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11. Consider the corresponding tree, such as Fig. 6: When N is odd, the left subtree 
of the root is a mirror image of the right subtree, so K < Ki occurs just as often as 

K >Ki; on the average Cl= + S) and C2 = - S), A= - S). When N 
is even, the tree is the same as the tree for N + 1 with all labels decreased by 1, except 
that @ becomes redundant; on the average, letting k = llg NJ, we have 

C+l k • C-1 k 
Cl=-2--2N' C2=-2-+2N' A=O, ifs= l; 

Cl= (k + l)N C 2 = (k + l)(N + 2) 
2(N + 1)' 2(N + 1) ' 

A= N 
2(N + 1)' 

ifs= 0. 

(The average value of C is stated in the text.) 

12. 8 

13. N = 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

C N = 1 q 1 2 2 t 2 2 3 3 3 3 3 1
2
2 3 1

3
3 3 / 4 3 4 1

1
6 

c = 1 1 2 2 2 3 3 3 3 1
6
0 3 1

8
1 3 1

8
2 4 4 4 4 4 i 

14. One idea is to find the least M 2: 0 such that N + M has the form Fk+l - 1, then 
to start with i t-- Fk - M in step Fl, and to insert "If i S 0, go to F4" at the beginning 
of F2. A better solution would be to adapt Shar's idea to the Fibonaccian case: If the 
result of the very first comparison is K > KFk, set i t-- i - Mand go to F4 (proceeding 
normally from then on). This avoids extra time in the inner loop. 

15. The external nodes appear on levels lk/2J through k - l; the difference between 
these levels is greater than unity except when k = 0, 1, 2, 3, 4. 

16. The Fibonacci tree of order k, with left and right reversed, is the binary tree corre­
sponding to the lineal chart up to the kth month, under the "natural correspondence" 
of Section 2.3.2, if we remove the topmost node of the lineal chart. 

17. Let the path length be k-A(n); then A(Fj) = j and A(Fj +m) = 1 +A(m) when 

O<m<Fj-l· 

18. Successful search: Ak = 0, Ck = (3kFk+1 + (k - 4)Fk)/5(Fk+1 - 1) - 1, Ch = 
Ck-1(Fk - l)/(Fk+1 - 1). Unsuccessful search: = Fk/Fk+1, = (3kFk+1 + 
(k - 4)Fk)/5Fk+1, = + Fk-i/Fk+l· C2 = C - Cl. (See exercise 
1.2.8-12 for the solution to related recurrences.) 

20. (a) b = p-Pq-q. (b) There are at least two errors. The first blunder is that 
division is not a linear function, so it can't be simply "averaged over." Actually with 
probability p we get pN elements remaining, and with probability q we get qN, so we 
can expect to get (p2 + q2 )N; thus the average reduction factor is really l/(p2 + q2

). 

Now the reduction factor after k iterations is 1/ (p2 + q2
)\ but we cannot conclude 

that b = 1 / (p2 + q2
) since the number of iterations needed to locate some of the items 

is much more than to locate others. This is a second fallacy. [It is very easy to make 
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plausible but fallacious probability arguments, and we must always be on our guard 
against such pitfalls!] 

21. It's impossible, since the method depends on the key values. 

22. FOGS 17 (1976), 173-177. See also Y. Perl, A. Itai, and H. Avni, CACM 21 
(1978), 550-554; G. H. Gannet, L. D. Rogers, and J. A. George, Acta Informatica 
13 (1980), 39-52; G. Louchard, RAIRO Inform. Theor. 17 (1983), 365-385; Comput­
ing 46 (1991), 193-222. The variance is O(loglogN). Extensive empirical tests by 
G. Marsaglia and B. Narasimhan, Computers and Math. 26, 8 (1993), 31-42, show 
that the average number of table accesses is very close to lg lg N, plus about 0. 7 if the 
search is unsuccessful. When N = 220 , for example, a random successful search in 
a random table takes about 4.29 accesses, while a random unsuccessful search takes 
about 5.05. 

23. Go to the right on 2: , to the left on < ; when reaching node [IJ it follows from ( 1) 
that Ki s K < K;+1, so a final test for equality will distinguish between success or 
failure. (The key Ko = -oo should always be present.) 

Algorithm C would be changed to go to C4 if K = Ki in step C2. In C3 if 
DELTA [j] = 0, set i t-- i - 1 and go to C5. In C4 if DELTA [j] = 0, go directly to C5. 
Add a new step C5: "If K = Ki, the algorithm terminates successfully, otherwise it 
terminates unsuccessfully." [This would not speed up Program C unless N > 226 ; the 
average successful search time changes from (8.5 lg N - 6)u to (8 lg N + 7)u.] 

24. The keys can be arranged so that we first set i t-- 1, then i t-- 2i or 2i + 1 
according as K <Ki or K > Ki; the search is unsuccessful when i > N. For example 
when N = 12 the necessary key arrangement is 

When programmed for MIX this method will take only about 6 lg N units of time, so it 
is faster than Program C. The only disadvantage is that it is a little tricky to set up 
the table in the first place. 

25. (a) Since ao = 1 - bo, ai = 2ao - bi, a2 = 2a1 - b2, etc., we have A(z) + B(z) = 
1 + 2zA(z). Several of the formulas derived in Section 2.3.4.5 follow immediately 
from this relation by considering A( 1), B ( 1), B ( ~), A' ( 1), and B' ( 1). If we use two 
variables to distinguish left and right steps of a path we obtain the more general result 
A(x, y) + B(x, y) = 1 + (x + y)A(x, y), a special case of a formula that holds in t-ary 
trees [see R. M. Karp, IRE Transactions IT-7 (1961), 27-38]. 

(b) var (g) = ((N + 1)/N) var (h) - ((N + 1)/N2) mean(h) 2 + 2. 

26. The merge tree for the three-tape polyphase merge with a perfect level k distri­
bution is the Fibonacci tree of order k + 1 if we permute left and right appropriately. 
(Redraw the polyphase tree of Fig. 76 in Section 5.4.4, with the left and right subtrees 
of A and C reversed, obtaining Fig. 8.) 

27. At most k + 1 of the 2k outcomes will ever occur, since we may order the indices 
in such a way that Ki 1 < Ki 2 < · · · < Kik. Thus the search can be described by 
a tree with at most (k + 1)-way branching at each node. The number of items that 
can be found on the mth step is at most k(k + 1)=-1; hence the average number of 
comparisons is at least N-1 times the sum of the smallest N elements of the multiset 
{k·l, k(k + 1)·2, k(k + 1) 2·3, ... }. When N 2: (k + l)n - 1, the average number of 
comparisons is 2: ((k + l)n - 1)-1 .z:::::=l k(k + 1)=-1m > n - 1/k. 
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28. [Skrifter udgivne af Videnskabs-Selskabet i Christiania, Mathematisk-Naturviden­
skabelig Klasse (1910), No. 8; reprinted in Thue's Selected Mathematical Papers (Oslo: 

Universitetsforlaget, 1977), 273-310.] (a) Tn has Fn+i +Fn-i = F2n/ Fn leaves. (This is 
the so-called Lucas number Ln = ef>n + q;n.) (b) The axiom says that To ( T2 ( x)) = Ti ( x), 
and we obviously have Trn(Tn(x)) = Trn+n-i(x) when m = 1 or n = 1. By induction 
on n, the result holds when n;i = O; for example, To(T3(x)) = To(T2(x) * Ti(x)) = 
To(Ti(T2(x))*To(T2(x))) = T0(T2(T2(x))) = T2(x). Finally we can use induction on m. 

29. Assume that Ko = -oo and KN+i = KN+2 = oo. First do a binary search on 
K 2 < K 4 < ... ; this takes at most Llg NJ comparisons. If unsuccessful, it determines 
an interval with K 2j_2 < K < K2j; and K is not present if 2j = N + 2. Otherwise, a 
binary search for K 2j-i will determine i such that K2i-2 < K2j-i < K2i· Then either 
K = K 2i-i or K is not present. [See Theor. Comp. Sci. 58 (1988), 67.] 

30. Let n = LN/4J. Starting with Ki < K2 < · · · < KN, we can put Ki, K3, 
... , K 2n-i into any desired order by swapping them with a permutation of K2n+i, 
K 2n+3, ... , K 4n-i; this arrangement satisfies the conditions of the previous exercise. 
Now we let Ki < K 3 < · · · < K 2t+i_3 represent the boundaries between all possible 

t-bit numbers, and we insert K 2t+1-i, K 2t+i+i' ... , K 2t+1+ 2=_3 between these "fence­
posts" according to the values of xi, x2, ... , Xrn. For example, if m = 4, t = 3, 
xi= (001)2, x2 = (111)2, and x 3 = x 4 = (100)2, the desired order is 

Ki < Kl5 < K3 < K5 < K7 < Kl9 < K2i <Kg <Kn < Ki3 < Kl7. 

(We could also let K 2i precede K19.) A binary search for K 2t+1+ 2j_ 3 in the subarray 
Ki < K3 < · · · < K 2t+i_ 3 will now find the bits of Xj from left to right. [See Fiat, 
Munro, Naor, Schaffer, Schmidt, and Siegel, J. Comp. Syst. Sci. 43 (1991), 406-424.] 

SECTION 6.2.2 

1. Use a header node, with say ROOT= RLINK(HEAD); start the algorithm at step T4 
with Pt-- HEAD. Step T5 should act as if K > KEY(HEAD). [Thus, change lines 04 and 05 
of Program T to "ENT1 ROOT; CMPA K" .] 

2. In step T5, set RTAG(Q) t-- 1. Also, when inserting to the left, set RLINK(Q) t-- P; 

when inserting to the right, set RLINK(Q) t-- RLINK(P) and RTAG(P) t-- 0. In step 
T4, change the test "RLINK(P) #- A" to "RTAG(P) #- O". [If nodes are inserted into 
successively increasing locations Q, and if all deletions are last-in-first-out, the RTAG 

fields can be eliminated since RTAG(P) will be 1 if and only if RLINK(P) < P. Similar 
remarks apply with simultaneous left and right threading.] 

3. We could replace A by a valid address, and set KEY (A) t-- K at the beginning of 
the algorithm; then the tests for LLINK or RLINK = A could be removed from the inner 
loop. However, in order to do a proper insertion we need to introduce another pointer 
variable that follows P; this can be done without losing the stated speed advantage, by 
duplicating the code as in Program 6.2.lF. Thus the MIX time would be reduced to 
about 5.5C units. 

4. CN = 1+(0·1+1·2+ · +(n-1)2n-i+C~n-i + · +C~-i)/N = (1+1/N)Cfv-1, for 
N 2: 2n - 1. The solution to these equations is Cfv = 2 ( H N +i - H 2n) + n for N 2: 2n - 1, 
a savings of 2H2n - n - 2 ~ n(ln4 - 1) comparisons. The actual improvement for 

1 2 3 4 . . 1 0 i 6i 274399 h . 1 l" 1 . . d f n = , , , is, respective y , 6 , i 40 , 360360 ; t us comparative y itt e is game or 
small fixed n. [See Frazer and McKellar, JACM 17 (1970), 502, for a more detailed 
derivation related to an equivalent sorting problem.] 
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5. (a) The first element must be CAPRICORN; then we multiply the number of ways 
to produce the left subtree by the number of ways to produce the right subtree, times 
(1

3
°), the number of ways to shuffle those two sequences together. Thus the answer 

comes to 

[In general, the answer is the product, over all nodes, of (1~r), where l and r stand 
for the sizes of the left and right subtrees of the node. This is equal to N! divided by 
the product of the subtree sizes. It is the same formula as in exercise 5.1.4-20; indeed, 
there is an obvious one-to-one correspondence between the permutations that yield a 
particular search tree and the "topological" permutations counted in that exercise, if we 
replace ak in the search tree by k (using the notation of exercise 6).] (b) 2N-l = 1024; 
at each step but the last, insert either the smallest or largest remaining key. 

6. (a) For each of the Pnk permutations a1 ... an-I an whose cost is k, construct n + 1 
• I I I h I + l d' > permutations a 1 •.• an-Im an, w ere aj = aj or aj , accor mg as aj < m or aj _ m. 

[See Section 1.2.5, Method 2.] If m =an or an+ 1, this permutation has a cost of k + 1, 
otherwise it has a cost of k. (b) Gn(z) = (2z + n - 2) (2z + n - 3) ... (2z). Hence 

Pnk = [ n : l] 2k. 

This generating function was, in essence, obtained by W. C. Lynch, Comp. J. 1 (1965), 
299-302. (c) The generating function for probabilities is 9n(z) = Gn(z)/n!. This is a 
product of simple probability generating functions, so the variance of c~-1 is 

_ ~ ( 2z + k) _ ~ ( 2 4 ) _ (2) var(gn) - -t:o var 2 + k - -t:o k + 2 - (k + 2)2 - 2Hn - 4Hn + 2. 

[By exercise 6.2.l-25(b) we can use the mean and variance of C~ to compute the 
variance of Cn, which is (2 + 10/n)Hn - 4(1+1/n)(H~2 ) + H'!:,/n) + 4; this formula is 
due to G. D. Knott.] 

1. A comparison with the kth largest element will be made if and only if that element 
occurs before the mth and before all those between the kth and mth; this happens with 
probability 1/(lm-kl+l). Summing over k gives the answer Hrn+Hn+i-rn-1. [CACM 
12 (1969), 77-80; see also L. Guibas, Acta Informatica 4 (1975), 293-298.] 

8. (a) 9n(z) = zn-l L~=I 9k-1(z)9n-k(z)/n, 9o(z) = 1. 

(b) 7n2 
- 4(n + 1) 2 H~2 ) - 2(n + l)Hn + 13n. [P. F. Windley, Comp. J. 3 (1960), 

86, gave recurrence relations from which this variance could be computed numerically, 
but he did not obtain the solution. Notice that this result is not simply related to the 
variance of Cn stated in the answer to exercise 6.] 

10. For example, each word x of the key could be replaced by ax mod m, where mis 
the computer word size and a is a random multiplier relatively prime to m. A value 
near to(¢- l)m can be recommended (see Section 6.4). The flexible storage allocation 
of a tree method may make it more attractive than a hash coding scheme. 
11. N - 2; but this occurs with probability 1/(N N!), only in the deletion 

(DN N-1 ... 2. 

12. ~(n + l)(n + 2) of the deletions in the proof of Theorem H belong to Case 1, so 
the answer is (N + 1)/2N. 
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13. Yes. In fact, the proof of Theorem H shows that if we delete the kth element 
inserted, for any fixed k, the result is random. ( G. D. Knott [Ph.D. thesis, Stanford, 
1975] showed that the result is random after an arbitrary sequence ofrandom insertions 
followed by successive deletion of the ( k1, ... , kd )th elements inserted, for any fixed 
sequence k1, ... , kd.) 

14. Let NODE (T) be on level k; and let LLINK (T) = A, RLINK (T) = R1, LLINK (R1) = R2, 
... , LLINK(Rd) =A, where Rd I- A and d 2 1. Let NODE(Ri) have ni internal nodes in 
its right subtree, for 1 :::; i :::; d. With step Dl~ the internal path length decreases by 
k + d + n 1 + · · · + nd; without that step it decreases by k + d + nd. 

15. 11, 13, 25, 11, 12. [If a1 is the (smallest, middle, largest) of {a1, a2, a3}, the tree 
~ is obtained ( 4, 2, 3) x 4 times after the deletion.] 

16. Yes; even the deletion operation on permutations, as defined in the proof of 
Theorem H, is commutative (if we omit the renumbering aspect). Ifthere is an element 
between X and Y, deletion is obviously commutative since the operation is affected only 
by the relative positions of X, Y, and their successors and there is no interaction between 
the deletion of X and the deletion of Y. On the other hand, if Y is the successor of X, 
and Y is the largest element, both orders of deletion have the effect of simply removing 
X and Y. If Y is the successor of X and Z the successor of Y, both orders of deletion 
have -the effect of replacing the first occurrence of X, Y, or Z by Z and deleting the 
second and third occurrences of these elements within the permutation. 

18. Use exercise 1.2. 7-14. 

19. 2HN-1-2 2=f:=1 (k-l) 8/kN 8 = 2HN-l-2/()+0(N-8
). [The Pareto distribution 

6.l-(13) also gives the same asymptotic result, to within O(n-e logn).] 

20. Yes indeed. Assume that K 1 < · · · < KN, so that the tree built by Algorithm Tis 
degenerate; if, say, Pk= (1+((N+1)/2 - k)c)/N, the average number of comparisons 
is (N + 1)/2 - (N2 - l)E/12, while the optimum tree requires fewer than flgNl 
comparisons. 

21. ~, 2
3
0 

, 2
9
0 

, 2
3
0 

, ~. (Most of the angles are 30°, 60°, or 90°.) 

22. This is obvious when d = 2, and ford> 2 we had r[i,j-1] < r[i+l,j-1] < 
r[i+l, j]. 

23. 

9 

[Increasing the weight of the first node will eventually make it move to the root position; 
this suggests that dynamically maintaining a perfectly optimum tree is hard.] 

24. Let c be the cost of a tree obtained by deleting the nth node of an optimum tree. 
Then c( 0, n-l) :::; c :::; c( 0, n) - qn- l, since the deletion operation always moves I n-1 \ 
up one level. Also c( 0, n) :S c( 0, n- l) + qn-1, since the stated replacement yields a 
tree of the latter cost. It follows that c(O, n-1) = c = c(O, n) - qn-l· 
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25. (a) Assume that A:::; B and B:::; C, and let a EA, b E B, c EC, c < a. If c:::; b 
then c E B; hence c E A and a E B; hence a E C. If c > b, then a E B; hence a E C 
and c E B; hence c E A. (b) Not hard to prove. 

26. The cost of every tree has the form y + lx for some real y 2'.: 0 and integer l > 0. 
The minimum of a finite number of such functions (taken over all trees) always has the 
form described. 

27. (a) The answer to exercise 24 (especially the fact that c = c(O, n-1)) implies that 
R(O, n-1) = R(O,n) \ {n}. 

(b) If l = l', the result in the hint is trivial. Otherwise let the paths to ~ be 

and 0),0), ... ,5]. 
Since r = r0 > so = s and rl' < s11 = n, we can find a level k 2'.: 0 such that rk > Sk 
and rk+l:::; Sk+l· vVe have rk+l E R(rk,n), Sk+l E R(sk,n), and R(sk,n):::; R(rk,n) 
by induction, hence rk+ 1 E R(sk, n) and Sk+1 E R(rk, n); the result in the hint follows. 

Now to prove that R~ :::; Rh, let r E R~, s E Rh, s < r, and consider the optimum 
trees shown when x = xh; we must have l 2'.: lh and we may assume that l' = lh. To 
prove that Rh :S R~+ 1 , let r E Rh, s E R~+1 , s < r, and consider the optimum trees 
shown when x = Xh+ 1; we must have l' :S lh and we may assume that l = lh. 

29. It is a degenerate tree (see exercise 5) with YOU at the top, THE at the bottom, 
needing 19.158 comparisons on the average. 

Douglas A. Hamilton has proved that some degenerate tree is always worst. There­
fore an O(n2

) algorithm exists to find pessimal binary search trees. 

30. See R. L. Wessner, Information Processing Letters 4 (1976), 90-94; F. F. Yao, 
SIAM J. Algebraic and Discrete Methods 3 (1982), 532-540. 

31. See Acta Informatica 1 (1972), 307-310. 

32. When M is large enough, the optimum tree must have the stated form and the 
minimum cost must be M times the minimum external path length plus the solution 
to the stated problem. 

[Notes: The paper by Wessner cited in answer 30 explains how to find optimum 
binary search trees of height :::; L. In the special case p1 = · · · = Pn = 0, the stated 
result is due to T. C. Hu and K. C. Tan, MRC Report 1111 (Univ. of Wisconsin, 1970). 
A. M. Garsia and M. L. Wachs proved that in this case all external nodes will appear 
on at most two levels if mink=l (qk-1 + qk) 2'.: max I:~=o qk, and they presented an 
algorithm that needs only O(n) steps to find an optimum two-level tree.] 

33. For the stated problem, see A. Itai, SICOMP 5 (1976), 9-18. For the alternatives, 
see D. Spuler, Acta Informatica 31 (1994), 729-740. 

34. It equals 2H(pi, .. .,pn)N (2rrN)(l-n)/ 2 (p1 .. ·Pn)-112 (1 + 0(1/N)), if P1 .. ·Pn -::f:. 0, 
by Stirling's approximation. 

35. The minimum value of the right-hand side occurs when 2x = (1 - p)/p, and it 
equals 1 - p + H(p, 1 - p). But H(p, q, r) :::; 1 - p + H(p, 1 - p), by (20) with k = 2. 

