog
6 Edayyeiiotrc), Saint, 735.

Matula, David William, 210, 211, 329,
332-333, 379.

Mauchly, John William, 27.

Maximum of random deviates, 122.

Maximum-of-¢ test, 52, 54, 59, 70, 75,
77, 122, 158, 180.
Maya Indians, 196.
Mayer, Dieter Heinz-Jorg, 366.
McCarthy, Daniel Patrick, 696.
McClellan, Michael Terence, 292.
McCracken, Daniel Delbert, 226.
McCurley, Kevin Snow, 661, 671.
McEliece, Robert James, 687.
McKendrick, Anderson Gray, 74.
Mean, evaluation of, 232, 244.
Measure, units of, 198-199, 201, 209,
255, 326, 327.
Measure theory, 160, 166-167, 178, 367.
Mediant rounding, 331-332, 379.
Meissel, Daniel Friedrich Ernst, 667.
Mellin, Robert Hjalmar, transforms,
355, 644.
Mendelsohn, Nathan Saul, 211.
Mendes France, Michel, 649, 656.
Mental arithmetic, 279, 295.
Merit, figure of, 105.
Mersenne, Marin, 391, 407.
multiplication, 294.
numbers, 14, 409.
primes, 185, 409, 412, 413.
Mertens, Franz Carl Joseph, 641, 659.
constant, 659.
METRFONT, iv, vi, 762.
METRPQST, vii, 762.
Metrology, 201.
Metropolis, Nicolas Constantine
(Mntpomohne, Nuxdhaog Kwvotavivov),
4, 189, 240, 242, 327.
Metze, Gernot, 280.
Meyer, Albert Ronald da Silva, 634.
Micali, Silvio, 179, 598.
Michigan, University of, 242, 617:
Middle-square method, 3-4, 7-8, 27, 36, 75.
Midpoint, 244.
Mignotte, Maurice, 683.
Mikami, Yoshio (= | & ), 340, 486, 648.
Mikusinski, Jan, 378.
Miller, Gary Lee, 395-396.
Miller, James M., 108.
Miller, Jeffrey Charles Percy, 695.
Miller, Kenneth William, 108.
Miller, Victor Saul, 416.
Miller, Webb Colby, 485.
Milne-Thompson, Louis Melville, 505.
Minimizing a quadratic form, 98-101,
105, 115-118.
Minimum polynomial, 711.
Minkowski, Hermann, 579.
Minus zero, 202, 244-245, 249, 268.
MIP-years, 176, 405.
Miranker, Willard Lee, 242.
Mises, Richard, Edler von, 149, 177, 494.



Mitchell, Gerard Joseph Francis Xavier,
27, 32.
MIX computer, vi, 209.
binary version, 202-204, 339,
389-390, 481.
floating point attachment, 215,
223-225, 516.
Mixed congruential method, 11, see Linear
congruential sequence.
Mixed-radix number systems, 66, 199,
208-211, 290, 293, 505.
addition and subtraction, 209, 281.
balanced, 103, 293, 631.
comparison, 290.
counting by 1s, 103.
multiplication and division, 209.
radix conversion, 327.
Mixture of distribution functions,
123-124, 138.
Mobbius, August Ferdinand, function,
354, 376, 456, 459.
inversion formula, 456, 652.
mod, 228, 421, 544, 734.
mod m arithmetic,
addition, 12, 15, 203, 287-288.
division, 354, 445, 499.
halving, 293.
multiplication, 12-16, 284, 287-288,
204, 318, 663.
on polynomial coefficients, 418-420.
square root, 406—-407, 415, 456-457,
681-682.
subtraction, 15, 186, 203, 287-288.
Model V computer, 225.
Modular arithmetic, 284-294, 302-305,
450, 454, 499.
complex, 292.
Modular method for polynomial ged,
453, 460.
Modulus in a linear congruential sequence,
10-16, 23, 184.
Moenck, Robert Thomas, 449, 505.
Mgiller, Ole, 242.
Monahan, John Francis, 130, 131, 135.
Monic polynomial, 418, 420, 421, 425,
435, 452, 457, 518.
Monier, Louis Marcel Gino, 414, 662.
Monkey tests, 75.
Monomials, evaluation of, 485, 697.
Monotonicity, 230, 243.
Monte Carlo, 2, 29, 55, 114, 189.
Monte Carlo method: Any computational
method that uses random numbers
(possibly not producing a correct

answer); see also Las Vegas algorithms,

Randomized algorithms.
Montgomery, Hugh Lowell, 683.
Montgomery, Peter Lawrence, 284, 322,

multiplication mod m, 284, 386, 396.
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Moore, Donald Philip, 27, 32.

Moore, Louis Robert, III, 108.

Moore, Ramon Edgar, 242.

Moore School of Electrical Engineering,

208, 225.

Morain, Frangois, 390.

Morgenstern, Jacques, 524.

Morley, Geoffrey Hugh, 199.

Morris, Robert, 613.

Morrison, Michael Allan, 396, 400, 660.

Morse, Harrison Reed, 111, 192.

Morse, Samuel Finley Breese, code, 377.

Moses, Joel, 45-455.

Most significant digit, 195.

Motzkin, Theodor Samuel

(PP3 MY NMINeD), 378, 490, 494,
495, 497, 518, 519, 705.

Muddle-square method, 36, 174-176, 179.

Muller, Mervin Edgar, 122, 143.

Multinomial coefficients, 539.

Multinomial theorem, 722.

Multiple-precision arithmetic, 58, 202,

265-318, 419, 486.
addition, 266-267, 276-278, 281, 283.
comparison, 281.
division, 270~275, 278-279, 282-283,
311-313.
greatest common divisor, 345-348,
354, 355, 379, 656.
multiplication, 268-270, 283, 294-318.
radix conversion, 326, 328.
subtraction, 267-268, 276, 281, 283.
table of constants, 726-728.
Multiples, 422.
Multiples of an irrational number mod 1,
164, 379, 622.

Multiplication, 194, 207-208, 265, 294, 462.
complex, 205, 307-310, 487, 506, 519, 706.
double-precision, 249-250, 252, 295.
fast (asymptotically), 294-318.
floating point, 220, 230-231, 243, 263-264.
fractions, 282, 330.
matrix, 499-501, 506-507, 516,

520-523, 699.
Mersenne, 294.
mixed-radix, 209.
mod m, 12-16, 284, 287-288, 294,
318, 663.
mod u(z), 446.
modular, 285-286, 302-305.
multiprecision, 268-270, 283, 294-318.
multiprecision by single-precision, 281.
polynomial, 418-420, 508, 512, 521,
712, 713.
power series, 525.
Multiplicative congruential method, 11,
19-23, 185-186.
Multiplier in a linear congruential sequence,
10-11, 16-26, 88-89, 105-109, 184-185.
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Multiply-and-add algorithm, 268, 313.
Multiprecision: Multiple-precision or
Arbitrary precision.
Multisets, 170, 473, 483.
operations on, 483, 694-695.
terminological discussion, 694.
Multivariate polynomials, 418-419,
422, 455, 518. *
chains, 497-498, 514.
factors, 458.
noncommutative, 436.
roots of, 436.
Munro, James Ian, 515, 706.
Musical notation, 198.
Musinski, Jean Elisabeth Abramson, 507.
Musser, David Rea, 278, 453, 455.

N-source, 170.

Nadler, Morton, 627.

Nance, Richard Earle, 189.

Nandi, Salil Kumar (3 3= "), 278.
NaNs, 245, 246, 639.

Napier, John, Laird of Merchiston, 194, 200.

Native American mathematics, 196.

Needham, Joseph, 287.

Negabinary number system, 204-205,
209-210, 212, 328.

Negacyclic convolution, 521.

Negadecimal number system, 204, 210.

Negative binomial distribution, 140.

Negative digits, 207-213, 696.

Negative numbers, representation of,
202-205, 275-276.

Negative radices, 204-205, 209-210,
212, 328.

Neighborhood of a floating point
number, 234.

Neugebauer, Otto Eduard, 196, 225.

Neumann, John von (= Margittai Neumann
Jénos), 1, 3, 26, 36, 119, 125, 128,
138, 140, 202, 226, 278, 327.

Newcomb, Simon, 255.

Newman, Donald Joseph, 697.

Newton, Isaac, 449, 486, 698, 701.

interpolation formula, 503-505, 516.
method for rootfinding, 278-279,

312, 486, 529, 719.

Ni, Wen-Chun ({f X &), 121.

Nicomachus of Gerasa (Nuxduaxog
0 ex I'epdowv), 659.

Niederreiter, Harald Giinther, 106-107, 109,
113-115, 117, 161, 177, 584.

Nijenhuis, Albert, 146.

Nine Chapters on Arithmetic, 340.

Nines, casting out, 289, 303, 324.

Nines’ complement notation, 203, 210.

Nisan, Noam (y0°3 oy1), 316.

Niven, Ivan Morton, 155-156.

Nonary (radix 9) number system, 200, 637.

Noncommutative multiplication, 436-438,
500, 507, 672, 684.
Nonconstructive proofs, 286, 289, 583.
Nonnegative: Zero or positive.
Nonsingular matrix: A matrix with nonzero
determinant, 98, 116, 513, 520.
Norm of a polynomial, 457-458.
Normal deviates: Random numbers with the
normal distribution, 122-132, 142.
dependent, 132, 139.
direct generation, 141.
square of, 134.
Normal distribution, 56, 122, 384, 565.
tail of, 139.
variations, 132, 139.
Normal evaluation schemes, 506, 709-710.
Normal numbers, 177.
Normalization of divisors, 272-273, 282-283.
Normalization of floating point numbers,
215-217, 227-228, 238, 248-249,
254, 616.
Normand, Jean-Marie, 29.
Norton, Graham Hilton, 372, 673.
Norton, Karl Kenneth, 383.
Norton, Victor Thane, Jr., 607.
Notations, index to, 730-734.
Nozaki, Akihiro (¥F &} B 5J,), 524.
NP-complete problems, 499, 514, 585, 698.
Null space of a matrix, 443-444, 456,
659660, 681.
Number field sieve, 403.
Number fields, 331, 333, 345, 403, 674.
Number sentences, 605.
Number system: A language for representing
numbers.
balanced binary, 213.
balanced decimal, 211.
balanced mixed-radix, 103, 293, 631.
balanced ternary, 207-208, 209,
227, 283, 353.
binary (radix 2), 195, 198-206, 209-213,
419, 461, 483.
combinatorial, 209.
complex, 205-206, 209-210, 292.
decimal (= denary, radix ten), 197-199,
210, 320-326, 374.
duodecimal (radix twelve), 199-200.
factorial, 66, 209.
Fibonacci, 209.
floating point, 196, 214-215, 222, 228, 246.
hexadecimal (radix sixteen), 201-202,
204, 210, 324, 639.
mixed-radix, 66, 199, 208-211, 290,
293, 505.
modular, 284-285.
negabinary (radix —2), 204-205,
209-210, 212, 328.
negadecimal, 204, 210.
nonary (radix 9), 200, 637.



octal (= octonary = octonal, radix 8),
194, 200-202, 210, 228, 323-325,
328, 481, 727.

p-adic, 213, 605, 632, 685.

phi, 209.

positional, 151, 166-167, 177, 195-213,
319-329.

primitive tribal, 195, 198.

quater-imaginary (radix 2i), 205,
200-210, 283.

quaternary (radix 4), 195, 200.

quinary (radix 5), 195, 200, 213.

rational, 330, 420.

regular continued fraction, 346, 358-359,
368, 374-379, 412, 415, 665.

reversing binary, 212.

revolving binary, 212.

sedecimal (= hexadecimal), 202.

senary (radix 6), 200.

senidenary (= hexadecimal), 202.

septenary (radix 7), 200.

sexagesimal (radix sixty), 196-200,
225, 326.

slash, 331-333, 379.

ternary (radix 3), 195, 200, 204, 213, 328.

vigesimal (radix twenty), 196.

Numerical instability, 245, 292, 485,
489, 490.

Nunes (= Nuifiez Salaciense = Nonius),
Pedro, 424.

Nussbaumer, Henri Jean, 521, 710, 201.

Octal (radix 8) number system, 194,
200-202, 210, 228, 323-325, 328,
481, 727.

Octavation, 326.

Odd-even method, 128-130, 139.

Odlyzko, Andrew Michael, 416, 541,
608, 667, 671.

OFLO, 218.

Oldham, Jeffrey David, vii.

Oliver, Ariadne, 725.

Olivos Aravena, Jorge Augusto Octavio,
485, 698.

One-way function, 172, 179.

Ones’ complement notation, 12, 203-204,
275276, 279, 288, 544.

Online algorithms, 318, 525-526, 720.

Operands: Quantities that are operated on,
such as u and v in the calculation
of u+wv.

Ophelia, daughter of Polonius, v.

Optimum methods of computation,
see Complexity.

OR (bitwise or), 140, 686, 695.

Order of a modulo m, 20-23, 391-392.

Order of an element in a field, 457.

Order of magnitude zero, 239.