36. First we prove the hint, which is due to Jensen [Acta Math. 30 (1906), 175-193]. 
If f is concave, the function g(p) = f(px + (1 - p)y) - pf(x) - (1 - p)f(y) is concave 
and satisfies g(O) = g(l) = 0. If g(p) < 0 and 0 < p < 1 there must be a value po < p 
with g'(po) < 0 and a value p1 > p with g'(p1) > 0, by the mean value theorem; 
but this contradicts concavity. Therefore f(px + (1 - p)y) 2'.: pf(x) + (1 - p)f(y) for 
0 :S p :S 1, a fact that is also geometrically obvious. Now we can prove by induction 
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that f(p1x1 + · · · + PnXn) 2: pif(x1) + · · · + Pnf(xn), since f(p1X1 + · · · + PnXn) 2: 
pif(x1) + · · · + Pn-2f(xn-2) + (Pn-l + Pn)f((Pn-lXn-l + PnXn)/(Pn-l + Pn)) if n > 2. 

By Lemma E we have 

m 

H(XY) = H(X) + °L,PiH(rii/Pi, ... , rin/Pi); 
i=l 

and the latter sum is z-=7=1 2:~1 pd(rij /Pi) ::; 2:7=1 !(2:~ 1 rij) = H(Y), where 
f(x) = x lg(l/x) is concave. 

37. By part (a) of exercise 3.3.2-26, we have Pr(P1 2: s) = (1 - s)n-l. Therefore 
EH(P1, ... ,Pn) = nEPilg(l/P1) = nf0

1
(l - st-1 d(slg(l/s)) =-(A+ B)/ln2, 

where A = n f
0

1 ( 1 - s r-1 ds = 1 and 

B = n 11 
( 1 - s r-1 ln s ds = t ( ~) ( -1) k sk ( t -ln s) 1

1 

= - H n 
0 k=l 0 

by exercise 1.2.7-13. Thus the answer is (Hn -1)/ln2. (This is lgn + (l-1)/ln2 + 
O(n-1), very near the maximum entropy H(~, ... , ~) = lgn. Therefore H(p1, ... ,Pn) 
is n (log n) with high probability.) 

38. If Sk-l = sk we have qk-l = Pk = qk = O; see (26). Construct a tree for the 
n- l probabilities (p1, ... ,Pk-1,Pk+1, ... ,pn;qo, ... ,qk-l,qk+1, ... ,qn), and replace 
leaf / k-l / by a 2-leaf subtree. 

39. We can argue as in Theorem M, if 0 < W1::; W2::; · · ·::; Wn and Sk = w1 +···+wk, 
because Wk 2: 2-t implies that Sk-l + 2-t ::; sk ::; sk+l - 2-t when the weights are 
ordered; hence we have l<hl < 1 + lg(l/wk)· [This result, together with the matching 
lower bound H( w1, ... , wn), was Theorem 9 in Shannon's original paper of 1948.] 

40. If k = s+3, the stated rearrangement changes the cost from qk-1l +qd+qk-2lk-2 
to qk-2l + qk-1l + qdk-2, so the net change is (qk-2 - qk)(l - lk-2); this is negative if 
l < lk-2, because qk-2 > qk. 

Similarly, if k 2: s + 4 the rearrangement changes the cost by 

0 = qs+1(l - ls+1) + qs+2(l - ls+2) + qs+3(ls+l - ls+3) + · '' + qk-2(lk-2 - lk-4) 

+ qk-1(lk-3 - l) + qk(lk-2 - l). 

for example, when k - sis even we have 

0::; qk-3(l - ls+l) + qk-2(l - ls+2) + qk-3(ls+l - ls+3) + · · · + qk-2(h-2 - lk-4) 

+ qk-l (h-3 - l) + qk(lk-2 - l) 

and a similar derivation works when k - s is odd. It follows that 8 is negative unless 
lk-2 = l. 

41. E F G H T U X Y Z V W B C D A P Q R J K L M I N 0 S u· 

42. Let q1 = WT (P 1 ) . The key point is that the actions of steps C2-C6 make all the 
q's greater than or equal to the initial value of qk-l + qk. 
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43. Invoke the recursive procedure mark (P1, 0), where mark (P, l) means the following: 

LEVEL(P) +- l; 
if LLINK(P) -::f:. A then mark(LLINK(P), l + 1); 
if RLINK(P) -::f:. A then mark(RLINK(P),l + 1). 

44. Set the global variables t +- 0, m +- 2n, and invoke the recursive subroutine 
build(l), where build(l) means the following: 

Set j +- m; 
if LEVEL CXt) = l then set LLINK (X1 ) +- t and t +- t + 1, 

otherwise set m +- m - 1, LLINK(X1) +- Xm, and build(l + 1); 
if LEVEL CXt) = l then set RLINK (Xj) +- t and t +- t + 1, 

otherwise set m +- m - 1, RLINK(X1) +- Xm, and build(l + 1). 

The variable j is local to the build routine. [This elegant solution is due to R. E. Tarjan, 
SICOMP 6 (1977), 639.] Caution: If the numbers lo, ... , Zn do not correspond to any 
binary tree, the algorithm will loop forever. 

45. Maintain the working array Po, ... , Pt as a doubly linked list that also has the 
links of a balanced tree (see Section 6.2.3). If the 2-descending weights are q0 , •.• , qt, 

with q1 at the root of the tree, we can decide whether to proceed left or right in the 
tree based on the values of q1 and q1+1; the double linking provides instant access to 
qJ+l· (No RANK fields are needed; rotation preserves symmetric order, so it does not 
require any changes to the double links.) 

Several families of weights for which the problem can be solved in O(n) time have 
been presented by Hu and Morgenthaler, Lecture Notes in Comp. Sci. 1120 (1996), 
234-243; it is unknown whether O(n) steps are sufficient in general. 

46. See IEEE Trans. C-23 (1974), 268-271; see also exercise 6.2.3-21. 

47. See Altenkamp and Mehlhorn, JACM 27 (1980), 412-427. 

48. Don't let the complicated analyses of the cases N = 3 [Jonassen and Knuth, 
J. Comp. Syst. Sci. 16 (1978), 301-322] or N = 4 [Baeza-Yates, BIT 29 (1989), 378-
394] scare you; think big! Some progress has been reported by Louchard, Randrianari­
manana, and Schott, Theor. Comp. Sci. 93 (1992), 201-225. 

49. This question was first investigated by J. M. Robson [Australian Comp. J. 11 
(1979), 151-153], B. Pittel [J. Math. Anal. Applic. 103 (1984), 461-480], and Luc 
Devroye [JACM 33 (1986), 489-498; Acta Inf. 24 (1987), 277-298], who obtained 
limit formulas that hold with probability --+ 1 as n --+ oo; see the exposition by H. M. 
Mahmoud, Evolution of Random Search Trees (Wiley, 1992), Chapter 2. Sharper 
results were subsequently found by Luc Devroye and Bruce Reed, SICOMP 24 (1995), 
1157-1162, who proved that the average height is alnn+O(loglogn) and the variance 
is O(loglogn) 2

, where 

a = 1/T(l/2e) ~ 4.31107 04070 01005 03504 70760 96446 89027 83916-

and T(z) = I:~=l nn-lzn/n! is the tree function. 

SECTION 6.2.3 

1. The symmetric order of nodes must be preserved by the transformation, otherwise 
we wouldn't have a binary search tree. 
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2. B(S) = O can happen only when S points to the root of the tree (it has never 
been changed in steps A3 or A4), and all nodes from S to the point of insertion were 
balanced. 

3. Let Ph be the largest possible ratio of unbalanced nodes in balanced trees of 

height h. Thus p1 = 0, p2 = ~' p3 = ~· We will prove that Ph= (Fh+l - l)/(Fh+2 -1). 
Let Th be a tree that maximiz0es Ph; then we may assume that its left subtree has height 
h - 1 and its right subtree has height h - 2, for if both subtrees had height h - 1 the 
ratio would be less than Ph-l· Thus the ratio for Th is at most (Ph-1N1 + Ph-2Nr + 1)/ 
(Nz + Nr + 1), where there are (Nz, Nr) nodes in the (left, right) subtree. This formula 
takes its maximum value when (Nz, Nr) take their minimum values; hence we may 
assume that Th is a Fibonacci tree. And Ph < </> - 1 by exercise 1.2.8-28. 

4. When h = 7, 

has greater path length. [Note: C. C. Foster, Proc. ACM Nat. Conf. 20 (1965), 197-
198, gave an incorrect procedure for constructing N-node balanced trees of maximum 
path length; Edward Logg has observed that Foster's Fig. 3 gives a nonoptimal result 
after 24 steps (node number 22 can be removed in favor of number 25).] 

The Fibonacci tree of order h does, however, minimize the value of (h + a)N -
(external path length(T)) over all balanced trees T of height h - 1, when a is any 
nonnegative constant; this is readily proved by induction on h. Its external path length 
is ~hFh-1+t(h-l)Fh = (4>/v'5)hFh+1+0(Fh+1) = 8(h</>h). Consequently the path 
length of any N-node balanced tree is at most 

Moreover, if N is large and k = pg Nl , h = L k / lg </> - logq, k J = logq, N - logq, logq, N + 
0(1), we can construct a balanced tree of path length hN + O(N) as follows: Write 
N + 1 = Fh + Fh-l + · · · + Fk+l + N' = Fh+2 - Fk+2 + N', and construct a complete 
binary tree on N' nodes; then successively join it with Fibonacci trees of orders k, k+ 1, 
... , h - 1. [See R. Klein and D. Wood, Theoretical Comp. Sci. 72 (1990), 251-264.] 

5. This can be proved by induction; if TN denotes the tree constructed, we have 

6. The coefficient of zn in zB1(z)Bk(z) is the number of n-node binary trees whose 
left subtree is a balanced binary tree of height j and whose right subtree is a balanced 
binary tree of height k. 



6.2.3 ANSWERS TO EXERCISES 715 

7. Cn+ 1 = C~ + 2Bn-1Bn-2; hence if we let ao = ln 2, 0:1 = 0, and o:n+2 = 
ln(l + 2Bn+lBn/C~+2 ) = O(l/BnCn+2), and() = exp(ao/2 + ai/4 + 0:2/8 + · · · ), 
we find that 0::; () 2n - Cn = Cn( exp(o:n/2 + O:n+i/4 + · · ·) - 1) < l; thus Cn = l()2n J. 
For general results on doubly exponential sequences, see Fibonacci Quarterly 11 (1973), 
429-437. The expression for () converges rapidly to the value 

() = 1.43687 28483 9446187580 04279 84335 54862 92481+. 

8. Let bh = B~(l)/Bh(l) + 1, and let th= 2BhBh-1(bh -bh-1)/Bh+1· Then b1 = 2, 
bh+l = 2bh - Eh, and Eh= O(bh/Bh-1); hence bh = 2h(3 + rh, where 

{3 = 1 - iE1 - ~E2 - · · · = 0.70117 9815102026 33972 44868 92779 46053 74616+ 

and rh = Eh/2 + Eh+i/4 + · · · is extremely small for large h. [Zhurnal Vychisl. Matem. 
i Matem. Fiziki 6, 2 (1966), 389-394. Analogous results for 2-3 trees were obtained by 
E. M. Reingold, Fib. Quart. 17 (1979), 151-157.] 

9. Andrew Odlyzko has shown that the number of balanced trees is asymptotically 

en f(log(../10+2)/3 n)/n, 

where c ~ 1.916067 and f(x) = f(x + 1). His techniques will also yield the average 
height. [See Congressus Numerantium 42 (1984), 27-52, a paper in which he also 
discusses the enumeration of 2-3 trees.] 

10. [Inf. Proc. Letters 17 (1983), 17-20.] Let X1, ... , XN be nodes whose balance 
factors B(Xd are given. To construct the tree, set k +- 0 and compute TREE(oo), where 
TREE(hmax) is the following recursive procedure with local variables h, h', and Q: Set 
h +- 0, Q +- A; then while h < hmax and k < N set k +:.... k + 1, h' +- h + B(Xk), 
LEFT(Xd +- Q, RIGHT(Xk) +-TREE(h'), h +- max(h,h') + 1, Q +- Xk; return Q. (Tree Q 
has height h and corresponds to the balance factors that have been read since entry to 
the procedure.) The algorithm works even if IB (Xk) I > 1. 

11. Clearly there are as many +A's as --B's and +-B's, when n 2 2, and there is 
symmetry between + and -. If there are M nodes of types +A or -A, consideration of 
all possible cases when n 2 1 shows that the next random insertion results in M - 1 
such nodes with probability 3M/ ( n + 1), otherwise it results in M + 1 such nodes. The 
result follows. [SICOMP 8 (1979), 33-41; Kurt Mehlhorn extended the analysis to 
deletions in SICOMP 11 (1982), 748-780. See R. A. Baeza-Yates, Computing Surveys 
27 (1995), 109-119, for a summary of later developments in such "fringe analyses," 
which typically use the methods illustrated in exercise 6.2.4-8. 

12. The maximum occurs when inserting into the second external node of (12); C = 4, 
Cl = 3, D = 3, A = C2 = F = Gl = Hl = Ul = 1, for a total time of 132u. 
The minimum occurs when inserting into the third-last external node of (13); C = 2, 
Cl = C2 = 1, D = 2, for a total time of 6lu. [The corresponding figures for Program 
6.2.2T are 74u and 26u.] 

13. When the tree changes, only O(log N) RANK values need to be updated; the 
"simple" system might require very extensive changes. 

14. Yes. (But typical operations on lists are sufficiently nonrandom that degenerate 
trees would probably occur.) 

15. Use Algorithm 6.2.2T with m set to zero in step Tl, and m +- m + RANK(P) 
whenever K 2 KEY(P) in step T2. 
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16. Delete E; do Case 3 rebalancing at D. Delete G; replace F by G; do Case 2 rebalancing 
at H; adjust balance factor at K. 

17. (a) 

(b) 

18. 

19. (Solution by Clark Crane.) There is one case that can't be handled by a single or 
double rotation at the root, namely 

Change it to 

and then resolve the imbalance by applying a single or double rotation at C. 
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20. It is difficult to insert a new node at the extreme left of the tree 

but K.-J. Riiihii and S. H. Zweben have devised a general insertion algorithm that takes 
O(log N) steps. [CACM 22 (1979), 508-512.] 

21. Algorithm A does the job in order N log N steps (see exercise 5); the following 
algorithm creates the same trees in O(N) steps, using an interesting iterative rendition 
of a recursive method. We use three auxiliary lists: 

Dl, ... , D1 (a binary counter that essentially controls the recursion); 

Jl, ... , J 1 (a list of pointers to juncture nodes); 

T1, ... , T1 (a list of pointers to trees). 

Here l = flg(N + l)l. For convenience the algorithm also sets Do +- 1, Jo +- Jz+1 +-A. 

Gl. [Initialize.] Set l +- 0, Jo +- Jl +-A, Do +- 1. 

G2. [Get next item.] Let P point to the next input node. (We may invoke another 
coroutine in order to obtain P.) If there is no more input, go to G5. Otherwise, 
set k +- 1, Q +- A, and interchange P +-+ J 1. 

G3. [Carry.] If k > l (or, equivalently, if P = A), set l +- l + 1, Dk +- 1, Tk +- Q, 

Jk+l +-A, and return to G2. Otherwise set Dk +- 1- Dk, interchange Q +-+ Tk, 

P +-+ Jk+l, and increase k by 1. If now Dk-1 = 0, repeat this step. 

G4. [Concatenate.] Set LLINK(P) +- Tk, RLINK(P) +- Q, B(P) +- 0, Tk +- P, and 
return to G2. 

G5. [Finish up.] Set LLINK(h) +- Tk, RLINK(h) +- Jk-1, B(Jd +- 1- Dk-1, for 
1 :::; k :::; l. Then terminate the algorithm; Jz points to the root of the desired 
tree. I 

Step G3 is executed 2N - v(N) times, where v(N) is the number of ls in the binary 
representation of N. 

22. The height of a weight-balanced tree with N internal nodes always lies between 
lg(N + 1) and 2 lg(N + 1). To get this upper bound, note that the heavier subtree of 
the root has at most ( N + 1) / v'2 external nodes. 

23. (a) Form a tree whose right subtree is a complete binary tree with 2n - 1 nodes, 
and whose left subtree is a Fibonacci tree with Fn+1 - 1 nodes. (b) Form a weight­
balanced tree whose right subtree is about 2 lg N levels high and whose left subtree is 
about lg N levels high (see exercise 22). 

24. Consider a smallest tree that satisfies the condition but is not perfectly balanced. 
Then its left and right subtrees are perfectly balanced, so they have i and r external 
nodes, respectively, where l I- r. But this contradicts the stated condition. 

25. After inserting a node at the bottom of the tree, we work up from the bottom to 
check the weight balance at each node on the search path. Suppose imbalance occurs 
at node A in (1), after we have inserted a new node in the right subtree, where B and 
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its subtrees are weight-balanced. Then a single rotation will restore the balance unless 
(lal + l,81)/hl > y'2 + 1, where lxl denotes the number of external nodes in a tree x. 
But in this case it can be shown that a double rotation will suffice. [See SICOMP 2 

(1973), 33-43.] 

27. It is sometimes necessary to make two comparisons in nodes that contain two keys. 
The worst case occurs in a tree.like the following, which sometimes needs 2 lg(N +2)-2 
comparisons: 

29. Partial solution by A. Yao: With N 2'.: 6 keys the lowest level will contain an 
average of ¥(N + 1) one-key nodes and ~(N + 1) two-key nodes. The average total 
number of nodes lies between 0.70N and 0.79N, for large N. [Acta Informatica 9 
(1978), 159-170.] 

30. For best-fit, arrange the records in order of size, with an arbitrary rule to break 
ties in case of equality. (See exercise 2.5-9.) For first fit, arrange the records in order 
of location, with an extra field in each node telling the size of the largest area in 
the subtree rooted at that node. This extra field can be maintained under insertions 
and deletions. (Although the running time is O(logn), it probably still doesn't beat 
the "ROVER" method of exercise 2.5-6 in practice; but the memory distribution may 
be better without ROVER, since there will usually be a nice large empty region for 
emergencies.) 

An improved method has been developed by R. P. Brent, ACM Trans. Prag. 
Languages and Systems 11 (1989), 388-403. 

31. Use a nearly balanced tree, with additional upward links for the leftmost part, 
plus a stack of postponed balance factor adjustments along this path. (Each insertion 
does a bounded number of these adjustments.) 

This problem can be generalized to require O(log m) steps to find, insert, and/ or 
delete items that are m steps away from any given "finger," where any key once located 
can serve as a finger in later operations. [See S. Huddleston and K. Mehlhorn, Acta 
Inf. 17 (1982), 157-184.] 

32. Each right rotation increases one of the r's and leaves the others unchanged; hence 
rk :S r~ is necessary. To show that it is sufficient, suppose r1 = rj for 1 :S j < k but 
rk < r~. Then there is a right rotation that increases rk to a value :S r~, because the 
numbers r 1 r 2 ••. rn satisfy the condition of exercise 2.3.3-19(a). 

Notes: This partial ordering, first introduced by D. Tamari in 1951, has many 
interesting properties. Any two trees have a greatest lower bound T A T', determined 
by the right-subtree sizes min( r 1 , r~) min( r 2 , r~) ... min( r n, r~), as well as a least upper 
bound T V T' determined by the left-subtree sizes min( Zi, l~) min( l2 , l~) ... min(ln, l~). 
The left-subtree sizes are, of course, one less than the RANK fields of Algorithms B and C. 
For further information, see H. Friedman and D. Tamari, J. Combinatorial Theory 2 
(1967), 215-242, 4 (1968), 201; C. Greene, Europ. J. Combinatorics 9 (1988), 225-
240; D. D. Sleator, R. E. Tarjan, and W. P. Thurston, J. Amer. Math. Soc. 1 (1988), 
647-681; J. M. Pallo, Theoretical Informatics and Applic. 27 (1993), 341-348; M. K. 
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Bennett and G. Birkhoff, Algebra Universalis 32 (1994), 115-144; P. H. Edelman and 
V. Reiner, Mathematika 43 (1996), 127-154. 

33. First, we can reduce the storage to one bit A(P) in each node P, so that B(P) = 
A(RLINK(P)) -A(LLINK(P)) whenever LLINK(P) and RLINK(P) are both nonnull; oth­
erwise B(P) is known already. Moreover, we can assume that A(P) = 0 whenever 
LLINK(P) and RLINK(P) are both null. Then A(P) can be eliminated in all other nodes 
by swapping LLINK(P) with RLINK(P) whenever A(P) = 1; a comparison of KEY(P) with 
KEY(LLINK(P)) or KEY(RLINK(P)) will determine A(P). 