Ordered hash table, 592.
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Organ pipe order, 378.
Oriented binary tree, 692.
Oriented tree, 9, 464-465, 481-482.
Ostrowski, Alexander Markus, 494.
Oughtred, William, 225, 326.
Overflow, 12-13, 252, 267, 293, 332,
543, 639.
exponent, 217, 221, 227, 231, 241,
243, 249.
fraction, 217, 254, 262, 264.
rounding, 217, 220, 222, 224, 227-228.
Overstreet, Claude Lee, Jr., 189.
Owen, John, 1.
Owings, James Claggett, Jr., 178.
Ozawa, Kazufumi (/) & — ), 615.

p-adic numbers, 213, 605, 632, 685.

packing, 109.

Padé, Henri Eugene, 357, 534.

Padegs, Andris, 226.

Pairwise independence, 183, 668—669.

Palindromes, 415.

Palmer, John Franklin, 222, 222.

Pan, Victor Yakovlevich (ITan, Buxtop
Axosnesuu), 490, 492, 497, 500, 505,
507, 515, 517, 519, 521, 699, 703,
705, 706, 714, 715, 721.

Panario Rodriguez, Daniel Nelson, 449.

Pandu Rangan, Chandrasekaran
(#690CF Fgetr LimesT(RrmI%HeT), T17.

Papadimitriou, Christos Harilaos
(Haradnuntptov, Xptotog Xapthdov), 697.

Pappus of Alexandria (IT&nrog
6 "AXeEavdpwvidg), 225.

Paradox, 257.

Parallel computation, 286, 317, 488, 503.

Parameter multiplications, 518, 524.

Parameter step, 494, 518.

Pardo, see Trabb Pardo.

Park, Stephen Kent, 108.

Parlett, Beresford Neill, 194.

Parry, William, 209.

Partial derivatives, 524.

Partial fraction expansion, 85, 510, 685.

Partial ordering, 694.

Partial quotients, 87, 106, 117, 346, 359,
367-369, 379, 656.

distribution of, 362-369, 665.

Partition test, 63—64, 74, 158.

Partitions of a set, 64, 722.

Partitions of an integer, 79, 146.

Pascal, Blaise, 199.

Pascal-SC language, 242.

Patashnik, Oren, 739.

Paterson, Michael Stewart, 519, 634, 707.

Patience, 190.

Patterson, Cameron Douglas, 390.

Paul, Nicholas John, 128.

Pawlak, Zdzislaw, 205, 627.

Payne, William Harris, 32.
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Paz, Azaria (19 my), 498.
Peano, Giuseppe, 201.
Pearson, Karl, 55, 56.
Peirce, Charles Santiago Sanders, 538.
Penk, Michael Alexander, 646.
Penney, Walter Francis, 206.
Pentium computer chip, 280, 409,
Percentage points, 44, 46, 51, 70-71, 383.
Perfect numbers, 407.
Perfect squares, 387-388.
Period in a sequence, 7-9.
length of, 4, 16-23, 37-40, 95.
Periodic continued fraction, 375, 415.
Permanent, 499, 515-516.
Permutation: An ordered arrangement
of a set.
mapped to integers, 6566, 77-78, 145.
random, 145-148, 384, 460, 679.
Permutation test, 65-66, 77-78, 80-81,
91, 154.
Perron, Oskar, 356, 460, 690.
Persian mathematics, 197, 326, 462.
Pervushin, Ivan Mikheevich (IlepBymins,
WBan Muxeesnu), 407.
Pethé, Attila, 607.
Petkovsek, Marko, 608.
Petr, Karel, 442.
Pfeiffer, John Edward, 192.
Phalen, Harold Romaine, 200.
Phi (¢), 164, 209, 283, 359, 360, 514,
652, 726-727, 733.
Phillips, Ernest William, 201-202.
Pi (7}, 41, 151, 158, 161, 198, 200, 279-280,
284, 358, 726727, 733.
Picutti, Ettore, 412.
pigeonhole principle, 286.
Pingala, Acharya (37914 fUger), 461.
Pipeline, 283.
Pippenger, Nicholas John, 481, 697.
Piras, Francesco, 683.
Pitfalls of random number generation,
6, 29, 88, 189.
Pitteway, Michael Lloyd Victor, 653.
Places, 265.
Planck, Max Karl Ernst Ludwig, constant,
214, 227, 238, 240.
Plauger, Phillip James, 327.
Playwriting, 190-192.
Plouffe, Simon, 284.
PM system, 420.
Pocklington, Henry Cabourn, 414, 681.
Pointer machine, 311, 317, 634.
Poirot, Hercule, 725.
Poisson, Siméon Denis, distribution, 55,
137-138, 140, 141, 538, 570.
Poker test, 63-64, 74, 158.
Polar coordinates, 56, 59, 123.
Polar method, 122-123, 125, 135.

Pollard, John Michael, 306, 385-386,
402-403, 413, 417, 658, 711.
Pélya, George (= Gyorgy), 65, 569.
polynomial, 418-420, 486.
addition, 418-420.
arithmetic modulo m, 37-40,
419-420, 464.
degree of, 418, 420, 436.
derivative of, 439, 489, 524, 537.
discriminant of, 674, 686.
distribution function, 138.
division, 420-439, 487, 534.
evaluation, 485-524.
factorization, 439461, 514.
greatest common divisor, 424-439,
460, 453-455.
interpolation, 297, 365, 503-505, 509,
516, 700, 721.
irreducible, 422, 435, 450, 456—457, 460.
leading coefficient, 418, 451-452, 454.
monic, 418, 420, 421, 425, 435, 452,
457, 518.
multiplication, 418-420, 508, 512,
521, 712, 713.
multivariate, 418-419, 422, 455, 518.
norms, 457-458.
over a field, 420-425, 435, 439-449,
455-459.
over a unique factorization domain,
421-439, 449-461.
primitive, 422, 436.
primitive modulo p, 30-32, 422.
primitive part, 423-425.
random, 435, 448, 455, 459.
remainder sequence, 427-429, 438,
455, 721.
resultant, 433, 690, 674.
reverse of, 435, 452, 673, 721.
roots of, 23, 434, 436, 483, 493.
sparse, 455, 672.
squarefree, 439, 456, 459.
string, 436-438.
subtraction, 418-420.
Polynomial chains, 494-498, 517-524.
Pomerance, Carl, 396, 402, 659.
Poorten, Alfred Jacobus van der, 656.
Pope, Alexander, 88.
Pope, David Alexander, 278.
Popper, Karl Raimund, 178.
Portable random number generators,
185-188, 193.
Porter, John William, 372.
Positional representation of numbers, 151,
166-167, 177, 195-213, 319-329.
Positive definite quadratic form, 98, 115.
Positive operator, 365.
Positive semidefinite matrix, 586.
Potency, 24~26, 36, 47, 52, 73, 83,
87-88, 92, 184.



Power matrix, 534-536.
Power series: A sum of the form
> k>0 arz®, see Generating functions.
manipulation of, 525-537.
Power tree, 464, 481.
Poweroids, 534-536, 722.
Powers, Don M., 312.
Powers, evaluation of, 461-485.
multiprecision, 463.
polynomial, 463-464.
power series, 526, 537, 719.
Powers, Ralph Earnest, 396, 407.
pp: Primitive part, 423-425.
Pr: Probability, 150, 152, 168, 179-180,
257, 264, 472, 734.
Pratt, Vaughan Ronald, 356, 413.
Precision: The number of digits in a
representation.
double, 246253, 278-279, 295.
multiple, 58, 202, 265-318, 419, 486.
quadruple, 253, 295.
single: fitting in one computer word, 215.
unlimited, 279, 283, 331, 416, see also
Multiple-precision.
Preconditioning, see Adaptation.
Prediction tests, 171, 183.
Preston, Richard McCann, 280.
Primality testing, 380, 391396,
409-414, 549.
Prime chains, 415, 666.
Prime numbers: Integers greater than unity
having no proper divisors, 380.
distribution of, 381-382, 405.
enumeration of, 381-382, 416.
factorization into, 334.
largest known, 407-412.
Mersenne, 185, 409, 412, 413.
size of mth, 665.
useful, 291, 405, 407408, 549-550, 711.
useless, 415.
verifying primality of, 380, 391-396,
409-414, 549.
Primes in a unique factorization domain,
421-422.
Primitive element modulo m, 20-23.
Primitive notations for numbers, 195, 198.
Primitive part of a polynomial, 423-425.
Primitive polynomial, 422, 436.
Primitive polynomial modulo p, 30-32, 422.
Primitive recursive function, 166.
Primitive root: A primitive element
in a finite field, 20-23, 185, 391,
417, 456, 457.
Pritchard, Paul Andrew, 631.
Probabilistic algorithms, see Randomized
algorithms.
Probability: Ratio of occurrence, 150,
177, 257.
abuse of, 433.
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over the integers, 150, 152, 257, 264, 472.

Probert, Robert Lorne, 699.

Programming languages, 16, 185, 222.

Pronouncing hexadecimal numbers, 201.

Proof of algorithms, 281-282, 336-337, 592.

Proofs, constructive versus nonconstructive,
286, 289, 583, 630.

Proper factor of v: A factor that is neither
a unit nor a unit multiple of v.

Proth, Frangois Toussaint, 663.

Proulx, René, 179.

Pseudo-division of polynomials, 425-4286,
435-436.

Pseudorandom sequences, 4, 170-176, 179.

Ptolemy, Claudius (IItokepaioc KAabdiog),
197.

Public key cryptography, 406.

Purdom, Paul Walton, Jr., 541.

Pyke, Ronald, 566.

g-series, 536.

Quadratic congruences, solving, 417,

Quadratic congruential sequences, 26-27, 37.

Quadratic forms, 98, 521.

minimizing, over the integers, 98-101,
105, 115-118.

Quadratic irrationalities, continued
fractions for, 358, 374-375, 397-401,
412, 415, 665.

Quadratic reciprocity law, 393, 411,

414, 663.

Quadratic residues, 415, 697.

Quadratic sieve method, 402.

Quadruple-precision arithmetic, 253, 295.

Quandalle, Philippe, 710.

Quasirandom numbers, 4, 189.

Quater-imaginary number system, 205,
209-210, 283.

Quaternary number system, 195, 200. -

Quick, Jonathan Horatio, 77, 147.

Quinary number system, 195, 200, 213.

Quolynomial chains, 498, 524, 704.

Quotient: |u/v], 265, see Division.

of polynomials, 420-421, 425-426, 534.

partial, 87, 106, 117, 346, 359, 362-369,
379, 656, 665.

trial, 270-272, 278, 282.

Rabin, Michael Oser (127 My Sx>n), 175,
396, 406, 413, 415, 448, 449, 707.
Rabinowitz, Philip, 279.
Rademacher, Hans, 90, 91.
Radioactive decay, 7, 132, 137.
Radix: Base of positional notation, 195.
complex, 205-206, 209-210.
irrational, 209.
mixed, 66, 199, 208-211, 290, 293, 505.
negative, 204-205, 209-210, 212, 328.
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Radix conversion, 200, 204, 205, 207,
210, 319-329, 486, 489.
floating point, 326-329.
multiprecision, 326, 328.

Radix point, 10, 185, 195, 204, 209, 214, 319.

Raimi, Ralph Alexis, 257, 262.

Raleigh, Walter, 199.

Rall, Louis Baker, 240, 242.

Ramage, John Gerow, 135.

Ramanujan Iyengar, Srinivasa (uheflaumen
JITLDTEYY 868 @QuImisTrT), 662.

Ramaswami, Vammi (eubd grrwemid), 383.

Ramshaw, Lyle Harold, 164, 181.

ran-array, 186-188, 193.

RAND Corporation, 3.

Randell, Brian, 202, 225.

Random bits, 12, 30-32, 35-36, 38, 48,
119-120, 170-176.

Random combinations, 142-148.

Random directions, 135-136.

Random fractions, 10, see Uniform deviates.

Random functions, 4-9, 385.
Random integers,

among all positive integers, 257,

264, 342, 354.

in a bounded set, 119-121, 138, 185-186.
Random mappings, 4-9, 385, 657-658.
Random number generators, 1-193.

for nonuniform deviates, 119-148.

for uniform deviates, 10-40, 184-189, 193.

machines, 3, 404.
summary, 184-193.
tables, 3.
testing, 41-118.
using, 1-2, 119-148, 664, see also
Randomized algorithms.
Random permutations, 145-148, 384,
460, 679.
of a random combination, 148.
Random point, in a circle, 123.
in a sphere, 136.
on an ellipsoid, 141.
on a sphere, 135.
Random polynomials, 435, 448, 455, 459.
Random random number generators,
6-9, 26.
Random real numbers, 255, 263.
Random samples, 142-148.
Random sequences, meaning of, 2, 149-183.
finite, 167-176, 178-179, 183.
Randomized algorithms: Algorithms that
use random numbers and usually
produce a correct answer, 1-2, 171,
395-396, 401-402, 413-417, 436,
447449, 453, 459, 669, 688.
Randomness, guaranteed, 35-36, 170-176.
RANDU, 26, 107, 188, 551.
Rangan, see Pandu Rangan.

Range arithmetic, 228, 240-242, 244-245,
333, 613.

Rank, of apparition, 410-411.
of a matrix, 443-444, 506, 508, 520.
of a tensor, 506, 508, 514, 520-524.

RANLUX, 109.

Rap music, 3.

Rapoport, Anatol, 541.

Ratio method, 130-132, 133, 140.

Rational arithmetic, 69, 330-333,

427-428, 526.
Rational function approximation,
438-439, 534.