Of course, on machines for which pointers are always even, two unused bits are 
present already in every node. Further economies are possible as in exercise 2.3.1-37. 

SECTION 6.2.4 
1. Two nodes split: 

a> M 
N 00 
00 00 

2. Altered nodes: 

(Of course a B* -tree would have no nonroot 3-key nodes, although Fig. 30 does.) 

3. (a) 1+2·50+2. 51 · 50 + 2. 51 · 51 · 50 = 2 · 51 3 
- 1 = 265301. 

(b) 1+2·50+(2·51·100-100)+((2·51·101-100)·100-100) = 1013 =1030301. 
(c) 1+2 · 66 + (2 · 67 · 66 + 2) + (2 · 67 · 67 · 66 + 2 · 67) = 601661. (Less than (b)!) 

4. Before splitting a nonroot node, make sure that it has two full siblings, then 
split these three nodes into four. The root should split only when it has more than 
3 L(3m - 3)/4J keys. 

5. Interpretation 1, trying to maximize the stated minimum: 450. (The worst case 
occurs if we have 1005 characters and the key to be passed to the parent must be 50 
characters long: 445 chars + ptr + 50-char key + ptr + 50-char key + ptr + 445 chars.) 

Interpretation 2, trying to equalize the number of keys after splitting, in order to 
keep branching factors high: 15 5 ( 15 short keys followed by 16 long ones). 

See E. M. McCreight, CACM 20 (1977), 670-674, for further comments. 

6. If the key to be deleted is not on level l - 1, replace it by its successor and delete 
the successor. To delete a key on level l - 1, we simply erase it; if this makes the node 
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too empty, we look at its right (or left) sibling, and "underflow," that is, move keys in 
from the sibling so that both nodes have approximately the same amount of data. This 
underflow operation will fail only if the sibling was minimally full, but in that case the 
two nodes can be collapsed into one (together with one key from their parent); such 
collapsing may cause the parent in turn to underflow, etc. With variable-length keys 
as in exercise 5, a parent node may need to split when one of its keys becomes longer. 

8. Given a tree T with N int
0

ernal nodes, let there be a~) external nodes that require 
k accesses and whose parent node belongs to a page containing j keys; and let A<1>(z) be 
the corresponding generating function. Thus A< 1>(1) + · · · + A(M)(l) = N + 1. (Note 
that a~) is a multiple of j + 1, for 1 ::; j < M.) The next random insertion leads to 
N + 1 equally probable trees, whose generating functions are obtained by decreasing 
some coefficient a~j) by j + 1 and adding j + 2 to a2+1); or (if j = M) by decreasing 
some a~M) by 1 and adding 2 to a~~ 1 . Now B~) (z) is (N + 1)-1 times the sum, over all 
trees T, of the generating function A <1 ) ( z) for T times the probability that T occurs; 
the stated recurrence relations follow. 

The recurrence has the form 

where 

(B~) (z), ... , B~M) (z) )T = (I+ (N + 1)- 1 W(z))(B~~ 1 (z), ... , B~~)1 (z) )T 

= · · · = 9N(W(z))(O, ... , 0, lf, 

9n(x) = ( 1 + n: 1) ... ( 1 + ~) = x: 1 ( x:: ~ 1). 

It follows that C~ = (1, ... , l)(B~)' (1), ... , B~M)' (l))T = 2B~~)1 (1)/(N+1) +C~_ 1 = 

2fN(W)MM, where fn(x) = 9n-1(x)/(n + 1) + · · · + go(x)/2 = (gn(x) - l)/x, and 
W = W(l). (The subscript MM denotes the lower right corner element of the matrix.) 
Now W = s-1 diag (A1, ... , AM )S, for some matrix S, where diag (A1, ... , AM) denotes 
the diagonal matrix whose entries are the roots of X(A) = (A+2) ... (A+M +1)-(M +1)!. 
(The roots are distinct, since x( A) = x' (A) = 0 implies 1/ (A+ 2) + · · · + 1/ (A+ M + 1) = 
O; the latter can hold only when A is real, and -M - 1 < A < -2, which implies 
that IA+ 21 ... IA+ M + ll < (M + 1)!, a contradiction.) If p(x) is any polynomial, 
p(W) = p(S-1diag(>.1, ... ,AM)S) = s-1diag(p(>-1), ... ,p(>.M))S; hence the lower 
right corner element of p(W) has the form c1p( A1) + · · · + CMP( AM) for some constants 
c1, ... , CM independent of p. These constants may be evaluated by setting p(A) = 
X(A)j(A-Aj); since (Wk) MM= (-2)k for 0::; k::; M-l, we have p(W)MM = p(-2) = 
(M + 1)!/(A1 +2) = c1p(Aj) = c1x'(A1) = c1(M + 1)! (1/(A1 +2) + · · · + l/(A1 +M+1)); 
hence c1 =(A1 +2)-1(1/(Aj + 2) + · · · + l/(AJ + M + 1))-

1
. This yields an "explicit" 

formula C~ = 'L:,~ 1 2c1fN(A1); and it remains to study the roots A1. Note that 
I Aj + M + 1 I ::; M + 1 for all j, otherwise we would have I Aj + 2 I ... I Aj + M + 1 I > ( M + 1) ! . 
Taking A1 = 0, this implies that ~(A1) < 0 for 2 ::; j ::; M. By Eq. 1.2.5-(15), 
9n(x) rv (n + l)x/r(x + 2) as n -t oo; hence 9n(A1) -+ 0 for 2 ::; j ::; M. Consequently 
c~ = 2c1fN(O) + 0(1) = HN/(HM+l -1) + 0(1). 

Notes: The analysis above is relevant also to the "samplesort" algorithm dis­
cussed briefly in Section 5.2.2. The calculations may readily be extended to show that 
B~)(l) rv (HM+i -1)-1/(j + 2) for 1::; j < M, B~M)(l) rv (HM+i -1)-1/2. Hence the 
total number of interior nodes on unfilled pages is approximately 

( 
1 2 M-1 ) N ( M ) 

3 x 2 + 4 x 3 + ... + (M + 1) x M HM+i - 1 = 
1 

- (M + l)(HM+i - 1) N; 
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and the total number of pages used is approximately 

( _1_+_1_+···+ 1 +-1-) N 
3 x 2 4 x 3 (M + 1) x M M + 1 HM+l - 1 

N 
2(HM+i - 1)' 

yielding an asymptotic storage utilization of 2(HM+i - l)/M. 
This analysis has been extended by Mahmoud and Pittel [J. Algorithms 10 (1989), 

52-75], who discovered that the variance of the storage utilization undergoes a sur­
prising phase transition: When M:::; 25, the variance is 8(N); but when M ~ 26 it is 
asymptotically f(N)N 1+2

a where f(e7r/f3 N) = f(N), if -t +a+ {3i and -t +a - {3i 
are the nonzero roots >.1 with largest real part. 

The height of such trees has been analyzed by L. Devroye [Random Structures and 
Algorithms 1 (1990), 191-203]; see also B. Pittel, Random Structures and Algorithms 
5 (1994), 337-347. 

9. Yes; for example we could replace each Ki in (i) by i plus the number of keys in 
subtrees Po, ... , Pi-l · The search, insertion, and deletion algorithms can be modified 
appropriately. 

10. Brief sketch: Extend the paging scheme so that exclusive access to buffers is given 
to one user at a time; the search, insertion, and deletion algorithms must be carefully 
modified so that such exclusive access is granted only for a limited time when absolutely 
necessary, and in such a way that no deadlocks can occur. For details, see B. Samadi, 
Inf Proc. Letters 5 (1976), 107-112; R. Bayer and M. Schkolnick, Acta Inf 9 (1977), 
1-21; Y. Sagiv, J. Comp. Syst. Sci. 33 (1986), 275-296. 

SECTION 6.3 

1. Lieves (the plural of "lief"). 

2. Perform Algorithm Tusing the new key as argument; it will terminate unsuccess­
fully in either step T3 or T4. If in T3, simply set table entry k of NODE(P) to K and 
terminate the insertion algorithm. Otherwise set this table entry to the address of a 
new node Q ~AVAIL, containing only null links, then set P +- Q. Now set k and k' to 
the respective next characters of K and X; if k i=- k', store K in position k of NODE(P) 
and store X in position k', but if k = k' again make the k position point to a new 
node Q ~AVAIL, set P +- Q, and repeat the process until eventually k i=- k'. (We must 
assume that no key is a prefix of another.) 

3. Replace the key by a null link, in the node where it appears. If this node is now 
useless because all its entries are null except one that is a key X, delete the node and 
replace the corresponding pointer in its parent by X. If the parent node is now useless, 
delete it in the same way. 

4. Successful searches take place exactly as with the full table, but unsuccessful 
searches in the compressed table may go through several additional iterations. For 
example, an input argument such as TRASH will make Program T take six iterations 
(more than five!); this is the worst case. It is necessary to verify that no infinite 
looping on blank sequences is possible. (This remarkable 49-place packing is due to 
J. Scot Fishburn, who also showed that 48 places do not suffice.) 

A slower but more versatile way to economize on trie storage has been proposed 
by Kurt Maly, CACM 19 (1976), 409-415. 

In general, if we want to compress n sparse tables containing respectively x 1 , 

..• , Xn nonzero entries, a first-fit method that offsets the jth table by the minimum 
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amount r 1 that will not conflict with the previously placed tables will have r 1 ::; 

(xi+···+ x1_ 1 )x1 , since each previous nonzero entry can block at most Xj offsets. 
This worst-case estimate gives r 1 ::; 93 for the data in Table 1, guaranteeing that any 
twelve tables of length 30 containing respectively 10, 5, 4, 3, 3, 3, 3, 3, 2, 2, 2, 2 nonzero 
entries can be packed into 93 + 30 consecutive locations regardless of the pattern of 
the nonzeros. Further refinements of this method have been developed by R. E. Tarjan 
and A. C. Yao, CACM 22 (1!179), 606-611. A dynamic implementation of compressed 
tries, due to F. M. Liang, is used for hyphenation tables in the TEX typesetting system; 
see D. E. Knuth, CACM 29 (1986), 471-478; Literate Programming (1991), 206-233. 

5. In each family, test for the most probable outcome first, by arranging the letters 
from left to right in decreasing order of probability. The optimality of this arrangement 
can be proved as in Theorem 6.lS. [See CACM 12 (1969), 72-76.] 

N y 

.__, .__, .__, .__, ,,. ,,. ,,. ,,. ,,. 0 0 0 H H H H "' "' "' "' "' ~ ~ ~ "' "' "' 
.,, .,, z ... 

"' "' "' 0 z "' :D .__, .,, z :D z "' 
.__, t'1 t'1 ,,. ,,. H H ,,. 

"' t'1 ... c 0 :D 0 0 
t'1 ,,. H 0 t'1 :D < 0 "' 

.__, 
"' H .__, :D 0 .__, c .__, 

"' t'1 "' n ::.: 
"' 

6. 

7. For example, 8, 4, 1, 2, 3, 5, 6, 7, 12, 9, 10, 11, 13, 14, 15. (No matter what 
sequence is used, the left subtree cannot contain more than two nodes on level 4~ nor 
can the right subtree.) Even this "worst" tree is within 4 of the best possible tree, so 
we see that digital search trees aren't very sensitive to the order of insertion. 

8. Yes. The KEY fields now contain only a truncated key; leading bits implied by the 
node position are chopped off. (A similar modification of Algorithm Tis possible.) 

9. START LDX K 1 D1. Initialize. (rX =:= K) 
LD1 ROOT 1 P +-ROOT. (rll =:= P) 

JMP 2F 1 
4H LD2 0,1(RLINK) C2 D4. JVIove right. Q +- RLINK(P). 

J2Z 5F C2 To D5 if Q = A. 
1H ENT1 0,2 c - 1 p +- Q. 

2H CMPX 1,1 C D2. Compare. 
JE SUCCESS C Exit if K = KEY(P). 

SLB 1 C - S Shift K left one bit. 
JAO 4B C - S To D4 if the detached bit was 1. 
LD2 0, 1 (LLINK) Cl D3. Move left. Q +- LLINK(P). 

J2NZ 1B Cl To D2 with P +- Q if Q -::/=- A. 
5H Continue as in Program 6.2.2T, interchanging the roles of rA and rX. 
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The running time for the searching phase of this program is (10C-3S +4)u, where 
C - S is the number of bit inspections. For random data, the approximate average 
running times are therefore: 

Successful Unsuccessful 

Program 6.2.2T 15 ln N - 12.34 15 ln N - 2.34 
This program 14.4lnN - 6.17 14.4lnN + 1.26 

(Consequently Program 6.2.2T is a shade faster unless N is very large.) 

10. Let EB denote the exclusive or operation on n-bit numbers, and let f(x) = n -
flg( x + 1) l be the number of leading zero bits of x. One solution: (b) If a search 
via Algorithm T ends unsuccessfully in step T3, K is one less than the number of 
bit inspections made so far; otherwise if the search ends in step T4, k = f (K EB X). 
(a, c) Do a regular search, but also keep track of the minimum value, x, of K EB KEY(P) 
over all KEY(P) compared with K during the search. Then k = f(x). (Prove that no 
other key can have more bits in common with K than those compared to K. In case (a), 
the maximum k occurs for either the largest key :::; K or the smallest key > K.) 

11. No; eliminating a node with only one empty subtree will "forget" one bit in the 
keys of the nonempty subtree. To delete a node, we should replace it by one of its 
terminal descendants, for example by searching to the right whenever possible. 

12. Insert three random numbers a, (3, /between 0 and 1 into an initially empty tree; 
then delete a with probability p, f3 with probability q, / with probability r, using the 
algorithm suggested in the previous exercise. The tree 

is obtained with probability ~p + ~ q + ~r, and this is ~ only if p = 0. 

13. Add a KEY field to each node, and compare K with this key before looking at 
the vector element in step T2. Table 1 would change as follows: Nodes (1), ... , (12) 
would contain the respective keys THE, AND, BE, FDR, HIS, IN, OF, TO, WITH, HAVE, HE, 
THAT (if we inserted them in order of decreasing frequency), and these keys would be 
deleted from their previous positions. [The corresponding program would be slower and 
more complicated than Program T, in this case. A more direct M-ary generalization of 
Algorithm D would create a tree with N nodes, having one key and M links per node.] 

14. If j :::; n, there is only one place, namely KEY(P). But if j > n, the set of all 
occurrences is found by traversing the subtree of node P: If there are r occurrences, this 
subtree contains r - l nodes (including node P), and so it has r link fields with TAG = 1; 
these link fields point to all the nodes that reference TEXT positions matching K. (It isn't 
necessary to check the TEXT again at all.) 

15. To begin forming the tree, set KEY(HEAD) to the first TEXT reference, and set 
LLINK(HEAD) +-HEAD, LTAG(HEAD) +- 1. Further TEXT references can be entered into 
the tree using the following insertion algorithm: 

Set K to the new key that we wish to enter. (This is the first reference the 
insertion algorithm makes to the TEXT array.) Perform Algorithm P; it must terminate 
unsuccessfully, since no key is allowed to be a prefix of another. (Step P6 makes the 
second reference to the TEXT; no more references will be needed!) Now suppose that 
the key located in step P6 agrees with the argument K in the first l bits, but differs 
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from it in position l + 1, where K has the digit band the key has 1 - b. (Even though 

the search in Algorithm P might have let j get much greater than l, it is possible to 

prove that the procedure specified here will find the longest match between K and any 

existing key. Thus, all keys of the text that start with the first l bits of K have 1 - b 

as their (l + l)st bit.) Now repeat Algorithm P with K replaced by these leading l bits 

(thus, n +- l). This time the search will be successful, so we needn't perform step P6. 

Now set R ~AVAIL, KEY(R) ~position of the new key in TEXT. If LLINK(Q) = P, set 

LLINK(Q) +- R, t +- LTAG(Q), LTAG(Q) +- 0; otherwise set RLINK(Q) +- R, t +- RTAG(Q), 

RTAG(Q) +- 0. If b = 0, set LTAG(R) +- 1, LLINK(R) +- R, RTAG(R) +- t, RLINK(R) +- P; 

otherwise set RTAG(R) +- 1, RLINK(R) +- R, LTAG(R) +- t, LLINK(R) +- P. If t = 1, set 

SKIP(R) +- l+l-j; otherwise set SKIP(R) +- l+l-j+SKIP(P) and SKIP(P) +- j-l-1. 

16. The tree setup requires precisely one dotted link coming from below a node to that 

node; it comes from that part of the tree where this key first differs from all others. If 

there is no such part of the tree, the algorithms break down. We could simply drop 

keys that are prefixes of others, but then the algorithm of exercise 14 wouldn't have 

enough data to find all occurrences of the argument. 

17. If we define ao = a1 = 0, then 

Xn =an+ 2::(~)(-l)k£h/(mk-l -1) = 2:(~)(-l)kakmk- 1/(mk-l -1). 
k~2 k~2 

18. To solve (4) we need the transform of an= [n > 1], namely an= [n =OJ - 1 + n; 

hence for N 2: 2 we obtain AN= 1- UN+ VN, where UN= K(N,O,M) and VN = 

K(N, 1, M) in the notation of exercise 19. Similarly, to solve (5), take an= n-[n = 1] = 

an and obtain CN = N + VN for N 2: 2. 

19. Fors= 1, we have Vn = K(n, l, m) = n((lnn + 1)/lnm - ~ - 80 (n -1)) + 0(1), 

and for s 2: 2 we have K(n,s,m) = (-l) 8 n(l/lnm + 88 _ 1(n - s))/s(s -1) + 0(1), 

where 

8s(n) = -
2
- L~(r(s - 27rik/lnm)exp(27riklogrn n)) 

ln m k>l 

is a periodic function of log n. [In this derivation we have 

K(n+s, s, m)/(-1)8 (n + s) = n-s~1 /1/2+i= r(z1~:=~-z dz+ O(n-s). 
s 2m, 1; 2-i= m - 1 

For small m and s, the c5's will be negligibly small; see exercise 5.2.2-46. Note that 

8s(n - a)= 8s(n) + O(n- 1
) for fixed a.] 

20. For (a), let an= [n>s] = 1- L~=0 [n=k]; for (b), let an= n- L~=0 k[n=k]; 
and for ( c), we want to solve the recurrence 

for n > s, 
for n ::; s. 

Setting Xn = Yn - n yields a recurrence of the form of exercise 17, with 

an= (l -M-
1

) t(~) [n=k]. 
k=O 

Therefore, in the notation of previous exercises, the answers are (a) 1 - K(N, 0, M) + 

K(N, 1, M) - · · · + (-l)s- 1 K(N, s, M) = N/(s lnM) - N(c5-1 (N) + c50 (N - 1) + 
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8i(N - 2)/2·1 + ··· + 8s-i(N - s)/s(s - 1)) + 0(1); (b) N-i(N + K(N, l,M) -
2K(N,2,M) + ... + (-l)s-isK(N,s,M)) = (lnN + 1 - Hs-i)/lnM + 1/2 -
( 8o(N -1) +8i (N -2)/1+· · · +8s-i (N -s)/(s-1)) +O(N-1 

); (c) N-i(N +(1-M-1
) x 

2=~=2 (-l)k(;)K(N,k,M)) = 1 + ~(1 - M-i)((s - 1)/lnM + 8i(N - 2) + ··· + 
8s-i(N - s)) + O(N-i). 

21. Let there be AN nodes in all. The number of nonnull pointers is AN - 1, and the 
number of non pointers is N, so the total number of null pointers is MAN - AN + 1 - N. 
To get the average number of null pointers in any fixed position, divide by M. [The 
average value of AN appears in exercise 20(a).] 