Rational functions, 420, 498, 518.

approximation and interpolation,
438-439, 505, 534.

Rational numbers, 330, 420, 459.
approximation by, 331-332, 378-379, 617.
mod m, 379.
polynomials over, 428, 459.
positional representation of, 186,

211, 213, 328.

Rational reconstruction, 379.

Real numbers, 420.

Real time, 286.

Realization of a tensor, 507.

Reciprocal differences, 505.

Reciprocals, 278-279, 312-313, 421.
floating point, 243, 245, 263.
mod 2¢, 213.
mod m, 26, 213, 354, 445, 456, 646.
power series, 537.

Reciprocity laws, 84, 90, 393, 414.

Recorde, Robert, xi, 280-281.

Rectangle-wedge-tail method, 123-128, 139.

Rectangular distribution, see Uniform

distribution.

Recurrence relations, 10, 26-33, 37-40,

260-261, 295, 301-302; 313, 318,
351, 362, 386, 409-411, 442, 525,
634, 687, 695, 714.

Recursive processes, 253, 295, 299-303,

318, 419, 500, 531, 689, 713.

Reeds, James Alexander, 111, 599.

Rees, David, 39, 169.

Registers, 491.

Regular continued fractions, 346, 358-359,

368, 374-379, 412, 415, 665.
Reiser, John Fredrick, 28, 39, 242.
Reitwiesner, George Walter, 213, 280, 280.
Rejection method, 125-126, 128-129,
134, 138, 139, 591.

Relative error, 222, 229, 232, 253, 255.

Relatively prime: Having no common prime
factors, 11, 19, 286, 330, 332, 342, 354.

polynomials, 422, 436, 454.

Remainder: Dividend minus quotient times
divisor, 265, 272-273, 420-421, 425-426,
437, 534, see also mod.



Replicative law, 90.

Representation of numbers, see Number
systems.

Representation of trees, 482.

Representation of oo, 225, 244-245, 332.

Reservoir sampling, 143-144, 147.

Residue arithmetic, 284-294, 302-305,
450, 454, 499.

Result set, 494, 517.

Resultant of polynomials, 433, 690, 674.

Revah, Ludmila, 706.

Reverse of a polynomial, 435, 452, 673, 721.

Reversing binary number system, 212.

Reversion of power series, 527-530, 533-536.

Revolving binary number system, 212.

Rezucha, Ivan, 143.

Rhind papyrus, 462.

Rho method for factoring, 384-386,
393-394, 413.

Riccati, Jacopo Francesco, equation, 650.

Rieger, Georg Johann, 653.
Riemann, Georg Friedrich Bernhard,
83, 382, 414.
hypothesis, 382, 663.
hypothesis, generalized 395-396, 671.
integration, 153-154, 259.
Riffle shuffles, 145, 147.
Ring with identity, commutative, 418.
Riordan, John, 542.
Rising powers, 534, 731.
Ritzmann, Peter, 721.
Rivat, Joél, 667.
Rivest, Ronald Linn, 403, 405, 707.
Robber, 190-192.
Robinson, Donald Wilford, 554.
Robinson, Julia Bowman, 666.
Robinson, Raphael Mitchel, 664, 711.
Roepstorff, Gert, 366.
Rolletschek, Heinrich Franz, 9, 345.
Roman numerals, 195, 209.
Romani, Francesco, 500, 715.
Roof, Raymond Bradley, 115.

Roots of a polynomial, 23, 434, 483, 493.

multivariate, 436.

Roots of unity, 84, 531-532, 700, see
also Cyclotomic polynomials,
Exponential sums.

Ross, Douglas Taylor, 192.

Rotenberg, Aubey, 11, 47.

Rothe, Heinrich August, 535.

Rouché, Eugeéne, theorem, 690.

Roulette, 2, 10, 55.

Round to even, 237, 241.

Round to odd, 237.

Rounding, 102, 207, 217, 222, 223,
230-231, 236-237.

mediant, 331-332, 379.
Rounding errors, 232, 242, 698, 718.
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Rounding overflow, 217, 220, 222,
224, 227-228.

Rozier, Charles P., 324.

RSA box, 404.

RSA encryption, 403-407, 415, 629, 669.

Rudolff, Christof, 198.

Rumely, Robert Scott, 396.

Run test, 63, 66-69, 74-77, 158, 180.

Runs above (or below) the mean, 63.

Runs in a permutation, 66, 74, 76.

Russian peasant method, 462.

Ruzsa, Imre Zoltan, 213.

Ryser, Herbert John, 515, 699.

$n, 170.

Saarinen, Jukka Pentti Paivio, 75.

Sachau, Karl Eduard, 461.

Saddle point method, 568.

Sahni, Sartaj Kumar, 60.

Saidan, Ahmad Salim (;ly) alle saal),
198, 461.

Salamin, Eugene, 283.

Salfi, Robert, 145.

Samelson, Klaus, 241-242, 327.

Samet, Paul Alexander, 321.

57

Sampling (without replacement), 1, 142-148.

Sands, Arthur David, 610.

Saunders, Benjamin David, 455.

Savage, John Edmund, 707.

Sawtooth function ((z)), 81-82, 90-91.

Saxe, James Benjamin, 141.

Scarborough, James Blaine, 241.

Schatte, Peter, 262, 622.

Schelling, Hermann von, 65.

Schmid, Larry Philip, 73.

Schmidt, Erhard, 101, 674.

Schmidt, Wolfgang M, 183.

Schnorr, Claus-Peter, 118, 179, 414, 417,
497, 578, 664, 669.

Scholz, Arnold, 478.

Scholz—Brauer conjecture, 478, 485.

Schoénemann, Theodor, 457.

Schonhage, Arnold, 292, 302, 305, 311,
317, 328, 470, 484, 500, 522, 629,
638, 656, 672, 696, 715.

Schonhage—Strassen algorithm, 306-311.

Schooling, William, 627.

Schreyer, Helmut, 202.

Schroder, Friedrich Wilhelm Karl Ernst, 531.

function, 531-532, 724.

Schroeppel, Richard Crabtree, 399, 400, 671.

Schubert, Friedrich Theodor von, 449.
Schwartz, Jacob Theodore, 674, 675.
Schwarz (= Svarc), Stefan, 442.
Schwenter, Daniel, 654.

Secrest, Don, 279, 327.