22. There is a node for each of the M 1 sequences of leading bits such that at least two 
keys have this bit pattern. The probability that exactly k keys have a particular bit 
pattern is 

( ~)M-lk(l -M-l)N-k, 

so the average number of trie nodes on level l is M 1 (1- (l -M-1)N)-N(l -M-1)N-i_ 

23. More generally, consider the case of arbitrary s as in exercise 20. If there are a1 

nodes on level l, they contain a1+i links and M a1 - a1+i places where the search 
might be unsuccessful. The average number of digit inspections will therefore be 
Ll>o(l + l)M- 1-i(Ma1 - a1+i) = Ll>o M- 1a1. Using the formula for a1 in a random 
trie~ this equals -

1 
K(N+l, l,M)- 2K(N+l,2,M) + · · · + (-l)8(s+l)K(N+l,s+l,M) 

+ N+l 

= lnN + 1- Hs + ~ _ &o(N) _ 8i(N-1) _ ... _ 8s(N-s) + O(N-i). 
lnM 2 1 s 

24. We must solve the recurrences xo =xi =Yo =Yi = 0, 

i-n ~ (n) =an+m ~ k Xk, 
k 

for n 2: 2, where an= m(l - (1-1/m)n) and bn = ~(m - l)n(l - (1-1/mr-i). By 
exercises 17 and 18 the answers are (a) XN = N + VN - UN - [N = 1] =AN+ N -1 
(a result that could have been obtained directly, since the number of nodes in the forest 
is always N - 1 more than the number in the corresponding trie!); and (b) YN /N = 

~(M - l)VN/N = ~(1\11- l)((lnN + 1)/lnM - ~ -80 (N -1)) + O(N-i). 

25. (a) Let AN= M(N -l)/(M - l)-EN; then for N 2: 2, we have (l-Mi-N)EN = 

M - 1 - M(l - l/M)N-i + Mi-N Lo<k<N (~)(M - l)N-k Ek. Since M - 1 2: 
M(l - l/M)N-i, we have EN 2: 0 by induction. (b) By Theorem 1.2.7A with 
x = l/(M - 1) and n = N - 1, we find DN = aN + Mi-N Lk (~)(M - l)N-k Dk, 
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where a 1 = 0 and O < aN < M(l - l/M)N/ ln M :S (M -1)2
/ M ln M for N 2: 2. Hence 

0 :S D N ::; ( M - 1) 2 AN/ M ln M ::; ( M - 1) ( N - 1) / ln M. 

26. Taking q = ~, z = - ~ in the second identity of exercise 5.1.1-16, we get 1/3 -

1/ (3·7)+1/(3. 7 -15) - . · · = 0.28879; it's slightly faster to use z = - ~ and take half of 

the result. Alternatively, Euler's formula from exercise 5.1.1-14 can be used, involving 

only negative powers of 2. (John Wrench has computed the value to 40 decimal digits, 

namely 0.28878 80950 86602 4'2127 88997 21929 23078 00889+.) 

27. (For fun, the following derivation goes to O(N- 1
).) In the notation of exercises 

5.2.2-38 and 5.2.2-48, we have 

where 

Q = 2/(1·1) - 4/(3 · 3 · 1) + 8/(7 · 7 · 3 · 1) - 16/(15 · 15 · 7 · 3 · 1) + · · · 

~ 1.60669 51524 15291 76378 33015 23190 92458 04806-

and f3 = 2/(1·3 · 1) - 4/(3 · 7 · 3 · 1) + 8/(7 · 15 · 7 · 3 · 1) - · · · ~ 0.60670. This numerical 
evaluation suggests that Q = f3 + 1, a fact that is not hard to prove. The value of 
Lrn>o(2 1-n)rn(l - 2-rn)N is O(N 1-n), by exercise 5.2.2-46; and VN+i/(N + 1) = 

UN+~ - UN. Hence CN = UN+i - (Q - l)N - Q + O(N-1
) = (N + l)lg(N + 1) + 

N((r - 1)/ln2 + ~ - Q + L 1 (N)) + ~ - 1/ln4 - Q - ~ch(N) + O(N- 1
), by exercise 

5.2.2-50. 
The variance of the internal path length of a digital search tree has been computed 

by Kirschenhofer, Prodinger, and Szpankowski, SICOMP 23 (1994), 598-616. 

28. The derivations in the text and exercise 27 apply to general M 2: 2, if we sub­

stitute M for 2 in the obvious places. Hence the average number of digit inspections 

in a random successful search is CN/N = UN+i - QM+ 1 + O(N- 1
) = logMN + 

(r - 1)/lnM + ~ - QM+ L 1 (N) + (logM N)/N + O(N- 1
); and for the unsuccessful 

case it is CN+1 - CN = VN+2/(N + 2) - QM+ 1 + O(N-1
) = logM N + 1/lnM + ~ -

QM - 8o(N + 1) + O(N- 1). Here 8s(n) is defined in exercise 19, and 

QM = L(-1)1 M 1+i/(M1+1 - 1) 2 (M1 - 1) ... (M - 1). 

1'20 

29. Flajolet and Sedgewick [SICOMP 15 (1986), 748-767] have shown that the approx­

imate average number of such nodes is .372N when M = 2 and .689N when M = 16. 

See also the generalization by Flajolet and Richmond, Random Structures and Algo­
rithms 3 (1992), 305-320. 

30. By iterating the recurrence, hn(z) is the sum of all possible terms of the form 

(; ) 2Pl z - 1 (;~ ) 2P2 z - 1 ... 2Pmz - 1 ( p;') ' for n >Pi > · · · > Prn > 1. 

31. h~(l) = Vn; see exercise 5.2.2-36(b). [For the variance and limiting distributions 

of M-ary generalizations of Patricia trees, see P. Kirschenhofer and W. Prodinger, 

Lecture Notes in Comp. Sci. 226 (1986), 177-185; W. Szpankowski, JACM 37 (1990), 
691-711; B. Rais, P. Jacquet, and W. Szpankowski, SIAM J. Discrete Math. 6 (1993), 
197-213.] 
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32. The sum of the SKIP fields is the number of nodes in the corresponding binary 

trie, so the answer is AN (see exercise 20). 

33. Here's how (i8) was discovered: A(2z) - 2A(z) = e2z - 2ez + 1 + A(z)(ez - 1) 

can be transformed into A(2z)/(e2 z - 1) = (ez - l)/(ez + 1) + A(z)/(ez - 1). Hence 

A(z) = (ez -1) L »
1
(ez/2

j - l)/(ez/ 2
j + 1). Now if f(z) = L:cnzn, L ·> 1 f(z/21 ) = 

J ]_ 

L Cnzn/(2n - 1). Ill this case f(z) = (ez - l)/(ez + 1) = tanh (z/2), which equals 

1 - 2z-1 (z/(ez - 1) - 2z/(e2z - 1)) = Ln>l Bn+1zn(2n+l - l)/(n + l)!. From this 

formula the route is apparent. -

34. (a) Consider Lj>lL~:~ G)Bk/2j(k-l); ln- 1 +· · ·+(m-l)n-l = (Bn(m)-Bn)/n 

by exercise 1.2.11.2-4~ (b) Let Sn(m) = I::~1 (1 - k/m)n and Tn(m) = l/(en/rn -1). 

If k ::; m/2 we have e-kn/rn > exp(n ln(l - k/m)) > exp(-kn/m - k2n/m2
) > 

e-kn/rn(l - k2/m2 ), hence (1- k/m)n = e-kn/rn + O(e-kn/rnk2n/m2
). Since Sn(m) = 

L::~~(l - k/m)n + 0(2-n) and Tn(m) =I::~~ e-kn/rn + O(e-nl 2
), we have Sn(m) = 

Tn(m) + O(e-n/rnn/m2
). The sum of 0( exp(-n/21 )n/221 ) is O(n- 1 

), because the sum 

for j::; lgn is of order n-1 (1+2/e + (2/e) 2 +···and the sum for j 2: lgn is of order 

n-1 (1+1/4 + (1/4) 2 + · · ·. (c) Argue as in Section 5.2.2 when lxl < 2?T, then use 

analytic continuation. (d) ~ lg(n/?T) + ')' /(2 ln 2) - ~ + 8(n) + 2/n, where 

8(n) = (2/ln2) Lk>l~(((-2?Tik/ln2)r(-2?Tik/ln2) exp(2?Tiklgn)) 

= (1/ ln 2) Lk>l ~( ((1 + 21Tik/ ln 2) exp(2?Tik lg(n/?T))) / cosh(?T 2 k/ ln 2). 

The variance and higher moments have been calculated by W. Szpankowski, JACM 37 

(1990), 691-711. 

35. The keys must be { a0,B0w1 , aO,Blw2, al 10w3, al 1lc50w4, al 1lc5lws }, where a, ,B, ... 

are strings of Os and ls with lal = a - 1, I.Bl = b - 1, etc. The probability that 
five random keys have this form is 5! 2a-l+b-l+c-l+d- 1;2a+b+a+b+a+c+a+c+d+a+c+d = 

5!/24a+b+2c+d+4. 

36. Let there be n internal nodes. (a) (n!/21
) TI (1/ s(x)) = n! TI (l/2s(x)-l s(x)), where 

I is the internal path length of the tree. (b) ((n + l)!/2n) TI(l/(2s(x) -1)). (Consider 

summing the answer of exercise 35 over all a, b, c, d 2: l.) 

37. The smallest modified external path length is actually 2 - l/2N- 2
, and it occurs 

only in a degenerate tree (whose external path length is maximal). [One can prove that 

the largest modified external path length occurs if and only if the external nodes appear 

on at most two adjacent levels! But it is not always true that a tree whose external 

path length is smaller than another has a larger modified external path length.] 

38. Consider as subproblems the finding of k-node trees with parameters (a,,B), (a,~,B), 

... , (a,2k-n,B). 

39. See Miyakawa, Yuba, Sugito, and Hoshi, SICOMP 6 (1977), 201-234. 

40. Let N /r be the true period length of the sequence. Form a Patricia-like tree, with 

a0a1 ... as the TEXT and with N /r keys starting at positions 0, 1, ... , N /r - 1. (No key 

is a prefix of another, because of our choice of r.) Also include in each node a SIZE 

field, containing the number of tagged link fields in the subtree below that node. To do 

the specified operation, use Algorithm P; if the search is unsuccessful, the answer is 0, 

but if it is successful and j :S n the answer is r. Finally if it is successful and j > n, 

the answer is r · SIZE(P). 
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43. The expected height is asymptotic to ( 1 + 1 / s) logM N, and the variance is 0 ( 1). 
See H. Mendelson, IEEE Transactions SE-8 (1982), 611-619; P. Flajolet, Acta Infor­
matica 20 (1983), 345-369; L. Devroye, Acta Informatica 21 (1984), 229-237; B. Pittel, 
Advances in Applied Probability 18 (1986), 139-155; W. Szpankowski, Algorithmica 
6 (1991), 256-277. 

The average height of a random digital search tree with M = 2 is asymptotically 
lgn + v'2 lgn [Aldous and Shields, Probability Theory and Related Fields 79 (1988), 
509-542], and the same is true for a random Patricia tree [Pittel and Rubin, Journal 
of Combinatorial Theory A55 (1990), 292-312]. 

44. See SODA 8 (1997), 360-369; this search structure is closely related to the multikey 
quicksort algorithm discussed in the answer to exercise 5.2.2-30. J. Clement, P. Flajolet, 
and B. Vallee have shown that the ternary representation makes trie searching about 
three times faster than the binary representation of (2), with respect to nodes accessed 
[see SODA 9 (1998), 531-539]. 

SECTION 6.4 

1. -37 ::; rll ::; 46. Therefore the locations preceding and following TABLE must be 
guaranteed to contain no data that matches any given argument; for example, their 
first byte could be zero. It would certainly be bad to store K in this range! [Thus we 
might say that the method in exercise 6.3-4 uses less space, since the boundaries of 
that table are never exceeded.] 

2. TOW. [Can the reader find ten common words of at most 5 letters that fill all the 
remaining gaps between -10 and 30?] 

3. The alphabetic codes satisfy A+ T =I+ N and B - E = 0 - R, so we would have 
either f (AT) = f(IN) or f (BE) = f(DR). Notice that instructions 4 and 5 of Table 1 
resolve this dilemma rather well, while keeping rll from having too wide a range. 

4. Consider cases with k pairs. The smallest n such that 

-n '~( m )(n-k)2-k ! 
m n. ~ n - k k < 2' 

k 

form= 365, 

is 88. If you invite 88 people (including yourself), the chance of a birthday trio is 
.511065, but if only 87 people come it is lowered to .499455. See C. F. Pinzka, AMM 
67 (1960), 830. 

5. The hash function is bad since it assumes at most 26 different values, and some 
of them occur much more often than the others. Even with double hashing (letting 
h2(K) = 1 plus the second byte of K, say, and M = 101) the search will be slowed 
down more than the time saved by faster hashing. Also M = 100 is too small, since 
FORTRAN programs often have more than 100 distinct variables. 

6. Not on MIX, since arithmetic overflow will almost always occur (dividend too large). 
[It would be nice to be able to compute ( wK) mod NI, especially if linear probing 
were being used with c = 1, but unfortunately most computers disallow this since the 
quotient overflows.] 

7. If R(x) is a multiple of P(x), then R(aj) = 0 in GF(2k) for all j E S. Let 
R(x) = xa 1 + · · · + xas, where a 1 > · · · > a 8 2: 0 and s :S t, and select t - s further 
values as+i: . .. , at such that a 1 , ... , at are distinct nonnegative integers less than n. 
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The Vandermonde matrix 

is singular, since the sum of its first s columns is zero. But this contradicts the fact 
that aa 1 , ••• , aat are distinct elements of GF(2k). (See exercise 1.2.3-37.) 

[The idea of polynomial hashing originated with M. Hanan, S. Muroga, F. P. 
Palermo, N. Raver, and G. Schay; see IBM J. Research & Development 7 (1963), 
121-129; U.S. Patent 3311888 (1967).] 

8. By induction. The strong induction hypotheses can be supplemented by the fact 
that {(-l)k(rqk + qk-i)ll} = (-l)k(r(qk{;l- Pk)+ (qk-ill - Pk-i)) for 0 :Sr :Sak. The 
"record low" values of { nll} occur for n = qi, q2 +qi, 2q2 +qi, ... , a2q2 +qi = Oq4 + q3, 
q4 + q3, ... , a4q4 + q3 = Oq5 + qs, ... ; the "record high" values occur for n = q0 , 

qi +qo, ... , aiqi +qo = Oq3 +q2, .... These are the steps when interval number 0 of a 
new length is formed. [Further structure can be deduced by generalizing the Fibonacci 
number system of exercise 1.2.8-34; see L. H. Ramshaw, J. Number Theory 13 (1981), 
138-175.] 

9. We have ¢-i = Ill, 1, 1, ... II and ¢-2 = 112, 1, 1, ... II· Let (;l = llai,a2, ... II 
and (;lk = llak+i, ak+2, ... II, and let Qk = qk + qk-illk-2 in the notation of exercise 8. 
If ai > 2, the very first break is bad. The three sizes of intervals in exercise 8 are, 
respectively, (1 - rllk-i)IQk, (;lk-ilQk, and (1 - (r - l)llk_i)IQk, so the ratio of the 
first length to the second is ( ak - r) + (;lk. This will be less than t when r = ak and 
ak+i 2: 2; hence { a2, a3, ... } must all equal 1 if there are to be no bad breaks. [For 
related theorems, see R. L. Graham and J. H. van Lint, Canadian J. Math. 20 (1968), 
1020-1024, and the references cited there.] 

10. See F. M. Liang's elegant proof in Discrete Math. 28 (1979), 325-326. 

11. There would be a problem if K = 0. If keys were required to be nonzero as 
in Program L, this change would be worthwhile, and we could also represent empty 
positions by 0. 

12. We can store Kin KEY[O], replacing lines 14-19 by 

STA TABLE(KEY) A-Sl 
CMPA TABLE,2(KEY) A-Sl 
JE 3F A- Sl 

2H ENT1 0, 2 C - 1 - S2 
LD2 TABLE, 1(LINK) C - 1 - 82 
CMPA TABLE,2(KEY) C - 1 - S2 
JNE 2B c - 1 - S2 

3H J2Z 5F A - Sl 
ENT1 0,2 S2 
JMP SUCCESS S2 I 

The time "saved" is C- l -5A+ S +4Sl units, which is actually a net loss because 
C is rarely more than 5. (An inner loop shouldn't always be optimized!) 

13. Let the table entries be of two distinguishable types, as in Algorithm C, with an 
additional one-bit TAG [i] field in each entry. This solution uses circular lists, following 
a suggestion of Allen Newell, with TAG [i] = 1 in the first word of each list. 
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Al. [Initialize.] Set i ~ j ~ h(K) + 1, Q ~ q(K). 

A2. [Is there a list?] If TABLE ['i] is empty, set TAG [i] ~ 1 and go to AS. Otherwise 

if TAG[i] = 0, go to A7. 

A3. [Compare.] If Q =KEY [i], the algorithm terminates successfully. 

A4. [Advance to next.] If LINK[i] =I- j, set i ~ LINK[i] and go back to A3. 

A5. [Find empty node.] Decrease Rone or more times until finding a value such 

that TABLE [RJ is empty. If R = 0, the algorithm terminates with overflow; 

otherwise set LINK [i] ~ R. 

A6. [Prepare to insert.] Set i ~ R, TAG [R] ~ 0, and go to A8. 

A 7. [Displace a record.] Repeatedly set i ~ LINK [i] one or more times until 

LINK[i] = j. Then do step A5. Then set TABLE[R] ~ TABLE[i], i ~ j, 

TAG [j] ~ 1. 

A8. [Insert new key.] Mark TABLE [i] as an occupied node, with KEY [i] ~ Q, 
LINK [i] ~ j. I 

(Note that if TABLE [i] is occupied it is possible to determine the corresponding full 

key K, given only the value of i. We have q(K) =KEY [i], and then if we set i ~LINK [i] 

zero or more times until TAG [ i] = 1 we will have h ( K) = i - 1.) 

14. According to the stated conventions, the notation "X ¢:: AVAIL" of 2.2.3-(6) now 

stands for the following operations: "Set X ~ AVAIL; then set X ~ LINK(X) zero 

or more times until either X = A (an OVERFLOW error) or TAG(X) = O; finally set 

AVAIL~ LINK(X)." 

To insert a new key K: Set Q ¢:: AVAIL, TAG(Q) ~ 1, and store K in this word. 

[Alternatively, if all keys are short, omit this and substitute K for Q in what follows.] 

Then set R ¢::AVAIL, TAG(R) ~ 1, AUX(R) ~ Q, LINK(R) ~A. Set P ~ h(K), and 

if TAG(P) = 0, set TAG(P) ~ 2, AUX(P) ~ R; 

if TAG(P) = 1, set S ¢:: AVAIL, CONTENTS(S) ~ CONTENTS(P), TAG(P) ~ 2, 

AUX(P) ~ R, LINK(P) ~ S; 

if TAG(P) = 2, set LINK(R) ~ AUX(P), AUX(P) ~ R. 

To retrieve a key K: Set P ~ h(K), and 

if TAG (P) =I- 2, K is not present; 

if TAG(P) = 2, set P ~ AUX(P); then set P ~ LINK(P) zero or more times until 

either P = A, or TAG(P) = 1 and either AUX(P) = K (if all keys are short) 

or AUX (P) points to a word containing K (perhaps indirectly through words 

with TAG= 2). 

Elcock's original scheme [Comp. J. 8 (1965), 242-243] actually used TAG = 2 and 

TAG = 3 to distinguish between lists of length one (when we can save one word of 

space) and longer lists. This is a worthwhile improvement, since we presumably have 

such a large hash table that almost all lists have length one. 

Another way to place a hash table "on top of" a large linked memory, using 

coalescing lists instead of separate chaining, has been suggested by J. S. Vitter [Inf. 

Proc. Letters 13 (1981), 77-79]. 

15. Knowing that there is always an empty node makes the inner search loop faster, 

since we need not maintain a counter to determine how many times step L2 is per­

formed. The shorter program amply compensates for this one wasted cell. [On the 
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other hand, there is a neat way to avoid the variable N and to allow the table to 
become completely full, in Algorithm L, without slowing down the method appreciably 
except when the table actually does overflow: Simply check whether i < 0 happens 

twice! This trick does not apply to Algorithm D.] 

16. No: 0 always leads to SUCCESS, whether it has been inserted or not, and SUCCESS 

occurs with different values of i at different times. 

17. The second probe would then always be to position 0. 

18. The code in (31) costs about 3(A - Sl) units more than (30), and it saves 4u 
times the difference between (26), (27), and (28), (29). For a successful search, (31) 
is advantageous only when the table is more than about 94 percent full, and it never 
saves more than about !u of time. For an unsuccessful search, (31) is advantageous 
when the table is more than about 71 percent full. 

20. We want to show that 

(;) = ( ~ ) (modulo r') and 1 < . < k < 2rn _J_ -

implies j = k. 0 bserve that the congruence j (j - 1) = k ( k - 1) (modulo 2rn+ 1 ) implies 
(k - j)(k + j - 1) = 0. If k - j is odd, k + j - 1 must be a multiple of 2rn+1, but that's 
impossible since 2 ::=; k + j - 1 ::=; 2rn+l - 2. Hence k - j is even, so k + j - 1 is odd, so 
k - j is a multiple of 2rn+1, so k = j. [Conversely, if M is not a power of 2, this probe 

sequence does not work.] 
The probe sequence has secondary clustering, and it increases the running time of 

Program D (as modified in (30)) by about !(C-1)-(A-Sl) units since B ~ (0i 1)/M 
will now be negligible. This is a small improvement, until the table gets about 60 
percent full. 

21. If N is decreased, Algorithm D can fail since it might reach a state with no empty 
spaces and loop indefinitely. On the other hand, if N isn't decreased, Algorithm D 
might signal overflow when there still is room. The latter alternative is the lesser of the 
two evils, because rehashing can be used to get rid of deleted cells. (In the latter case 
Algorithm D should increase N and test for overflow only when inserting an item into 
a previously empty position, since N represents the number of nonempty positions.) 
We could also maintain two counters. 

22. Suppose that positions j - 1, j - 2, ... , j - k are occupied and j - k - 1 is empty 
(modulo M). The keys that probe position j and find it occupied before being inserted 
are precisely those keys in positions j - 1 through j - k whose hash address does not 
lie between j - 1 and j - k; such problematical keys appear in the order of insertion. 
Algorithm R moves the first such key into position j, and repeats the process on a 
smaller range of problematical positions until no problematical keys remain. 

23. A deletion scheme for coalesced chaining devised by J. S. Vitter [J. Algorithms 3 
(1982), 261-275] preserves the distribution of search times. 

24. We have P(P - l)(P - 2)P(P - l)P(P - 1)/(MP(MP - 1) ... (MP - 6)) = 
M- 7 (1 - (5 - 21/M)P-1 + O(P- 2

)). In general, the probability of a hash sequence 
al ... aN is (Il~~ 1 p!!.i )/(MP)!::!..= M-N + O(P-1), where bj is the number of ai that 
equal j. 

25. Let the (N + l)st key hash to location a; Pk is M-N times the number of hash 
sequences that leave the k locations a, a - 1, ... , a - k + 1 (modulo M) occupied and 
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a - k empty. The number of such sequences with a+ 1, ... , a+ t occupied and a+ t + 1 
empty is g(M, N, t+k), by circular symmetry of the algorithm. 

26. 
9

! f(3, 2) f(3, 2) f(5, 4) f(2, 1) = 2235 54 7 = 4252500. 
2! 2! 4! 1! 

27. Following the hint, 

s(n, x, y) = L (~)x(x+k)k(y"-kr-k- 1 (y-n)+n L (~=~) (x+k)k(y-kr-k-l (y-n). 
k k 

In the first sum, replace k by n - k and apply Abel's formula; in the second, replace k 
by k + 1. Now 

g(M, N, k) = ( ~) (k + l)k- 1(M - k - l)N-k-1(M - N - 1), 

with 0/0 = 1 when k = N = M - 1, and 

MN L(k + l)Pk = L (k; 
2

)g(M,N,k) 
k20 

= ~ ( L(k + l)g(M, N, k) + L(k + 1)
2
g(M, N, k)). 

k20 k20 

The first sum is MN I:: Pk= MN, and the second is s(N, 1, M -1) =MN +2N MN-I+ 
3N(N - l)..l\;fN-2 + ... = MN Q 1 (M, N). [See J. Riordan, Combinatorial Identities 
(New York: Wiley, 1968), 18-23, for further study of sums like s(n, x, y).] 

28. Let t(n,x,y) = L::k>o G)(x + k)k+ 2 (y-k)n-k- 1 (y- n); then as in exercise 27 we 

find t(n, x, y) = xs(n, x~y) + nt(n-1, x+l, y-1), t(N, 1, M-1) = MN (3Q3 (M, N) -
2Q2(M, N)). Thus 2.:::(k+1) 2 Pk= M-N 2.:::0(k+1) 3 +~(k+1) 2 +~(k+l))g(M, N, k) = 

Q3(M, N)- ~Q2 (M, N) + ~Q1 (M, N) + ~· Subtracting ( C~ )2 gives the variance, which 
is approximately ~(1- a)- 4 

- ~(1- a)- 3 
- 1

1
2. The standard deviation is often larger 

than the mean; for example, when a= .9 the mean is 50.5 and the standard deviation 

is ~)27333 ~ 82.7. 

29. Let M = m+l, N = n; the safe parking sequences are precisely those in which loca­
tion 0 is empty when Algorithm Lis applied to the hash sequence (M -a1) ... (M -an)· 
Hence the answer is f(m+l, n) = (m + l)n - n(m + l)n-1. [This problem originated 
with A. G. Konheim and B. Weiss, SIAM J. Applied Math. 14 (1966), 1266-1274.] 

30. Obviously if the cars get parked they define such a permutation. Conversely, if 
P1P2 ... Pn exists, let qi q2 ... qn be the inverse permutation (qi = j if and only if P] = i), 
and let bi be the number of aj that equal i. Every car will be parked if we can prove 
that bn :S 1, bn-l + bn :S 2, etc.; equivalently bi 2: 1, bi+ b2 2: 2, etc. But this is clearly 
true, since the k elements aq1 , •.• , aqk are all :S k. 

[Let rj be the "left influence" of qj, namely rj =kif and only if qj-l < qj, ... , 

qj-k-l < qj and either j = k or qj-k > qj. Of all permutations P1 ... Pn that dominate 
a given wakeup sequence a1 ... an, the "park immediately" algorithm finds the smallest 
one (in lexicographic order). Konheim and Weiss observed that the number of wakeup 
sequences leading to a given permutation p1 ... Pn is Il7=i rj; it is remarkable that the 
sum of these products, taken over all permutations qi ... qn, is (n + l)n- 1.] 

31. Many interesting connections are possible, and the following three are the author's 
favorites [see also Foata and Riordan, JEquat. Math. 10 (1974), 10-22]: 
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a) In the notation of the previous answer, the counts b1, b2, ... , bn correspond to a 

full parking sequence if and only if (b1, b2, ... , bn, 0) is a valid sequence of degrees of tree 

nodes in preorder. (Compare with 2.3.3-(9), which illustrates postorder.) Every such 

tree corresponds to n!/b1 ! ... bn! distinct labeled free trees on {O, ... , n }, since we can 

let 0 be the label of the root, and fork = 1, 2, ... , n we can successively choose the labels 

of the children of the kth node in preorder in (bk+···+ bn)l/bk! (bk+l + · · · + bn)! ways 

from the remaining unused labels, attaching labels from left to right in increasing order. 

And every such sequence of counts corresponds to n!/b1 ! ... bnl wakeup sequences. 

b) Dominique Foata has given the following pretty one-to-one correspondence: Let 

a 1 ... an be a safe parking sequence, which leaves car qj parked in space j. A labeled 

free tree on {O, 1, ... ,n} is constructed by drawing a line from j to 0 when aj = 1, and 

from j to q ai _ 1 otherwise, for 1 :S j :S n. (Think of the tree nodes as cars; car j is 

connected to the car that eventually winds up parked just before where wife j woke 

up.) For example, the wakeup times 3 14 1 5 9 2 6 5 lead to the free tree 

2 7 

<P o~ 
5 8 

by Foata's rule. Conversely, The sequence of parked cars may be obtained from the 

tree by topological sorting, assuming that arrows emanate from the root 0 and choosing 

the smallest "source" at each step. From this sequence, ai ... an can be reconstructed. 

c) First construct an auxiliary tree by letting the parent of node k be the first 

element > k that follows k in the permutation qi ... qn; if there's no such element, 

let the parent be 0. Then make a copy of the auxiliary tree and relabel the nonzero 

nodes of the new tree by proceeding as follows, in preorder: If the label of the current 

node was k in the auxiliary tree, swap its current label with the label that is currently 

(1 +Pk - ak)th smallest in its subtree. For example, 

auxiliary tree final tree 

6 6 
3 1 3 5 

0 0 

9 8 7 5 4 2 8 1 
4 2 9 7 

To reverse the procedure, we can reconstruct the auxiliary tree by proceeding in 

preorder to swap the label of each node with the largest label currently in its subtree. 

Constructio11:s (a) and (b) are strongly related, but construction ( c) is quite dif­

ferent. It has the interesting property that the sum of displacements of cars from their 

preferred locations is equal to the number of inversions in the tree~ the number of pairs 

of labels a > b where a is an ancestor of b. This relation between parking sequences 

and tree inversions was first discovered by G. Kreweras [Periodica Math. Hung. 11 
(1980), 309-320]. The fact that tree inversions are intimately related to connected 

graphs [Mallows and Riordan, Bull. Amer. Math. Soc. 74 (1968), 92-94] now makes 

it possible to deduce that the sum of (Dip)) taken over all parking sequences, where 

D(p) = (p1 - ai) + · · · + (Pn - an), is equal to the total number of connected graphs 

with n + k edges on the labeled vertices {O, 1, ... , n}. [See equations (2.11), (3.5), and 
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(8.13) in the paper by Janson, Luczak, Knuth, and Pittel, Random Struct. & Alg. 4 

(1993), 233-358.] 

32. Let subscripts be treated cyclically, so that CM = co, CM+1 = c1, etc. There 
is no solution with Cj = bj + Cj+1 - 1 for all j, since the sum over all j would give 

I:: Cj = I:: bj +I:: Cj - M < I:: Cj. Hence every solution has M - 2.::: bj values of j such 
that bj = Cj+i = 0. If (c~, .•.. , c'iw-_ 1) is a different solution we must have c.J+1 > 0 
for at least one such j; but this implies c.J+ 2 > Cj+2, cj+3 > Cj+3, ... , a contradiction. 
The solution can be found by defining CM -1, CM-2, ... on the assumption that co = O; 
then if c0 turns out to be greater than 0, it suffices to redefine CM -1, CM -2, . . . until 

no more changes are made. 

33. The individual probabilities are not independent, since the condition bo +bi+· · · + 
bM-l = N was not taken into account; the derivation allows a nonzero probability that 
2.::: bj has any given nonnegative value. Equations (46) are not strictly correct; they 
imply, for example, that qk is positive for all k, contradicting the fact that Cj can never 
exceed N -1. 

Gaston Gannet and Ian Munro [J. Algorithms 5 (1984), 451-470] have found an 
interesting way to derive the exact result from the argument leading up to (51) by 
introducing a useful operation called the Poisson transform of a sequence (Arnn): We 
have e-rnz L::n Arnn(mz)n/n! = L::k akzk if and only if Arnn= L::k akn's /mk. 

34. (a) There are ( ~) ways to choose the set of j such that aj has a particular value, 

and (M - l)N-k ways to assign values to the other a's. Therefore 

PNk = ( ~) (M - l)N-k/MN. 

(b) PN(z) = B(z) in (50). (c) Consider the total number of probes to find all keys, not 
counting the fetching of the pointer in the list head table of Fig. 38 if such a table is 
used. A list of length k contributes ( k~ 1) to the total; hence 

CN =ML( k; 
1 

)PNk/N = (M/N)(~P~(l) + Pjy(l)). 

( d) In case (i) a list of length k requires k probes (not counting the list-head fetch), while 
in case (ii) it requires k+~ko· Thus in case (ii) we get C~ = 2.:::(k+~ko)PNk = P~(l) + 
PN(O) = N/M + (1-1/M)N ~a+ e-a, while case (i) has simply c~ = N/M =a. 
The formula MC~= M - N + NCN applies in case (iii), since M - N hash addresses 
will discover an empty table position while N will cause searching to the end of soine 
list from a point within it; this yields (i8). 

35. (i) 2.:::(1 + ~k- (k + 1)-1 )PNk = 1 + N/(2M) - M(l - (1-1/M)N+i )/(N + 1) ~ 
1 +~a - (1 - e-a)/a. (ii) Add 2.::: ~koPNk = (1 - 1/M)N ~ e-a to the result of (i). 
(iii) Assume that when an unsuccessful search begins at the jth element of a list of 
length k, the given key has random order with respect to the other k elements, so 

the expected length of search is (j · 1 + 2 + · · · + (k + 1 - j) + (k + 1 - j))/(k + 1). 
Summing on j now gives MC~ = M - N + M2.:::(k 3 + 9k2 + 2k)PNk/(6k + 6) = 
M -N + M(~N(N-1)/M2 + ~N/M-1+(M/(N+1))(1- (1- l/M)N+1

)); hence 
c~ ~ ~a+ ~a2 + (1 - e-Q)/a. 

36. (i) N/M - N/M2
. (ii) 2.:::(~ko + k) 2 PNk = 2.:::(~ko + k 2 )PNk = PN(O) + P~(l) + 

P~(l). Subtracting (C~ )2 gives the answer, (M - l)N/M2 + (1-1/M)N (l-2N/M -
(1 - 1/M)N) ~a+ e-a(l - 2a - e-a) ::; 1 - e-1 

- e- 2 = 0.4968. [For data structure 

(iii), a more complicated analysis like that in exercise 37 would be necessary.] 
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3 7. Let SN be the average value of ( C - 1) 2 , considering all MN N choices of hash 

sequences and keys to be equally likely. Then 

MNNSN = ! L ( N ) (k1(k1 - ~)(k1 -1) + ... + kM(kM - ~)(kM -1)) 
3 ki, ... , kM 

=~ML( ~)(M- l)N-kk(k- ~)(k-1) 
k 

= ~MN(N- l)(N- 2) L( ~ ~ ~)(M- l)N-k 
k 

+ ~MN(N-1) L( ~ ~ ;)(M - l)N-k 
k 

= !MN(N - l)(N - 2)MN- 3 + !MN(N - l)MN-2. 
3 2 

The variance is SN - ((N - 1)/2M)
2 

= (N - l)(N + 6M - 5)/12M2 ~~a+ /2a2. 
See CMath §8.5 for interesting connections between the total variance calculated 

here and two other notions of variance: the variance (over random hash tables) of the 

average number of probes (over all items present), and the average (over random hash 

tables) of the variance of the number of probes (over all items present). The total 

variance is always the sum of the other two; and in this case the variance of the average 

number of probes is (M - l)(N -1)/(2M2N). 

38. The average number of probes is 2.::: PNk(2Hk+l - 2 + c5ko) in the unsuccessful 

case, (M/N) 2.::: PNkk(2(1+1/k)Hk - 3) in the successful case, by Eqs. 6.2.2-(5) and 

6.2.2-(6). These sums are 2f(N) + 2M(l - (1-1/M)N+l )/(N + 1) + (1-1/M)N - 2 
and 2(M/N)f(N) + 2f(N - 1) + 2M(l - (1 - 1/M)N)/N - 3, respectively, where 

f(N) = 2.::: PNkHk. Exercise 5.2.1-40 tells us that f(N) = ln a+"(+ E 1 (a)+ O(M-1) 
when N = aM, M -+ oo. 

[Tree hashing was first proposed by P. F. Windley, Comp. J. 3 (1960), 84-88. The 

analysis in the previous paragraph shows that tree hashing is not enough better than 

simple chaining to justify the extra link fields; the lists are short anyway. Moreover, 

when M is small, tree hashing is not enough better than pure tree search to justify the 

hashing time.] 

39. (This approach to the analysis of Algorithm C was suggested by J. S. Vitter.) 

We have CN+1(k) = (M - k)cN(k) + (k - l)cN(k - 1) for k 2: 2, and furthermore 

2.::: kcN(k) = NMN. Hence 

SN+1 = l::(~)cN+1(k) = 2::(~) ((M - k)cN(k) + (k- l)cN(k-1)) 
k22 k22 

= L ((M + 2) (~) + k) CN(k) = (M + 2)SN + NMN. 
k>I 

Consequently SN = (N - l)MN-l + (N - 2)MN- 2 (M + 2) + · · · + M(M + 2)N-2 = 

HM(M + 2)N - MN+l - 2N MN). 

Consider the total number of probes in unsuccessful searches, summed over all 

M values of h(K); each list of length k contributes k + c5ko + {;) to the total, hence 

Jv1N+1c'tv = MN+1 + sN. 
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40. Define UN to be like SN in exercise 39, but with (;) replaced by (!1
). We find 

UN+1 = (M + 3)UN +SN+ NMN, hence 

UN= 3
1
6 (MN (M - 6N) - 9M(M + 2)N + 8M(M + 3)N). 

The variance is 2U NI MN +l + c~ - ( C'tv )2
, which approaches 

for N = o:M, M -+ oo. When o: = 1 this is about 4.50, so the standard deviation is 

bounded by 2.12. 

41. Let VN be the average length of the block of occupied cells at the "high" end of 
the table. The probability that this block has length k is ANk(M - 1 - k)N-k /MN, 
where ANk is the number of hash sequences (35) such that Algorithm Cleaves the first 
N -k and the last k cells occupied and such that the subsequence 1 2 ... N-k appears 
in increasing order. Therefore 

MNVN = 2-:::k kANk(M -1- k)N-k = MN+l - 2-:::k(M - k)ANk(M - 1- k)N-k 

= MN+l - (M - N) 2-:::k ANk(M - k)N-k = MN+l - (M - N)(M + l)N. 

Now TN= (N/M)(l+ VN-To- · · ·-TN-1), since Ta+·· ·+TN-I is the average number 
of times R has previously decreased and N / M is the probability that it decreases on 
the current step. The solution to this recurrence is TN= (N/M)(l + 1/M)N. (Such a 
simple formula deserves a simpler proof!) 

42. SlN is the number of items that were inserted with A = 0, divided by N. 

43. Let N = o:M' and M =(3M', and let e->- +A= 1/ (3, p = o:/ (3. Then CN ~ 1 + ~p 
and c~ ~ p+e-P, if p::; .A; CN ~ 8lp (e2

p-
2 >- -1-2p+2.A)(3-2/ (3+2.A)+ ~(p+2.A-.A2/ p) 

and C~ ~ 1/f3+~(e2P- 2>--1)(3-2/f3+2.A)- ~(p-.A), if p 2: .A. For o: = 1 we get the 
smallest C N ~ 1.69 when f3 ~ .853; the smallest C~ ~ 1. 79 occurs when f3 ~ . 782. The 
setting f3 = .86 gives near-optimal search performance for a wide range of o:. So it pays 
to put the first collisions into an area that doesn't conflict with hash addresses, even 
though a smaller range of hash addresses will cause more collisions to occur. These 
results are due to Jeffrey S. Vitter, JACM 30 (1983), 231-258. 

44. (The following brute-force approach was the solution found by the author in 1972; 
a much more elegant solution by M. S. Paterson is explained in Mathematics for the 
Analysis of Algorithms by Greene and Knuth (Birkhauser Boston, 1980), §3.4. Paterson 
also found significant ways to simplify several other analyses in this section.) 

Number the positions of the array from 1 tom, left to right. Considering the set of 
all G) sequences of operations with k "p steps" and n - k "q steps" to be equally likely, 
let g(m, n+ 1, k, r) be G) times the probability that the first r - 1 positions become 

occupied and the rth remains empty. Thus g(m,l,k,r) is (m -1)-(!-l-k) times the 

sum, over all configurations 

2 '.S Ci :S m, 

of the probability that the first empty location is r, when the ajth operation is a p step 
and the remaining l - 1 - k operations are q steps that begin by selecting positions 
c1, ... , c1-1-k, respectively. By summing over all configurations subject to the further 
condition that the ajth operation occupies position bj, given 1 :S b1 < · · · < bk < r, we 
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obtain the recurrence 

"""""' (l - b- 1)! (m - r)! . 
g(m, l, k+l, r) = L (l _ r)! (m _ b)! (m - l + l)g(m, a, k, b), 

a<l 
b<r 

l<b<a 

(l-l)'(m-r)' ( m ) 
g ( m, l, 0, r) = ( l _ r) j m ! · ( m - l + 1) P1 + [ r # 1] l _ 1 ( 1 - P1) , 

737 

where P1 = (m/(m-1))
1
-

1
. Letting G(m,l,k) = 2=~= 1 (m+l-r)g(m,l,k,r), it follows 

that 
l-l 

m-z+12= 
G(m, l, k+l) = l G(m, a, k); 

m- +2 

m-l + 1 
G(m, l, 0) = l (m + P1). 

m- +2 
a=l 

The answer to the stated problem ism- 2=~=0 pkqn-kG(m, n+l, k), which (after some 

maneuvering) equals m - ((m - n)/(m - n + l))(Qn + mR + pSR), where 

. Q j = pi+ 1 qj' 

R = ( 1 - m: 1 ) ( 1 - ~) .. · ( 1 - m _ ~ + 2 ) = IT ( 1 - m +~ _ j), 
J=O 

( 1 - -
1
-) Qo (1 - _!_)Qi 

S= m+l + m 

( 1 - _P ) (1 - p ) (1 - E_) 
m+l m+l m 

=~ (~-1/(m+l-k))Qk. 
k=O Ilj=O(l - p/(m + 1 - j)) 

( 
1 ) 1- Qn-l 

+ .. ·+ m-n+2 
R 

When p = 1/m, Qj = 1 for all j. Letting w = m + 1, n = o:w, w -+ oo, we find 

lnR = -(Hw - Hw(l-cx))P + O(p2
); hence R = 1 + w-1 ln(l - o:) + O(w- 2

); and 

similarly S = o:w + 0(1). Thus the answer is (1- 0:)-1 -1- o: - ln(l - o:) + O(w-1
). 