Secret keys, 193, 403-407, 415, 417, 505.
Secure communications, 403-407, 415.
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Sedecimal number system, 202, see
Hexadecimal.
Sedgewick, Robert, 540.
Seed (starting value), 143, 146, 170,
187-188, 193, 550, 590.
in a linear congruential sequence,
10, 17, 20, 184.
Seidenberg, Abraham, 198.
Selection sampling, 142-143, 146.
Selenius, Clas-Olof, 648.
Self-reproducing numbers, 6, 293-294, 540.
Selfridge, John Lewis, 394, 412, 665.
Semi-online algorithm, 529.
Semigroup, 539.
Seneschol, David, 589.
Septenary (radix 7) number system, 200.
Serial correlation coefficient, 77.
Serial correlation test, 72-74, 91, 83,
154, 182.
Serial test, 39, 60, 62, 74, 75, 78, 95,
106, 109-115, 158.
Seroussi, Gadiel (>0170 2N, 712.
Serret, Joseph Alfred, 374, 449, 579.
Sethi, Ravi, 485.
SETUN computer, 208.
Sexagesimal number system, 196-200,
225, 326.
Seysen, Martin, 118.
Shakespeare (= Shakspere), William, v.
Shallit, Jeffrey Outlaw, 360, 378, 380, 390,
396, 645, 646, 656, 663, 689.
Shamir, Adi, 403, 405, 416, 505, 599, 669.
Shand, Mark Alexander, 629.
Shanks, Daniel Charles, 280, 379, 681-682.
Shanks, William, 279-280.
Shannon, Claude Elwood, Jr., 211.
Shaw, Mary Margaret, 489, 498, 515.
Shen, Kangshen (It i 5 ), 287.
Sheriff, 190-192.
Shibata, Akihiko (4 H B3 ), 280.
Shift operators of MIX, 339.
Shift register recurrences, 31, 38, 442.
Shift-symmetric N-source, 172, 183.
Shirley, John William, 199.
Shokrollahi, Mohammed Amin
Short vectors, 98-101, 118.
Shoup, Victor John, 449, 687.
Shub, Michael Ira, 36, 599.
Shuffled digits, 141.
Shuffling a sequence, 33-36, 38, 39.
Shuffling cards, 145-147.
Shukla, Kripa Shankar (F9T &<
T, 648.
Sibuya, Masaaki (3% 2~ By Bd), 133.
SICOMP: SIAM Journal on Computing,
published by the Society for Industrial
and Applied Mathematics since 1972.
Sideways addition, 463.

Sierpinski, Waclaw, 666.

Sieve methods, 389-391, 402-403, 412.

Sieve (x6oxwov) of Eratosthenes, 416, 667.

Sieveking, Malte, 720.

Signatures, digital, 406.

Signed-magnitude representation, 202-203,
209-210, 247, 266.

Significant digits, 195, 229, 238.

Sikdar, Kripasindhu (FsifSiey ffremm), 327.

Simplex, recursively subdivided, 567.

Simulation, 1.

Sinclair, Alistair, 699.

Sine, 490.

Singh, Avadhesh Narayan (3Ta¥rsr ATTgor
fag), 343, 461.

Sink vertex, 480.

SKRZAT 1 computer, 205.

Slash arithmetic, 331-333, 379.

SLB (shift left AX binary), 339, 340.

Slide rule, 225.

Sloane, Neil James Alexander, 109.

Slowinski, David Allen, 409.

Small step, 467.

Smirnov, Nikolai Vasilievich (CmupHoOB,
Huxonait Bacunbesua), 57-58.

Smith, David Eugene, 197, 198.

Smith, David Michael, 275, 279.

Smith, Henry John Stephen, 646.

Smith, James Everett Keith, 27.

Smith, Robert Leroy, 228.

Sobol, Ilya Meerovich (Co6osb, Unba
Meeposu1), 541.

SODA: Proceedings of the ACM-SIAM
Symposia on Discrete Algorithms,
inaugurated in 1990.

Soden, Walter, 323.

Solitaire, 190.

Solomonoff, Ray Joseph, 178.

Solovay, Robert Martin, 396, 414.

Sorenson, Jonathan Paul, 646.

Sorted uniform deviates, 57, 71, 135,
137, 141.

Source vertex, 480.

Sowey, Eric Richard, 189.

Space-filling curves, 495.

Spacings, 71, 78-79, 181.

Sparse polynomials, 455, 672.

Specht, Wilhelm, 683.

Species of measure zero, 179.

Spectral test, 30, 35, 93-118, 169, 184.

algorithm for, 101-104.
examples, 105-109.
generalized, 108, 117.

Spence, Gordon McDonald, 409.

Spencer Brown, David John, 695.

Sphere, n-dimensional, 56.

random point in, 136.
random point on, 135.
volume of, 105.



Spherical coordinates, 59.
SQRT box, 175, 406-407, 415.
Square root, 122, 213, 283, 374-375,
397-398, 483.
modulo m, 406-407, 415.
modulo p, 456-457, 681-682.
of power series, 526, 537.
of uniform deviate, 122.
Squarefree factorization, 460.
Squarefree polynomials, 439, 456, 459.
Squeamish ossifrage, 417.
Squeeze method, 125-126, 147.
SRB (shift right AX binary), 339, 340, 481.
Stability of polynomial evaluation,
485, 489, 490.
Stack: Linear list with last-in-first-out
growth pattern, 299-301.
Stahnke, Wayne, 31.

Standard deviation, evaluation of, 232, 244.

Stanley, Richard Peter, 594.

Star chains, 473-477, 480, 482, 467.

Star step, 467.

Stark, Richard Harlan, 226.

Starting value in a linear congruential
sequence, 10, 17, 20, 184.

Statistical tests, 171, see Testing.

Steele, Guy Lewis, Jr., 635, 638.

Steffensen, Johan Frederik, 722.

Stegun, Irene Anne, 44.

Stein, Josef, 338.

Stein, Marvin Leonard, 278.

Stern, Moriz Abraham, 654.

Stern-Brocot tree, 378, 656.

Stevin, Simon, 198, 424.

Stibitz, George Roberto, 202, 225.

Stillingfleet, Edward, 537.

Stirling, James,

approximation, 59.
numbers, 64-65, 298, 534-535, 542,
680, 732.

STOC: Proceedings of the ACM
Symposia on Theory of Computing,
inaugurated in 1969.

Stockmeyer, Larry Joseph, 519, 634, 707.

Stoneham, Richard George, 115.

Stoppard, Tom (= Straussler, Tomas), 61.

Storage modification machines, 311.

Strachey, Christopher, 192.

Straight-line program, 494.

Strassen, Volker, 306, 311, 317, 396, 414,
497, 500, 507, 521, 523, 656, 708, 718.

Straus, Ernst Gabor, 378, 485.

String polynomials, 436-438.

Stringent tests, 75.

Stroud, Arthur Howard, 279, 327.

Struve, Wassilij Wassiliewitsch (Crpyse,
Bacunuit BacuiabeBuu), 462.

Student (= William Sealy Gosset),
t-distribution, 135.
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Sturm, Jacob Karl Franz, 434, 438, 674.
Subbarao, Mathukumalli Venkata
(gIG Lo Gaume sliugme), 469.
Subexponential (nice) functions, 694.
Subresultant algorithm, 428-436, 438, 455.
Subsequence rules, 161-162, 168-169,
177-178, 182.
Subsequence tests, 73, 158.
Subsequences, 40, 193.
Subset FORTRAN language, 600.
Subtract-and-shift cycle, 338, 348.
Subtract-with-borrow sequence, 23, 35,
72, 75, 108, 193, 546.
Subtraction, 194, 207, 213, 265,
267-268, 281.
complex, 487.
continued fractions, 649.
double-precision, 247-249.
floating point, 216, 230-231, 235-238,
245, 253, 556, 602.
fractions, 330-331.
mod m, 15, 186, 203, 287-288.
modular, 285-286.
multiprecision, 267-268, 276, 281, 283.
polynomial, 418-420.
power series, 525.
Subtractive random number generator,
30-40, 186-188, 193.
Sugunamma, Mantri (ST &@Gesribio),
469.
Sukhatme, Pandurang Vasudeo (7g34T
ITgIT ETH), 568.
Sum of periodic sequences, mod m,
35, 38, 78, 108.
Summation by parts, 643.
Sun Tsu (= Siinzi, Master Sun) (£ F),
280, 287.
Sun SPARCstation, 762.
Suokonautio, Vilho, 279.
Svoboda, Antonin, 282, 292.
Swarztrauber, Paul Noble, 634.
Swedenborg, Emanuel, 200.
Sweeney, Dura Warren, 253, 379.
Swinnerton-Dyer, Henry Peter Francis, 681.
Sykora, Ondrej, 700.
Sylvester, James Joseph, matrix, 433,
436, 674.
Szabé, Jozsef, 607.
Szabé, Nicholas Sigismund, 291, 292.
Szekeres, George, 570.
Szymanski, Thomas Gregory, 540.

t-ary trees, 723.

Tabari, Mohammed ben Ayyitb

Tables of fundamental constants,
358-359, 726-729.

Tabulating polynomial values, 488, 515.

Tague, Berkley Arnold, 419.

Tail of a floating point number, 235.
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Tail of the binomial distribution, 167.
Tail of the normal distribution, 139.
Takahashi, Daisuke (% & X 4T), 280.
Takahasi, Hidetosi (B & 55 ), 291.
Tamura, Yoshiaki (F# R BH), 280.
Tanaka, Richard Isamu (F #1
) Fr—K B), 202,
Tangent, 376.
tanh, 375.
Tannery, Jules, 241.
Taranto, Donald Howard, 327, 635.
Tarski, Alfred, 718.
Tate, Stephen Ralph, 309.
Taussky Todd, Olga, 35, 106.
Tausworthe, Robert Clem, 31.
Taylor, Alfred Bower, 201.
Taylor, Brook, theorem, 489.
Taylor, William Johnson, 504.
Television script, 190-192.
Ten’s complement notation, 203, 210.
Tensors, 506-514, 520-524.
Term: A quantity being added.
Terminating fractions, 328.
Ternary number system, 195, 200,
204, 213, 328.
balanced, 207-208, 209, 227, 283, 353.
Testing for randomness, 41-118.
a priort tests, 80.
chi-square test, 42-47, 53-56, 58-60.
collision test, 70-71, 74, 158.
coupon collector’s test, 63-65, 74,
76, 158, 180.
empirical tests, 41, 61-80.
equidistribution test, 61, 74, 75.
frequency test, 61, 74, 75.
gap test, 62-63, 74-76, 136, 158, 180.
Kolmogorov—Smirnov test, 48—-60.
maximum-of-t test, 52, 54, 59, 70, 75,
77,122, 158, 180.
partition test, 63-64, 74, 158.
permutation test, 65-66, 7778,
80-81, 91, 154.
run test, 63, 66-69, 74-77, 158, 180.
serial correlation test, 72-74, 91,
83, 154, 182.
serial test, 39, 60, 62, 74, 75, 78, 95,
106, 109-115, 158.
spectral test, 30, 35, 93-118, 169, 184.
subsequence tests, 73, 158.
theoretical tests, 41-42, 80-93.
torture test, 79.
TgX, iv, vi, 762.
Tezuka, Shu (F $5 &), 164, 189, 546, 584.
Thacher, Henry Clarke, Jr., 529.
Theoretical tests for randomness,
41-42, 80-93.
Thiele, Thorvald Nicolai, 505.
Thompson, John Eric Sidney, 196.
Thomson, William Ettrick, 3, 11, 22.

Thurber, Edward Gerrish, 466, 470,
477, 478.
Tichy, Robert Franz, 161.
Tienari, Martti Johannes, 279.
Tingey, Fred Hollis, 57.
Tippett, Leonard Henry Caleb, 3.
Tiwari, Prasoon (Y& faarir), 316.
Tobey, Robert George, 677.
Tocher, Keith Douglas, 588.
Todd, John, 35.
Todd, Olga Taussky, 35, 106.
Toeplitz, Otto, 721.
Tonal System, 201.
Tonelli, Alberto, 682.
Toolkit philosophy, 487.
Toom, Andrei Leonovich (Toom, Anzpeit
JleonoBuu), 296, 299, 306.
Toom—Cook algorithm, 299-302,
316-317, 672.
Topological sorting, 480.
Topuzoglu, Alev, 558.
Torelli, Gabriele, 535.
Torres y Quevedo, Leonardo de, 225.
Torture test, 79.
Touchy-feely mathematics, 466, 477.
Trabb Pardo, Luis Isidoro, 384, 661.
Trace of a field element, 687.
Trager, Barry Marshall, 455, 689.
Trailing digit, 195.
Transcendental numbers, 378.
Transitive permutation groups, 679.
Transpose of a tensor, 507, 512-513.
Transpositions, 147.
Traub, Joseph Frederick, 138, 348, 396, 428
489, 498, 505, 515, 531-534, 719.
Trees: Branching information structures,
413.
binary, 378, 527, 696, 723.
complete binary, 667.
enumeration of, 527, 696, 723.
oriented, 9, 464-465, 481-482.
t-ary, 723.
Trevisan, Vilmar, 452, 461.
Trial quotients, 270-272, 278, 282.
Triangularization of matrices, 444,
659-660, 677.
Tries, 687.
Trigonometric functions, 279, 313, 490.
Trilinear representation of tensors, 521-522.
Triple-precision floating point, 252.
Trits, 207.
Truncation: Suppression of trailing digits,
207, 237-238, 309.
Tsang, Wai Wan (¥ & E), 72.
Tsu Ch’ung-Chih (=Zu Choéngzhi)
(i 2), 198.
Tsuji, Masatsugu (3 1E %), 264.
Tukey, John Wilder, 701.
Turan, Paul, 372, 649.
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g, Alan Mathison, 3, 599.