Notes: The simpler problem "with probability p occupy the leftmost, otherwise 

occupy any randomly chosen empty position" is solved by taking Pj = 1 in the formulas 

above, and the answer ism - (m + l)(m - n)R/(m - n + 1). To get C~ for random 

probing with secondary clustering, set n = N, m = M and add 1 to the answer above. 

45. Yes. See L. Guibas, JACM 25 (1978), 544-555. 

46. Define the numbers [[~]]fork 2: 0 by the rule 

for all x and all nonnegative integers n. Setting x = -1, -2, ... , -n - 1 implies that 

for 0 :S k :S n; 

then setting x = 0 implies that we may take [[ ~ ]] = 0 for all k > n, so the two sides of 

the defining equation are polynomials in x of degree n that agree on n + 1 points. It 

follows that the numbers [[~]]have the stated property. 
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Let f(N, r) be the number of hash sequences al ... aN that leave the first r 
locations occupied and the next one empty. There are ( M ;;~; 1) possible patterns of 

occupied cells, and each pattern occurs as many times as there are sequences a~ ... a'tv, 
1 :S a~ ::=; N, that contain each of the numbers r + 1, r + 2, ... , N at least once. By 
inclusion-exclusion, there are [[ NN__r ]] such sequences; hence 

Now 

N (r-1 M-1 ) 

Cfv = 1 + M-N-1 ~ f(N,r) ~ r + a~I MN_~~ 1(r+1) 

N 

= 1 + M-N-I L f(N, r)(N + (N - l)r). 
r=O 

hence Sn(x) = (x + 1)( (x + n + 2)n - (x + n + l)n ). It follows that Cfv = N(l + 1/ M) -
(N -1)(1-N/M)(l + 1/M)N ~ N(l - (1- a)ea); and CN = (N -1)((1+1/M)/2 + 
(1+1/M)N) + (3M2 + 6M + 2)((1+1/M)N -1)/N - (3M+ 2)(1+1/M)N, which is 
(e - 2.5)M + 0(1) when N = M - 1. 

For further properties of the numbers [[~]], see John Riordan, Combinatorial 
Identities (New York: Wiley, 1968), 228-229. 

47. The analysis of Algorithm L applies, almost word for word! Any probe sequence 
with cyclic symmetry, and which explores only positions adjacent to those previously 
examined, will have the same behavior. 

48. Cfv = 1 + p + p 2 + · · · , where p = N / M is the probability that a random location 
is filled; hence Cfv = M/(M - N), and CN = N-1 'L,~~1 c~ = N-1 M(HM - HM-N ). 
These values are approximately equal to those for uniform probing, but slightly higher 
because of the chance of repeated probes in the same place. Indeed, for 4 = N < M ::=; 
16, linear probing is better! 

In practice we wouldn't use infinitely many hash functions; some other scheme 
like linear probing would ultimately be used as a last resort. This method is inferior 
to those described in the text, but it is of historical importance because it suggested 
Morris's method, which led to Algorithm D. See CACM 6 (1963), 101, where M. D. 
Mcilroy credits the idea to V. A. Vyssotsky; the same technique had been discovered 
as early as 1956 by A. W. Holt, who used it successfully in the GPX system for the 
UNIVAC. 

49. Cfv - 1 
have 

~(~(k-b)Pk)zb = P'(l) + z(P(z)-1) 
L L 1 - z (1 - z) 2 

b?O k>b 
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in general, if P(z) = P0 + Piz + · · · is any probability generating function.] And 

M (k-b+l) CN -1 = -2= PNk N 2 k>b 

M 
= - °"(k(k - 1) - 2k(b - 1) + b(b- l))PNk 2NL 

k>b 
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[The analysis of successful search with chaining was first carried out by W. P. Heis­
ing in 1957. The simple expressions in (57) and (58) were found by J. A. van der Pool in 
1971; he also considered how to minimize a function that represents the combined cost of 
storage space and number of accesses. We can determine the variance of C~ and of the 
number of overflows per bucket, since 2:,k>b(k-b) 2 PNk = (2N/M)(CN -1)- (C~ -1). 
The variance of the total number of overflows may be approximated by M times the 
variance in a single bucket, but this is actually too high because the total number of 
records is constrained to be N. The true variance can be found as in exercise 37. See 
also the derivation of the chi-square test in Section 3.3.lC.] 

50. And next that Q0 (M, N - 1) = (M/N)( Q0 (M, N) - 1). In general, rQr(M, N) = 
MQr-2(M,N) - (M - N - r)Qr-1(M,N) = M(Qr-1(M,N + 1) - Qr-1(M,N)); 
Qr(M, N - 1) = (M/N)(Qr(M, N) - Qr-1(M, N)). 

51. R(a, n) = a- 1 (n! ecm(an)-n - Qo(an, n)). 

52. See Eq. 1.2.11.3-(9) and exercise 3.1-14. 

53. By Eq. 1.2.11.3-(8), a(an)n R(a, n) = e°'n'Y(n+l, an); hence by the suggested 
exercise R(a, n) = (1 - a)-1 

- (1 - a)- 3 n-1 + O(n- 2
). [This asymptotic formula can 

be obtained more directly by the method of (43), if we note that the coefficient of ak 
in R(a, n) is 

1-(k;2)n-1+0(k4n-2). 

In fact, the coefficient of ak is 

by Eq. 1.2.9-(28).] 

54. Using the hint together with Eqs. 1.2.6-(53) and 1.2.6-(49), we have 

The hint follows from Kummer's well-known hypergeometric identity e-z F(a; b; z) = 
F(b - a; b; -z), since (n + 1)! tn(a) = e-n°'(an)n F(2; n + 2; an); see Crelle 15 (1836), 
39-83, 127-172, Eq. 26.4. 

55. If B(z)C(z) = 2:, SiZi, we have co= so+···+ Sb, c1 = sb+1, c2 = sb+2, ... ; hence 
B(z)C(z) = zbC(z) +Q(z). Now P(z) = zb has b-1 roots qj with jqjj < 1, determined 
as the solutions to e°'(qj-l) = w-j qj, w = e21ri/b. To solve e°'(q-l) = w-1q, let t = aq 
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and z =awe-°' so that t = zet. By Lagrange's formula we get 

= 1 +Lr~ :~ (-l)rn L (n r: r) (-1r-r wnnrn-1. 

r?l rn?O n?r 

By Abel's limit theorem, letting lwl -+ 1 from inside the unit circle, this can be 
rearranged to equal 

Now replacing w by wj and summing for 1 :S j < b yields 

and the desired result follows after some more juggling using the hint of exercise 54. 
This analysis, applied to a variety of problems, was begun by N. T. J. Bailey, 

J. Roy. Stat. Soc. B16 (1954), 80-87; M. Tainiter, JACM 10 (1963), 307-315; A. G. 
Konheim and B. Meister, JACM 19 (1972), 92-108. 

56. See Blake and Konheim, JACM 24 (1977), 591-606. Alfredo Viola and Patricio 
Poblete [Algorithmica 21 (1998), to appear] have shown that 

C =l M-1 ~~(bm-l)m-j~(j-2)(-l)j+bk-lkj-l 
Mb + 2Mb + b L . L bk - 1 

>2 J k>l J_ -

1 1 ~ 1 1 7r -2 -1 b-1 ~ 
= + 3b + b ~ (1- T(e21rij/b-l)) + 24 2b3M + O(b M ), 

where T is the tree function of Eq. 2.3.4.4-(30). 

58. 0 1 2 3 4 and 0 2 4 1 3, plus additive shifts of 1 1 1 1 1 mod 5, each with 
probability 1

1
0

• Similarly, for M = 6 we need 30 permutations, and a solution exists 
starting with 

2
1
0 x 0 1 2 3 4 5' 6

1
0 x 0 1 3 2 5 4' 6

1
0 x 0 2 4 3 1 5' 2

1
0 x 0 2 3 4 5 1, 310 x 0 3 4 1 2 5. 

For M = 7 we need 49, and a solution is generated by 

315 x 0 123 4 5 6, 1~5 x 0 153 2 4 6, 315 x 0 2 4 3 5 1 6, 1~5 x 0 2 6 3 14 5, 

315 x 0 3 6 1 4 2 5, 1~5 x 0 3 2 6 41 5, 1~5 x 0 3 1 5 4 2 6. 

59. No permutation can have a probability larger than 1/(L~2J), so there must be at 
least (L~2J) = exp(Mln2 + O(logM)) permutations with nonzero probability. 

60. Preliminary results have been obtained by Ajtai, Komlos, and Szemeredi, Infor­
mation Processing Letters 7 (1978), 270-273. 

62. See the discussion in AMM 81 (1974), 323-343, where the best cyclic hashing 
sequences are exhibited for M :S 9. 

63. MHM, by exercise 3.3.2-8; the standard deviation is~ 7rM/v'6. 
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64. The average number of moves is equal to ~(N - 1)/M + ~(N - l)(N - 2)/M2 + 
~(N - l)(N - 2)(N - 3)/M3 + · · · ~ l~a - ~ ln l~a. [An equivalent problem is solved 
in Comp. J. 17 (1974), 139-140.] 

65. The keys can be stored in a separate table, allocated sequentially (assuming that 
deletions, if any, are LIFO). The hash table entries point to this "names table"; for 
example, TABLE [i] might have the form 

where Li is the number of words in the key stored at locations KEY [i], KEY [i] + 1, .... 
The rest of the hash table entry might be used in any of several ways: (i) as a 

link for Algorithm C; (ii) as part of the information associated with the key; or (iii) as 
a "secondary hash code." The latter idea, suggested by Robert Morris, sometimes 
speeds up a search [we take a careful look at the key in KEY [i] only if h2 ( K) matches 
its secondary hash code, for some function h2 ( K)]. 

66. Yes; and the arrangement of the records is unique. The average number of probes 
per unsuccessful search is reduced to CN-1, although it remains c;.. when the Nth 
term is inserted. This important technique is called ordered hashing. See Comp. J. 17 
(1974), 135-142; D. E. Knuth, Literate Programming (1992), 144-149, 216-217. 

67. (a) If CJ = 0 in (44), an optimum arrangement is obtained by sorting the a's into 
nonincreasing "cyclic order," assuming that j - 1 > · · · > 0 > M - 1 > · · · > j. 
(b) Between steps L2 and L3, exchange the record-in-hand with TABLE[i] if the latter is 
closer to home than the former. [This algorithm, called "Robin Hood hashing" by Celis, 
Larson, and Munro in FOGS 26 (1985), 281-288, is equivalent to a variant of ordered 
hashing.] (c) Let h(m, n, d) be the number of hash sequences that make c0 :S d. It can 
be shown [Comp. J. 17 (1974), 141] that (h(m, n, d) - h(m, n, d - l))M is the total 
number of occurrences of displacement d > 0 among all MN hash sequences, and that 
we can write h(M, N, d) = a(M, N, d + 1) - N a(M, N - 1, d + 1) where a(m, n, d) = 
2-:::~=0 G) (m+d-k r-k (k-d)k. An elaborate calculation using the methods of exercises 
28 and 50 now shows that the average value of 2.::: dJ is 

N 

Ml-NL d2 (h(M, N, d) - h(M, N, d - 1)) 

M
2 

2M N N
2 

N ( M N 2) =-+-+-+----M ---+- Qo(M N) 
2 3 6 6M 6M 2 2 3 ' 

( 
1 7 2 a a

2
) 

= M 2(1 - a) 2 - 6(1 - a) + 3 + 6 + 6 + O(l) 

when N = aM. Without the modification (see exercise 28), E 2.::: dJ comes to 

M M N 
3 (Q2(M,N)-Q1(M,N))- 2 (Qo(M,N)-1) + 6 

= M ( 1 _ 1 _ 1 ! ~) O( ) 
3(1 - a) 3 3(1 - a)2 2(1 - a) + 2 + 6 + 

1 
· 

If the records all have approximately the same displacement d, and if successful 
searches are significantly more common than unsuccessful ones, it is advantageous to 
start at position h' = h(K) + d and then to probe h' - 1, h' + 1, h' - 2, etc. P. V. 
Poblete, A. Viola, and J. I. Munro have shown [Random Structures and Algorithms 
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10 (1997), 221-255] that I:: dJ can be made almost as small as in the Robin Hood 
method by using a much simpler approach called "last-come-first-served" hashing, in 
which every newly inserted key is placed in its home position; all other keys move one 
step away until an empty slot is found. The Robin Hood and last-come-first-served 
techniques apply to double hashing as well as to linear probing, but the reduction in 
probes does not compensate for the increased time per probe with respect to double 
hashing unless the table is extremely full. (See Poblete and Munro, J. Algorithms 10 
(1989), 228-248.) 

68. The average value of (d1 + · · · + dN) 2 can be shown to equal 

~ ((M - N) 3 + (N + 3)(M - N) 2 + (8N + l)(M - N) + 5N
2 

+ 4N - 1 

- ((M - N) 3 + 4(M - N) 2 + (6N + 3)(M - N) + 8N)Qo(M, N - 1)) 

using the connection between the parking problem and connected graphs mentioned in 
the answer to exercise 31. To get the variance of the average number of probes in a 
successful search, divide by N 2 and subtract ~ ( Qo ( M, N -1)-1) 2

; this is asymptotically 

1
1
2 
((1+2a)/(1- a) 4 

- 1)/N + O(N- 2
). (See D. E. Knuth, P. Flajolet, P. V. Poblete, 

and A. Viola, Algorithmica (1998), to appear. The variance calculated here should be 
distinguished from the total variance, which is E 2.::: d] / N - H Qo ( M, N - 1) - 1 ) 2

; see 
the answers to exercises 3 7 and 6 7.) 

69. Let qk =Pk+ Pk+l +···;then the inequality qk 2: max(O, 1- (k- 1)(M - n)/M) 
gives a lower bound on c~ = L::k?l qk. 

70. A remarkably simple proof by Lueker and Molodowitch [Combinatorica 13 (1993), 
83-96] establishes a similar result but with an extra factor (log M) 2 in the 0 bound; the 
stated result follows in the same way by using sharper probability estimates. A. Siegel 
and J. P. Schmidt have shown, in fact, that the expected number of probes in double 
hashing is 1/(1 - a)+ 0(1/M) for fixed a= N/M. [Computer Science Tech. Report 
687 (New York: Courant Institute, 1995).] 

72. [J. Comp. Syst. Sci. 18 (1979), 143-154.] (a) Given keys Ki, ... , KN and K, the 
probability that Kj is in the same list as K is :S 1/ M if K =I- Kj. Hence the expected 
list size is :S 1 + (N - 1)/M. 

(b) Suppose there are Q possible characters; then there are MQ possible choices 
for each hj. Choosing each hj at random is equivalent to choosing a random row from 
a matrix Hof 1v1Ql rows and Q1 columns, with the entry h(x1 .•. x1) = (h 1 (x 1 ) + · · · + 
h1(x1)) modM in column x1 ... x1. In columns K = x1 ... x1 and K' = x~ ... x; with 
Xj =I- xj for some j, we have h(K) = (s + hj(XJ)) mod Mand h(K') = (s' + hj(xj)) 
mod M, wheres= L::i#J hi(xi) ands'= L::i#j hi(xD are independent of hj. The value 
of hJ(XJ) - hJ(xj) is uniformly distributed modulo M; hence we have h(K) = h(K') 
with probability 1/M, regardless of the values of sands'. 

(c) Yes; adding any constant to hj(XJ) changes h(x) by a constant, modulo M. 

73. (i) This is the special case of exercise 72(c) when each key is regarded as a sequence 
of bits, not characters. (ii) The proof of (b) shows that it suffices to show that hJ(Xj)­
hJ(xj) is uniform modulo M when xj =I- xj. And in fact, the probability that hj(XJ) = y 
and hj(xj) = y' is 1/M2

, for any given y and y', because the congruences ajXj +bj = y 
and ajxj + bj = y' have a unique solution (aJ,bJ) for any given (y,y'), modulo the 
prime M. 

When M is not prime and p is a prime > M, a similar result holds if we let 
hj(XJ) = ((ajXj + bj) modp) modM, where aj and bj are chosen randomly mod p. 
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In this case the family is not quite universal, but it comes close enough for practical 
purposes: The probability that different keys collide is at most 1 / M + r ( J\1 - r) / M p 2 

::::; 

1/M + M/4p2
, where r = p mod M. 

74. The statement is false in general. For example, suppose M = N = n 2
, and consider 

the matrix H with ( ~) rows, one for every way to put n zeros in different columns; 
the nonzero entries are 1, 2, ... , N - n from left to right in each row. This matrix is 
universal because there are ( ~_=-~) = ( ~) ~ ~-=- ~ < ( ~) ( ~) 2 = R/ M matches in every 
pair of columns. But the number of zeros in every row is vN =I- 0(1) + O(N/M). 

Notes: This exercise points out that expected list size is quite different from the 
expected number of collisions when a new key is inserted. Consider letting h(x1 ••• x1) = 
hi(x1), where hi is chosen at random. This family of hash functions makes the expected 
size of every list N / M; yet it is certainly not universal, because a set of N keys that 
have the same first character x 1 will lead to one list of size N and all other lists empty. 
The expected number of collisions will be N(N -1)/2, but with a universal hash family 
this number is at most N(N - 1)/2M, regardless of the set of keys. 

On the other hand we can show that the expected size of every list is 0 ( 1) + 
O(N/VM) in a universal family. Suppose there are Zh zeros in row h. Then that row 
contains at least (z;) pairs of equal elements. The maximum of "I:,~=l Xh subject to 

"I:,~=l (z;) :S (~)R/M occurs when each Zh is equal to z where(~)= (~)/M, namely 

75. (a) Obviously true, even if h2, ... , h1 are identically zero. (b) True, by the 
answer to 72(b ). ( c) True. The result is clear if K, K', and K" all differ in some 
character position. Otherwise, say x j = xj =I- x'J and x k =I- x~ = x%. Then the 
quantities hj(Xj) + hk(xk), hj(Xj) + hk(x~), and hj(x'j) + hk(x~) are independent of 
each other, uniformly distributed, and independent of the other l - 2 characters of the 
keys. (d) False. Consider, for example, the case M = l = 2 with 1-bit characters. Then 
all four keys hash to the same location with probability 1/ 4. 

76. Use h(K) = (ho(l) + hi(x1) + ··· + h1(x1)) modM, where each hj is chosen as in 
exercise 73. Generate the random coefficients for hj (and, if desired, precompute its 
array of values) when a key of length 2:: j occurs for the first time. Since l is unbounded, 
the matrix H is infinite; but only a finite portion is relevant in any particular run of 
the program. 

77. Let p :S 2-16 be the probability that two 32-bit keys have the same image under H. 
The worst case occurs when two given keys agree in seven of their eight 32-bit subkeys; 
then the probability of collision is 1-(1-p)4 < 4p. [See Wegman and Carter, J. Comp. 
Syst. Sci. 22 (1981), 265-279.] 

SECTION 6.5 

1. The path described in the hint can be converted by changing each downward step 
that runs from (i-1,j) to a "new record low" value (i,j -1) into an upward step. If c 
such changes are made, the path ends at (m, n - 2t + 2c), where c 2:: 0 and c 2:: 2t - n; 

hence n - 2t + 2c 2:: n - 2k. In the permutation corresponding to the changed path, 
the smallest c elements of list B correspond to the downward steps that changed, and 
list A contains the t- c elements corresponding to downward steps that didn't change. 
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When t = k it is not difficult to see that the construction is reversible; hence 
exactly (~) permutations are constructed. Incidentally, according to this proof, the 
contents of lists A and C may appear in arbitrary order. 

Notes: We have counted these paths in another way in exercise 2.2.1-4. When 

k = l n/2 J this construction proves Sperner's Lemma, which states that it is impossible 
to have more than ( Lnf

2
J) subs~ts of {1, 2, ... , n} with no subset contained in another. 

[Emanuel Sperner, Math. Zeitschrift 27 (1928), 544-548.] For if we have such a 
collection of subsets, each of the (~) permutations can have at most one of the subsets 
appearing in the initial positions, yet each subset appears in some permutation. The 
construction used here is a disguised form of a more general construction by which 
N. G. de Bruijn, C. van Ebbenhorst Tengbergen, and D. Kruyswijk [Nieuw Archie[ 
voor Wiskunde (2) 23 (1951), 191-193] proved the multiset generalization of Sperner's 
Lemma: "Let M be a multiset containing n elements (counting multiplicities). The 
collection of all l n/2 J-element submultisets of M is the largest possible collection such 
that no submultiset is contained in another." For example, the largest such collection 
when M = {a, a, b, b, c, c} consists of the seven submultisets {a, a, b }, {a, a, c }, {a, b, b }, 
{a,b,c}, {a,c,c}, {b,b,c}, {b,c,c}. This would correspond to seven permutations of 
six attributes Ai, B 1 , A2, B2, A3, B3 in which all queries involving Ai also involve Bi. 
Further comments appear in a paper by C. Greene and D. J. Kleitman, J. Combinatorial 
Theory A20 (1976), 80-88. 

2. Let aijk be a list of all references to records having (i,j, k) as the respective values 
of the three attributes; and assume that ao11 is the shortest of the three lists a 011 , a 101 , 

ano. Then a minimum-length list is aoo1ao11a111a101a1ooa11oa111ao11ao10. However, if 
ao11 is empty and so is either of aoo1, ao10, or aioo, the length can be shortened by 
deleting one of the two occurrences of ai11 [CACM 15 (1972), 802-808]. 

3. (a) Anise seed and/or honey, possibly in combination with nutmeg and/or vanilla 
extract. (b) None. 

4. Let Pt be the probability that the query involves exactly t bit positions, and let Pt 
be the probability that t given positions are all 1 in a random record. Then the answer 
is "l:,tPtPt, minus the probability that a particular record is a "true drop"; the latter 
probability is ( r:,:_qq) / ( 1:.), where N = (~). By the principle of inclusion and exclusion, 

Pt= I)-l)j (~)f(n-j,k,r)/f(n,k,r), 
·>o J J_ 

where f(n, k, r) is the number of possible choices of r distinct k-bit attribute codes in 
an n-bit field, namely 

f(n,k,r)= ( (r~)) . 
And If q = r we have, by exercise 1.3.3-26, 

Pt= I:(-1)
1C:z)C:JPH1 = (~) L::(-1)j(~)J(t-j,k,q)/J(n,k,q). 

12'.0 j?_O J 

Notes: The calculations above were first carried out, in more general form, by 
G. Orosz and L. Takacs, J. of Documentation 12 (1956), 231-234. The mean 'I:, tpt is 
easily shown to be n(l- f(n-1, k, q)/ f(n, k, q)). Another assumption, that the random 
attribute codes in records and queries are not necessarily distinct, as in the techniques 
of Harrison and Bloom, can be analyzed by the same method, setting f ( n, k, r) = (~r. 
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When the parameters are in appropriate ranges, we have Pt ~ (1 - e-kr/n)t and 

'I:, Pt Pt ~ Pn(l-exp(-kq/n)) · 

6. L(t) = "f:,j ( 11;1)(2-~)L1 (j)L2 (t - j)/(rni~rn2 ). [Hence if L1(t) ~ Nla-t and 

L2(t) ~ N2a-t, then L(t) ~ N 1N2 a-t.] 

7. (a) L(l) = 3, £(2) = l~. (b) L(l) = 3~, £(2) = 2~, L(3) = 1 1
9
6 . [Note: A trivial 

projection mapping such as 0 0 * * ---+ 0, 01 * * ---+ 1, 10 * * ---+ 2, 11 * * ---+ 3, has a 
worse worst-case behavior; but it has a better average case, because of the exercise that 
follows: L(l) = 3, £(2) = 2~, £(3) = 1~.] 

8. (a) When S = SoO U Sil, we have ft(S) = ft(So U S1) + ft-1(So) + ft-1(S1). 
Therefore ft(s, m) is the minimum of ft(so, m-1)+ ft-i(so, m-1)+ ft-i(s1, m-1) over 
all so and s1 such that 2rn-l 2: s0 2: s1 2: 0 and so+s1 = s. To prove that the minimum 
occurs for so= ls/21 and s1 = ls/2J, we can use induction on m, the result being clear 
form= 1: Given m 2: 2, let gt(s) = ft(s,m - 1) and ht(s) = ft(s,m - 2). Then, by 
induction, gt(so) + gt-1(so) + gt-1(s1) = ht(lso/21) + ht-1(iso/2l) + ht-i(lso/2J) + 
ht-1 (I so/21 )+ht-2 (I so/21 )+ht-2 ( l so/2 J )+ht-1 (I si/21 )+ht-2 (I si/21 )+ht-2 ( l si/2 J ), 
which is 2: gt(lso/21 + lsi/21) + gt-i(lso/21 + ls1/2l) + gt-i(lso/2J + lsi/2J). And if 
so > s1+1, we have I so/21 +I si/21 < so, except in the case so = 2k+ 1 and s1 = 2k-l. 
In the latter case, however, gt(so) + gt-1(so) + gt-1(s1) 2: ht(2k + 1) + 2ht-1(2k) 2: 
ht(2k) + 2ht-1(2k). 

(b) Observe that the set S containing the numbers 0, 1, ... , s - 1 in binary 
notation has the property that So U S1 = So, and So contains I so/21 elements. It 
follows, incidentally, that ft(2rn-n,m) = [zt] (1+z)n(l+2z)rn-n. 

10. (a) There must be ~v(v-1) triples, and Xv must occur in ~v of them. (b) Since v 
is odd, there is a unique triple {Xi, yj, z} for each i, and so S' is readily shown to be a 
Steiner triple system. The pairs missing in K' are {z,x2}, {x2,y2}, {y2,x3}, {x3,y3}, 
... , { Xv-l, Yv-d, {yv-1, Xv}, {Xv, z }. ( d) Starting with the case v = 1 and applying 
the operations v ---+ 2v - 2, v ---+ 2v + 1 yields all nonnegative numbers not of the 
form 3k + 2, because the cases 6k + (0, 1, 3, 4) come respectively from the smaller cases 
3k + (1, 0, 1, 3). 

Incidentally, "Steiner triple systems" should not have been named after Steiner, 
although that name has become deeply entrenched in the literature. Steiner's publica­
tion [Crelle 45 (1853), 181-182] came several years after Kirkman's, and Felix Klein has 
noted [Vorlesungen iiber die Entwicklung der Math. im 19. Jahrhundert 1 (Springer, 
1926), 128] that Steiner quoted English authors without giving them credit, during the 
later years of his life. Moreover, the concept had appeared already in two well-known 
books of J. Plucker [System der analytischen Geometrie (1835), 283-284; Theorie der 
algebraischen Curven (1839), 245-247]. 

11. Take a Steiner triple system on 2v + 1 objects. Call one of the objects z and name 
the other objects in such a way that the triples containing z are {z, Xi, Xi}; delete these 
triples. 

12. {k, (k+l) mod 14, (k+4) mod 14, (k+6) mod 14}, for 0 ::=; k < 14, where (k + 7) 
mod 14 is the complement of k. [Complemented systems are a special case of group 
divisible block designs; see Bose, Shrikhande, and Bhattacharya, Ann. Math. Statistics 
24 (1953), 167-195.] 

14. Deletion is easiest in k-d trees (a replacement for the root can be found in about 
O(Nl-I/k) steps). In quadtrees, deletion seems to require rebuilding the entire subtree 
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rooted at the node being removed (but this subtree contains only about log N nodes 
on the average). In post-office trees, deletion is almost hopeless. 

16. Let each triple correspond to a codeword, where each codeword has exactly three 
1 bits, identifying the elements of the corresponding triple. If u, v, w are distinct 
codewords, u has at most two 1 bits in common with the superposition of v and w, 
since it had at most one in -common with v or w alone. [Similarly, from quadruple 
systems of order v we can construct v ( v - 1) / 12 codewords, none of which is contained 
in the superposition of any three others, etc.] 

17. (a) Let co= b0 and, for 1 :S k :Sn, let Ck= (if bk-I = 0 then* else bk), c_k =(if 
bk-I = 1 then* else bk)· Then the basic query C-n ... co ... Cn describes the contents of 
bucket b0 ... bn. [Consequently this scheme is a special case of combinatorial hashing, 
and its average query time matches the lower bound in exercise 8 (b).] 

(b) Let dk = [bit k is specified], for -n :S k :Sn. We can assume that d_k :S dk 
for 1 :S k ::; n. Then the maximum number of buckets examined occurs when the 
specified bits are all 0, and it may be computed as follows: Set x ~ y ~ 1. Then for 
k = n, n - 1, ... , 0, set (x, y) ~ (x, y)Md_k+dk, where 

Finally, output x (which also happens to equal y, after k = 0). 
Say that (x, y) '.': (x', y') if x 2:: x' and x + y 2:: x' + y'. Then if (x, y) '.': (x', y') we 

have (x,y)Md '.': (x',y')Md ford= 0, 1, 2. Now 

(x, y)M2M{ M 0 = (FJ+3X, FJ+3x), 

(x, y)M1M{ Mi = (FJ+3X + FJ+2Y, FJ+2X + FJ+1 y), 

(x, y)M0 1v1f M2 = (FJ+2X + FJ+2Y, FJ+2X + FJ+2Y); 

therefore we have (x,y)M1M{M1 '.': (x,y)M2M{M0 , because 2y 2:: x; and similarly 
(x,y)M1M{M1 '.': (x,y)NI0 Mf M2 , because x 2:: y. It follows that the worst case occurs 
when either d_k + dk ::; 1 for 1 :S k :S n or d_k + dk 2:: 1 for 1 :S k :S n. We also have 

(x, y)M0 M{ = (FJ+2X + FJ+2Y, FJ+1X + FJ+1 y), 

(x, y)M{ M 0 = (Fj+2x + Fj+l y, FJ+2X + FJ+1 y); 

(x,y)M2Mf = (FJ+2X, FJ+1x), 

(x, y)Mf M 2 = (FJ+1X + Fjy, FJ+1X + Fjy). 

Consequently the worst case requires the following number of buckets: 

2n-tpt+3, if 0 :St :Sn [from M{M;+l-t]; 

2t-n F3n-2t+3, if n :St :S l3n/2l [from M{n- 2t(M1lv12)t-n Mo]; 

22n+l-t 
) 

[These results are essentially due to W. A. Burkhard, BIT 16 (1976), 13-31, generalized 
in J. Comp. Syst. Sci. 15 (1977), 280-299; but Burkhard's more complicated mapping 
from ao ... a 2 n to bo ... bn has been simplified here as suggested by P. Dubost and 
J.-M. Trousse, Report STAN-CS-75-511 (Stanford Univ., 1975).] 

18. (a) There are 2n(m-n) *'s altogether, hence 2nn digits, with 2nn/m digits in each 
column. Half of the digits in each column must be 0. Hence 2n- 1n/m is an integer, 



6.5 ANSWERS TO EXERCISES 747 

and each column contains (2n- 1n/m) 2 mismatches. Since each pair of rows has at least 

one mismatch, we must have 2n(2n - 1)/2 ::; (2n- 1 n/m) 2 m. 
(b) Consider the 2n m-bit numbers that are 0 in m - n specified columns. Half of 

these have odd parity. A row with * in any of the unspecified columns covers as many 

evens as odds. 
(c) *000, *111, 0*10, 1*10, 00*1, 10*1, 010*, 110*. This one isn't as 

uniform as (13), because a query like *01* hits four rows while *10* hits only two. 

Notice that (13) has cyclic symmetry. 
(d) Generate 43 rows from each row of (13) by replacing each * by****, each 0 

by any one of the first four rows, and each 1 by any one of the last four rows. (A similar 

construction makes an ABD(mm', nn') from any ABD(m, n) and ABD(m', n').) 

(e) Given an ABD(16, 9), we can encircle one * in each row in such a way that 

there are equally many circles in each column. Then we can split each row into two 

rows, with the circled element replaced by 0 and 1. To show that such encirclement 

is possible, note that the asterisks of each column can be arbitrarily divided into 32 

groups of 7 each; then the 512 rows each contain asterisks of 7 different groups, and the 

32 x 8 = 512 groups each appear in 7 different rows. Theorem 7.5.lE (the "marriage 

theorem") now guarantees the existence of a perfect matching with exactly one circled 

element in each row and each group. 
References: R. L. Rivest, SICOMP 5 (1976), 19-50; A. E. Brouwer, Combina­

torics, edited by Hajnal and Sos, Colloq. !VIath. Soc. Janos Bolyai 18 (1978), 173-184. 

Brouwer went on to prove that an ABD(2n, n) exists for all n 2: 32. The method of 

part (d) also yields on ABD(32, 15) when (13) is combined with (15). 

19. By exercise 8, the average number with 8 - k specified bits is 2k-3 f 8 -k(8, 8)/ (~), 

which has the respective values (32, 22, 1 ~4 , 6
7
9

, ~5 , 3
8
3

, ;~, 1
8
3

, 1) ~ (32, 22, 14.9, 9.9, 6.4, 

4.1, 2.6, 1.6, 1) for 8 2: k 2: 0. These are only slightly higher than the values of 32k/3 ~ 
(32, 20.7, 13.5, 8.7, 5.7, 3.7, 2.4, 1.5, 1). The worst-case numbers are (32, 22, 18, 15, 11, 

8,4,2,1). 

20. J. A. La Poutre [Disc. Math. 58 (1986), 205-208] showed that an ABD(m,n) 

cannot exist when m > (;) and n > 3; therefore no ABD(16, 6) exists. La Poutre 

and van Lint [Util. Math. 31 (1987), 219-225] proved that there is no ABD(lO, 5). We 

get an ABD(8, 6) from an ABD(8, 5) or ABD( 4, 3) using the methods of exercise 18; 

this produces several nonisomorphic solutions, and additional examples of ABD(8, 6) 

might also exist. The only remaining possibilities (besides the trivial ABD(5, 5) and 

ABD(6, 6)) are ABD(8, 5) distinct from (15), and perhaps one or more ABD(12, 6). 

All right-I'm glad we found it out detective fashion; 
I wouldn't give shucks for any other way. 

- TOM SAWYER (1884) 



APPENDIX A 

TABLES OF NUMERICAL QUANTITIES 

Table 1 
QUANTITIES THAT ARE FREQUENTLY USED IN STANDARD SUBROUTINES 

AND IN ANALYSIS OF COMPUTER PROGRAMS (40 DECIMAL PLACES) 

Y2 = 1.41421 35623 73095 04880 16887 24209 69807 85697-
Y3 = 1.73205 08075 68877 29352 74463 41505 87236 69428+ 
Y5 = 2.23606 79774 99789 69640 91736 68731 27623 54406+ 

v1IO = 3.16227 76601 68379 33199 88935 44432 71853 37196-
V'i = 1.25992 10498 94873 16476 72106 07278 22835 05703-
w = 1.44224 95703 07408 38232 16383 10780 10958 83919-
~ = 1.18920 71150 02721 06671 74999 70560 47591 52930-
ln 2 = 0.69314 71805 59945 30941 72321 21458 17656 80755+ 
ln 3 = 1.09861 22886 68109 69139 52452 36922 52570 46475-

ln 10 = 2.30258 50929 94045 68401 79914 54684 36420 76011+ 
1/ln 2 = 1.44269 50408 88963 40735 99246 81001 89213 74266+ 

1/ln 10 = 0.43429 44819 03251 82765 11289 18916 60508 22944-
'lr = 3.14159 26535 89793 23846 26433 83279 50288 41972-

1° = 7r/l80 = 0.01745 32925 19943 29576 92369 07684 88612 71344+ 
l/7r = 0.31830 98861 83790 67153 77675 26745 02872 40689+ 

7r2 = 9.86960 44010 89358 61883 44909 99876 15113 53137-
yf7f = r(l/2) = 1.77245 38509 05516 02129 81674 83341 14518 27975+ 

r(l/3) = 2.67893 85347 07747 63365 56929 40974 67764 41287-
r(2/3) = 1.35411 79394 26400 41694 52880 28154 51378 55193+ 

e = 2.71828 18284 59045 23536 02874 71352 66249 77572+ 
1/e = 0.36787 94411 71442 32159 55237 70161 46086 74458+ 

e2 = 7.38905 60989 30650 22723 04274 60575 00781 31803+ 
'Y = 0.57721 56649 01532 86060 65120 90082 40243 10422-

ln 7r = 1.14472 98858 49400 17414 34273 51353 05871 16473-
¢ = 1.61803 39887 49894 84820 45868 34365 63811 77203+ 

e' = 1.78107 24179 90197 98523 65041 03107 17954 91696+ 
e7r/4 = 2.19328 00507 38015 45655 97696 59278 73822 34616+ 
sin 1 = 0.84147 09848 07896 50665 25023 21630 29899 96226-
cos 1 = 0.54030 23058 68139 71740 09366 07442 97660 37323+ 

-(' (2) = 0.93754 82543 15843 75370 25740 94567 86497 78979-
((3) = 1.20205 69031 59594 28539 97381 61511 44999 07650-
ln ¢ = 0.48121 18250 59603 44749 77589 13424 36842 31352-

1/ln ¢ = 2.07808 69212 35027 53760 13226 06117 79576 77422-
-lnln 2 = 0.36651 29205 81664 32701 24391 58232 66946 94543-

748 
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Table 2 
QUANTITIES THAT ARE FREQUENTLY USED IN STANDARD SUBROUTINES 

AND IN ANALYSIS OF COMPUTER PROGRAMS (45 OCTAL PLACES) 

The names at the left of the "=" signs are given in decimal notation. 

0.1 = 0.06314 63146 31463 14631 46314 63146 31463 14631 46315-
0.0l = 0.00507 53412 17270 24365 60507 53412 17270 24365 60510-

0.001 = 0.00040 61115 64570 65176 76355 44264 16254 02030 44672+ 
0.0001 = 0.00003 21556 13530 70414 54512 75170 33021 15002 35223-

0.00001 = 0.00000 24761 32610 70664 36041 06077 17401 56063 34417-
0.000001 = 0.00000 02061 57364 05536 66151 55323 07746 44470 26033+ 

0.0000001 = 0.00000 00153 27745 15274 53644 12741 72312 20354 02151+ 
0.00000001 = 0.00000 00012 57143 56106 04303 47374 77341 01512 63327+ 

0.000000001 = 0.00000 00001 04560 27640 46655 12262 71426 40124 21742+ 
0.0000000001 = 0.00000 00000 06676 33766 35367 55653 37265 34642 01627-

v'2 = 1.32404 74631 77167 46220 42627 66115 46725 12575 17435+ 
v'3 = 1.56663 65641 30231 25163 54453 50265 60361 34073 42223-
!5 = 2.17067 36334 57722 47602 57471 63003 00563 55620 32021-

v'lO = 3.12305 40726 64555 22444 02242 57101 41466 33775 22532+ 
V2 = 1.20505 05746 15345 05342 10756 65334 25574 22415 03024+ 
V3 = 1.34233 50444 22175 73134 67363 76133 05334 31147 60121-
V2 = 1.14067 74050 61556 12455 72152 64430 60271 02755 73136+ 
ln2 = 0.54271 02775 75071 73632 57117 07316 30007 71366 53640+ 
ln 3 = 1.06237 24752 55006 05227 32440 63065 25012 35574 55337+ 

ln 10 = 2.23273 06735 52524 25405 56512 66542 56026 46050 50705+ 
1/ln2 = 1.34252 16624 53405 77027 35750 37766 40644 35175 04353+ 

1/ln 10 = 0.33626 75425 11562 41614 52325 33525 27655 14756 06220-
1'1 = 3.11037 55242 10264 30215 14230 63050 56006 70163 21122+ 

1° = 7r/l80 = 0.01073 72152 11224 72344 25603 54276 633512205611544+ 
1/7r = 0.24276 30155 62344 20251 23760 47257 50765 15156 70067-

1'12 = 11.67517 14467 62135 71322 25561 15466 30021 40654 34103-
yJi = f(l/2) = 1.61337 61106 64736 65247 47035 40510 15273 34470 17762-

f(l/3) = 2.53347 35234 51013 61316 73106 47644 54653 00106 66046-
f(2/3) = 1.26523 57112 14154 74312 54572 37655 60126 23231 02452+ 

e = 2.55760 52130 50535 51246 52773 42542 00471 72363 61661+ 
1/e = 0.27426 53066 13167 46761 52726 75436 02440 52371 03355+ 

e2 = 7.30714 45615 23355 33460 63507 35040 32664 25356 50217+ 
'Y = 0.44142 14770 67666 06172 23215 74376 01002 51313 25521-

ln 7r = 1.11206 40443 47503 36413 65374 52661 52410 37511 46057+ 
¢ = 1.47433 57156 27751 23701 27634 71401 40271 66710 15010+ 

e"f = 1.61772 13452 61152 65761 22477 36553 53327 17554 21260+ 
en/4 = 2.14275 31512 16162 52370 35530 11342 53525 44307 02171-
sin 1 = 0.65665 24436 04414 73402 03067 23644 11612 07474 14505-
cos 1 = 0.42450 50037 32406 42711 07022 14666 27320 70675 12321+ 

-(' (2) = 0. 74001 45144 53253 42362 42107 23350 50074 46100 27706+ 
((3) = 1.14735 00023 60014 20470 15613 42561 31715 10177 06614+ 
ln¢ = 0.36630 26256 61213 01145 13700 41004 52264 30700 40646+ 

1/ln¢ = 2.04776 60111 17144 41512 11436 16575 00355 43630 40651+ 
-ln ln 2 = 0.27351 71233 67265 63650 17401 56637 26334 31455 57005-
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Several interesting constants without common names have arisen in con­
nection with the analyses of sorting and searching algorithms. These constants 
have been evaluated to 40 decimal places in Eqs. 5.2.3-(19) and 6.5-(6), and in 
the answers to exercises 5.2.3-27, 5.2.4-13, 5.2.4-23, 6.2.2-49, 6.2.3-7, 6.2.3-8, 
6.3-26, and 6.3-27. 