I'mAchines, 169, 499, 634.

Tafidragon fractal, 206, 210, 606.

Two 'squares, sum of, 579-580.

Two’s complement notation, 15, 188,
203-204, 228, 275-276.

Twos’ complement notation, 204.

Ulam, Stanistaw Marcin, 138, 140.
Ullman, Jeffrey David, 694.
Ullrich, Christian, 242.
Ulp, 232.
Underflow, exponent, 217, 221-222,
227, 231, 241, 249.
gradual, 222.
Ungar, Peter, 706.
Uniform deviates: Random numbers with
the uniform distribution, 138.
generating, 10-40, 184-189, 193.
logarithm of, 133.
sorted, 57, 71, 135, 137, 141.
square root of, 122.
Uniform distribution, 2, 10, 48, 61, 119,
121, 124, 263.
Unimodular matrix, 524.
Unique factorization domain, 421-424, 436.
Units in a unique factorization domain,
421-422, 435.
Unity: The number one, 336.
roots of, 84, 5631-532, 700, see
also Cyclotomic polynomials,
Exponential sums.
Unlimited precision, 279, 283, 331, 416,
see also Multiple-precision.
Unnormalized floating point arithmetic,
238-240, 244, 327.
Unusual correspondence, 9.
Useful primes, 291, 405, 407-408,
549-550, 711.
Uspensky, James Victor, 278.

Vahlen, Karl Theodor, 653.

Valach, Miroslav, 292.

Valiant, Leslie Gabriel, 499.

Vallée, Brigitte, 352, 355, 366, 644.

Vallée Poussin, Charles-Jean-
Gustave-Nicolas de la, 381.

Valtat, Raymond, 202.

van Ceulen, Ludolph, 198.

van de Wiele, Jean-Paul, 497, 707.

van der Corput, Johannes Gualtherus,
163-164, 181.

van der Poorten, Alfred Jacobus, 656.

van der Waerden, Bartel Leendert, 196,
433, 518, 690.

van Halewyn, Christopher Neil, 403.

van Leeuwen, Jan, 477, 515, 706.

Van Loan, Charles Francis, 562, 701.

van Wijngaarden, Adriaan, 242.
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Vari, Thomas Michael, 717.

Variables, 418, 486.

Variance, unbiased estimate of, 232.

Variance-ratio distribution, 135.

Vattulainen, Ilpo Tapio, 75, 570.

Vaughan, Robert Charles, 451.

Velthuis, Frans Jozef, 762.

Veltkamp, Gerhard Willem, 616.

Vershik, Anatoly Moiseevich (Bepmmuxk,
Anatonmit Mouceesuu), 384.

Vertex cover, 485.

Vetter, Herbert Dieter Ekkehart, 629, 656.

Vigte, Frangois, 198.

Vigesimal (radix twenty) number
system, 196.

Ville, Jean, 597.

Vitanyi, Paul Michagl Béla, 179.

Vitter, Jeffrey Scott (3R £t #), 121, 146.

Vogel, Otto Hermann Kurt, 341.

Voltaire, de (= Arouet, Francois
Marie), 200.

Volume of sphere, 105.

von Fritz, Kurt, 335.

von Mangoldt, Hans Carl Friedrich, 663.

function, 371, 376.

von Mises, Richard, Edler, 149, 177, 494.

von Neumann, John (= Margittai Neumann
Janos), 1, 3, 26, 36, 119, 125, 128,
138, 140, 202, 226, 278, 327.

von Schelling, Hermann, 65.

von Schubert, Friedrich Theodor, 449.

von zur Gathen, Joachim Paul Rudolf,
611, 673, 687.

Vowels, Robin Anthony, 637.

Vuillemin, Jean Etienne, 629.

Wadel, Louis Burnett, 205.

Wadey, Walter Geoffrey, 226, 242.

Waerden, Bartel Leendert van der, 196,
433, 518, 690.

Waiting time, 119, 136.

Wakulicz, Andrzej, 205, 627.

Wald, Abraham, 163, 177-178.

sequence, 164-165.

Wales, Francis Herbert, 194, 202.

Walfisz, Arnold, 382.

Walker, Alastair J., 120, 127, 139.

Wall, Donald Dines, 553.

Wall, Hubert Stanley, 356.

Wallace, Christopher Stewart, 132,
141, 316, 590.

Wallis, John, 199, 655.

Walsh, Joseph Leonard, 502.

transform, 173, 502.

Wang, Paul Shyh-Horng (F + 5L), 452,
455, 460-461, 657, 689.

Ward, Morgan, 554.

Waring, Edward, 503.

Warlimont, Richard Clemens, 686.

Watanabe, Masatoshi (J§ 15 % f£), 762.
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Waterman, Alan Gaisford, 40, 106-107,
116, 144, 554, 596.

Weather, 74.

Wedge-shaped distributions, 125-126.

Weigel, Erhard, 199.

Weighing problem, 208.

Weights and measures, 198-199, 201,
209, 255, 326, 327.

Weinberger, Peter Jay, 415, 678.

Welch, Peter Dunbar, 701.

Welford, B. P., 232.

Weyl, Claus Hugo Hermann, 181,
379, 382, 596.

Wheeler, David John, 226.

White, Jon L, 635, 638.

White sequence, 182.

Whiteside, Derek Thomas, 486, 701.

Whitworth, William Allen, 566, 568.

Wichmann, Brian Anderson, 544.

Wiedijk, Frederik, 665.

Wiele, Jean-Paul van de, 497, 707.

Wijngaarden, Adriaan van, 242.

Wilf, Herbert Saul, 146.

Wilkes, Maurice Vincent, 201, 226.

Wilkinson, James Hardy, 241, 499.

Williams, Hugh Cowie, 380, 390, 394,
401, 415, 661, 664.

Williams, John Hayden, 541.

Williamson, Dorothy, 115.

Wilson, Edwin Bidwell, 134.

Winograd, Shmuel, 280, 316, 500, 501,
507, 509, 512-514, 520, 523, 700,
705707, 712, 714.

Wirsing, Eduard, 363, 366, 376.

WM1 (word size minus one), 252, 267.

Wolf, Thomas Howard, 192.

Wolff von Gudenberg, Jiirgen, 242.

Wolfowitz, Jacob, 69, 74.

Woltman, George Frederick, 409.

Wood, William Wayne, 115.

Word length: Logarithm of word size.

Word size, 12-16, 265, 276.

Wrench, John William, Jr., 280, 379,
627, 728.

Wright, Edward Maitland, 384, 653.

Wunderlich, Charles Marvin, 390, 394, 399.

Wynn, Peter, 356, 613.
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