Table 3 
VALUES OF HARMONIC NUMBERS, BERNOULLI NUMBERS, 

AND FIBONACCI NUMBERS, FOR SMALL VALUES OF n 

n Hn Bn Fn n 

0 0 1 0 0 
1 1 -1/2 1 1 
2 3/2 1/6 1 2 
3 11/6 0 2 3 
4 25/12 -1/30 3 4 
5 137/60 0 5 5 
6 49/20 1/42 8 6 
7 363/140 0 13 7 
8 761/280 -1/30 21 8 
9 7129/2520 0 34 9 

10 7381/2520 5/66 55 10 
11 83711/27720 0 89 11 
12 86021/27720 -691/2730 144 12 
13 1145993/360360 0 233 13 
14 1171733/360360 7/6 377 14 
15 1195757/360360 0 610 15 
16 2436559/720720 -3617 /510 987 16 
17 42142223/12252240 0 1597 17 
18 14274301/4084080 43867/798 2584 18 
19 275295799/77597520 0 4181 19 
20 55835135/15519504 -174611/330 6765 20 
21 18858053/5173168 0 10946 21 
22 19093197/5173168 854513/138 17711 22 
23 444316699/118982864 0 28657 23 
24 1347822955/356948592 -236364091/2730 46368 24 
25 34052522467/8923714800 0 75025 25 
26 34395742267/8923714800 8553103/6 121393 26 
27 312536252003/80313433200 0 196418 27 
28 315404588903/80313433200 -23749461029/870 317811 28 
29 9227046511387/2329089562800 0 514229 29 
30 9304682830147/2329089562800 8615841276005/14322 832040 30 
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For any x, let Hx = ~ (~ - -
1
-). Then 

~ n n+x 
n>l 

H1;2 = 2 - 2ln2, 

H1;3 = 3- ~7r/vf3- ~ln3, 

H2;3 = ~ + ~1!' /vf3 - ~ ln 3, 

H 1; 4 = 4 - ~ 7r - 3 ln 2, 

H 3; 4 = ~ + ~ 7r - 3 ln 2, 

H1;s = 5- ~7!'¢31 2 5-l/4 
- ~ln5- ~vf5ln¢, 

H2;s = ~ - ~7!'¢- 3 / 2 5-l/4 - ~ ln 5 + ~vf5ln ¢, 

H3;5 = ~ + ~7!'¢- 3 / 2 5-l/4 
- ~ ln 5 + ~vf5ln ¢, 

H4/5 = ~ + ~7!'¢3 1 2 5-l/4 - ~ ln 5 - ~vf5ln ¢, 

H1/6 = 6 - ~7rvf3 - 2 ln 2 - ~ ln 3, 

Hs/6 = ~ + ~7rvf3 - 2 ln 2 - ~ ln 3, 

and, in general, when 0 < p < q (see exercise 1.2.9-19), 

q 1l' p 
H ; = - - - cot -7!' - ln 2q + 2 

p q p 2 q 
2pn n 

cos -7!' · ln sin -7!'. 
q q 
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INDEX TO NOTATIONS 

In the following formulas, letters that are not further qualified have the following 
significance: 

j,k 
m,n 
x,y 

z 

integer-valued arithmetic expression 
nonnegative integer-valued arithmetic expression 
real-valued arithmetic expression 
complex-valued arithmetic expression 
real-valued or complex-valued function f 

p 

S,T 
a,(3 

pointer-valued expression (either A or a computer address) 
set or multiset 
~trings of symbols 

Formal symbolism 

V t-E 

U+-tV 

An or A[n] 

Arnn or A[m, n] 

NODE(P) 

F(P) 

CONTENTS(P) 

LOC(V) 

P ¢=AVAIL 

AVAIL¢= P 

top(S) 

x ¢= s 

s ¢= x 

Meaning 

give variable V the value of expression E 

interchange the values of variables U and V 

the nth element of linear array A 

the element in row m and column n of rect­
angular array A 

the node (group of variables that are indi­
vidually distinguished by their field names) 
whose address is P, assuming that P =f- A 

the variable in NODE(P) whose field name is F 

contents of computer word whose address is P 

address of variable V within a computer 

set the value of pointer variable P to the 
address of a new node 

return NODE (P) to free storage; all its fields 
lose their identity 

node at the top of a nonempty stack S 

pop up S to X: set X +- top(S); then delete 
top(S) from nonempty stack S 

push down X onto S: insert the value X as 
a new entry on top of stack S 

752 

Where 
defined 

1.1 
1.1 
1.1 

1.1 

2.1 
2.1 
2.1 
2.1 

2.2.3 

2.2.3 
2.2.1 

2.2.1 

2.2.1 
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Where 
Formal symbolism Meaning defined 

(B ==} E; E') conditional expression: denotes E if B is 
true, E' if B is false 

[B] characteristic function of condition B: 
(B ==} 1; 0) 1.2.3 

Okj Kronecker delta: (j = k] 1.2.6 

[zn] g(z) coefficient of z n in power series g ( z) 1.2.9 

"L J(k) sum of all f ( k) such that the variable k is an 
R(k) integer and relation R( k) is true 1.2.3 

II J(k) product of all J(k) such that the variable k 
R(k) is an integer and relation R( k) is true 1.2.3 

min J(k) minimum value of all J(k) such that the var-
R(k) iable k is an integer and relation R( k) is true 1.2.3 

maxf(k) maximum value of all f(k) such that the var-
R(k) iable k is an integer and relation R( k) is true 1.2.3 

j\k j divides k: k modj = 0 and j > 0 1.2.4 

S\T set difference: {a I a in S and a not in T} 

gcd(j, k) greatest common divisor of j and k: 

(j = k = 0 ==} O; max d) 1.1 
d\j, d\k 

j _l k j is relatively prime to k: gcd(j, k) = 1 1.2.4 
AT transpose of rectangular array A: 

AT[j, k] = A[k,j] 1.2.3 

aR left-right reversal of a 

xY x to the y power (when x is positive) 1.2.2 
xk x to the kth power: 

( k 2'. o =} II x; 1/x-k) 1.2.2 
05:j<k 

xk x to the k rising: r(x + k)/r(x) = 

( k 2'. o =} II (x + Jl; 1/(x + k)-k) 1.2.5 
05:j<k 

x/5; x to the k falling: x!/(x - k)! = 

( k 2'. o =} II (x - j); 1/(x-wk) 1.2.5 
05:j<k 
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Formal symbolism Meaning 

n! n factorial: r(n + 1) = n!!:. 

(~) binomial coefficient: (k < 0 ==} O; xk/k!) . 
(n,,n2 ,n. ,nJ multinomial coefficient (defined only when 

n = n1 + n2 + · · · +nm) 

[;] Stirling number of the first kind: 

{mn} Stirling number of the second kind: 

l.Sk1::; kz::; · · · .S kn -rn .Sm 

{a I R( a)} set of all a such that the relation R( a) is true 

{a1 , ... ,an} the set or multiset {ak I 1 ~ k:::; n} 

{ x} fractional part (used in contexts where a 

Where 
defined 

1.2.5 

1.2.6 

1.2.6 

1.2.6 

1.2.6 

real value, not a set, is implied): x - L x J 1.2.11.2 

[a .. b] closed interval: { x I a :::; x :::; b} 1.2.2 

(a .. b) open interval: { x I a < x < b} 1.2.2 

[a .. b) half-open interval: {x I a~ x < b} 1.2.2 

(a .. b] half-closed interval: { x I a < x ~ b} 1.2.2 

ISi cardinality: the number of elements in set S 

lxl absolute value of x: (x ~ 0 ==} x; -x) 

xmody 

x x' (modulo y) 

O(f(n)) 

O(f(z)) 

O(f(n)) 

e(f(n)) 

length of a 

floor of x, greatest integer function: maxk::;x k 

ceiling of x, least integer function: mink;:::x k 

mod function: (y = 0 ==} x; x - yLx/yJ) 

relation of congruence: x mod y = x' mod y 

big-oh off (n), as the variable n ~ oo 

big-oh of f( z), as the variable z ~ 0 

big-omega of f(n), as the variable n ~ oo 

big-theta of J(n), as the variable n ~ oo 

1.2.4 

1.2.4 

1.2.4 

1.2.4 

1.2.11.1 

1.2.11.1 

1.2.11.1 

1.2.11.1 
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Formal symbolism 

lnx 

lgx 

expx 

J' (x) 

!" ( x) 
f(n) (x) 

Meaning 

logarithm, base b, of x (when x > 0, 
b > 0, and b =f- 1): they such that x = bY 

natural logarithm: loge x 

binary logarithm: log2 x 

exponential of x: ex 

the infinite sequence Xo, X1, X2, ... 
(here the letter n is part of the symbolism) 

derivative of f at x 

second derivative of f at x 

nth derivative: ( n = 0 ==} f (x ); g'(x)), 
where g(x) = J(n-l)(x) 

harmonic number of order x: L 1 / kx 

Hn harmonic number: H~1 ) 

Fn Fibonacci number: 
(n ~ 1 ==} n; Fn-l + Fn-2) 

En Bernoulli number: n! [zn] z/(ez - 1) 

det(A) determinant of square matrix A 

sign(x) sign of x: [x > O] - [x < O] 

((x) zeta function: limn-+oo H~x) (when x > 1) 

r(x) gamma function: (x - 1)! = 1(x, oo) 

1(x, y) incomplete gamma function: J~ e-ttx-l dt 

/' Euler's constant: limn-+oo(Hn -Inn) 

e base of natural logarithms: L:n;:::o 1/n! 

7r circle ratio: 42:n>o(-lr/(2n+l) 

oo infinity: larger than any number 

A null link (pointer to no address) 

E empty string (string of length zero) 

0 empty set (set with no elements) 

¢ golden ratio: ~ ( 1 + vf5) 

Where 
defined 

1.2.2 

1.2.2 

1.2.2 

1.2.2 

1.2.9 

1.2.9 

1.2.10 

1.2.11.2 

1.2.7 

1.2.7 

1.2.8 

1.2.11.2 

1.2.3 

1.2.7 

1.2.5 

1.2.11.3 

1.2.7 

1.2.2 

2.1 

1.2.8 

<p(n) Euler's totient function: L [k J_ n] 1.2.4 
O~k<n 

x ~ y x is approximately equal to y 1.2.5 
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Formal symbolism 

Pr(S(X)) 

EX 

mean(g) 

var(g) 

(min x1, ave x2, 
max x3, dev x4) 

~z 

'Sz 

Meaning 

probability that statement S(X) is true, for 
random values of X 

exp~cted value of X: L:x x Pr( X = x) 

mean value of the probability distribution 
represented by generating function g: g' (1) 

variance of the probability distribution 
represented by generating function g: 

g"(l) + g'(l) - g'(1) 2 

a random variable having minimum 
value x1, average (expected) value x 2, 
maximum value X3, standard deviation x 4 

real part of z 

imaginary part z 

z complex conjugate: ~z - i 'Sz 

( ... a1 ao .a_1 ... )b radix-b positional notation: L:k akbk 

aTf3 

S l±J T 

J(x)\~ 
I 

u 

rA 

rX 

rll, ... , rl6 

rJ 

(L:R) 

OP ADDRESS,I(F) 

u 

* 
OF, 1F, 2F, ... , 9F 

OB, 1B, 2B, ... , 9B 

OH, 1H, 2H, ... , 9H 

continued fraction: 

l/(x1+l/(x2+1/( · · · + 1/(xn) ... ))) 

intercalation product 

multiset sum; e.g., {a,b}l±J{a,c} = {a,a,b,c} 

function growth: J(b) - J(a) 

end of algorithm, program, or proof 

one blank space 

register A (accumulator) of MIX 

register X (extension) of MIX 

(index) registers Il, ... , I6 of MIX 

(jump) register J of MIX 

partial field of MIX word, 0 ~ L ~ R ~ 5 

notation for MIX instruction 

unit of time in MIX 

"self" in MIXAL 

"forward" local symbol in MIXAL 

"backward" local symbol in MIXAL 

"here" local symbol in MIXAL 

Where 
defined 

1.2.10 

1.2.10 

1.2.10 

1.2.10 

1.2.10 

1.2.2 

1.2.2 

1.2.2 

4.1 

4.5.3 

5.1.2 

4.6.3 

1.1 

1.3.1 

1.3.1 

1.3.1 

1.3.1 

1.3.1 

1.3.1 

1.3.1, 1.3.2 

1.3.1 

1.3.2 

1.3.2 

1.3.2 

1.3.2 
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If you don't find it in the Index, 
look very carefully through the entire catalogue. 

- SEARS, ROEBUCK AND CO., Consumers Guide (1897) 

When an index entry refers to a page containing a relevant exercise, see also the answer to 
that exercise for further information. An answer page is not indexed here unless it refers to a 
topic not included in the statement of the exercise. 

-CXl, 4, 142-144, 156, 214, 663-664, 
685, 707. 

1/3-2/3 conjecture, 197. 
2-3 trees, 476-477, 480, 483, 715. 
(2, 4)-trees, 477. 
2-d trees, 565. 
2-descending sequence, 451. 
2-ordered permutations, 86-88, 103, 

112-113, 134. 
80-20 rule, 400-401, 405, 456. 
CXl, 4, 138-139, 257-258, 263, 521, 

624-625, 646. 
as sentinel, 159, 252, 308, 324. 

7r (circle ratio), 372, 520, 748-749. 
1> (golden ratio), xiv, 138, 517-518, 748-749. 

(a, b)-trees, 477. 
Abbreviated keys, 512, 551. 
Abel, Niels Henrik, binomial formula, 552. 

limit theorem, 740. 
Abraham, Chacko Thakadiparambil, 578. 
Absorption laws, 239. 
Adaptive sorting, 389. 
Addition of apples to oranges, 401. 
Addition of polynomials, 165. 
Addition to a list, see Insertion. 
Address calculation sorting, 99-102, 

104-105, 176-177, 380, 389, 698. 
Address table sorting, 74-75, 80. 
Adelson-Velsky, Georgii Maximovich 

( Ari;eJibCOH-BeJibCKHH, reoprHii 
MaKCHMOBH'-I), 459, 460. 

Adjacent transpositions, 13, 240, 403, 
404, 640, 668. 

Adversaries, 198-202, 205-207, 209-210, 
218, 671. 

AF-heaps, 152. 
Agarwal, Ramesh Chandra (~ ~ 

W~ tj I~), 359, 389. 
Agenda, see Priority queue. 
Aggarwal, Alok (~ a:fl~tjl~), 698. 
Aho, Alfred Vaino, 476, 479, 652. 
Aigner, Martin, 241. 
Ajtai, Miklos, 228, 673, 740. 
al-Khwarizmi, Abu 'Abd Allah 

Mul).ammad ibn Musa 
C,,..o.J...il_,.=.JI <..>'""Y' .:.>-: ~ 4.l.11 ~ ~1), 8. 

Aldous, David John, 728. 
Alekseev, Vladimir Evgenievich (AJieKceeB, 

BJia,IJ;HMHp EBreHbeBwi), 232, 233, 
237, 238. 

Alexanderson, Gerald Lee, 599. 
ALGOL, 454. 
Algorithms, analysis of, see Analysis. 

comparison of, see Comparison. 
proof of, see Proof. 

Allen, Brian Richard, 478. 
Allen, Charles Grant Blairfindie, 558. 
Alphabetic binary encoding, 452-454. 
Alphabetic order, 7, 420-421, 453. 
Altenkamp, Doris, 713. 
Alternating runs, 46. 
Amble, Ole, 556. 
Amdahl, Gene Myron, 547. 
American Library Association rules, 7-8. 
AMM: American Mathematical Monthly, 

published by the Mathematical 
Association of America since 1894. 

Amortized cost, 478, 549. 
Amphisbaenic sort, 347, 388. 
Anagrams, 9, see also Permutations 

of a multiset. 
Analysis of algorithms, 3, 77-78, 80, 82, 

85-95, 100-105, 108-109, 118-122, 
140, 152-158, 161-162, 167-168, 
174-177, 185-186, 255-256, 259-266, 
274-279, 285-287, 294-299, 330-335, 
339-343, 379, 382, 387-388, 397-408, 
412-413, 424-425, 430-431, 454-458, 
466-471, 479-480, 485-486, 490, 
500-512, 524-525, 534-539, 543-544, 
552-557, 565-566, 576, 619, see also 
Complexity analysis. 

Analytical Engine, 180. 
AND (bitwise and), 134, 531, 629. 
Andre, Antoine Desire, 68, 605. 
Anti-stable sorting, 347, 615, 650. 
Antisymmetric function, 66. 
Anuyogadvara-sutra (3l'~~~lf.,..'p~1~a~1 {~ft~~), 23. 
Apollonius Sophista, son of Archibius 

('A7toAAWvt0c; o :Eo<fnCT"trJC:, 1:0u 
'Apx~~lou), 421. 

Appell, Paul Emile, 679. 
Approximate equality, 9, 394-395. 

757 
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Aragon, Cecilia Rodriguez, 478. 
Archimedes of Syracuse ('Apx~µ-fioric; 

6 :Eupa.xoucrwc;), 13. 
solids, 593. 

Arge, Lars Allan, 489. 
Argument, 392. 
Arisawa, Makoto (:ff i' IDi.Jt), 574. 
Arithmetic overflow, 6, 519, 585 .• 
Arithmetic progressions, 517. 
Armstrong, Philip Nye, 225, 244, 245, 675. 
Arora, Sant Ram (~ U11 anTCT), 455. 
Arpac1-Dusseau, Andrea Carol, 390. 
Arpac1-Dusseau, Remzi Hussein, 390. 
Ascents, 35. 
Ashenhurst, Robert Lovett, 344, 348. 
Askey, Richard Allen, 601. 
Associated Stirling numbers, 266. 
Associative block designs, 574-575, 582. 
Associative law, 24, 35, 239, 461, 592. 
Associative memories, 392, 579. 
Asymptotic methods, 41-42, 45, 62-64, 

69, 128-134, 136-138, 194-195, 
286-287, 405, 479, 490, 504-506, 
509-510, 555-557, 644. 

limits of applicability, 318. 
Attitude, 73. 
Attributes, 559. 

binary, 567-576. 
compound, 564, 566-567. 

auf der Heide, see Meyer auf der Heide. 
Automatic programming, 387. 
AVL trees, 459, see Balanced trees. 
Avni, Haim (')JN O"n), 707. 

B-trees, 482-491, 549, 563. 
B+ -trees, 486. 
B* -trees, 488. 
Babbage, Charles, 180. 
Baber, Robert Laurence, 704. 
Babylonian mathematics, 420. 
Bachrach, Ran (llJJ 11), 403. 
Backward reading, see Read-backward. 
Baeza-Yates, Ricardo Alberto, 489, 713, 715. 
Bafna, Vineet (f.HR:r ~), 615. 
Bailey, Norman Thomas John, 740. 
Balance factor, 459, 479. 
Balanced filing, 576-578, 581. 
Balanced incomplete block designs, 576. 
Balanced merging, 248-251, 267, 297, 

299-300, 311, 325, 333, 386-387, 587. 
with rewind overlap, 297. 

Balanced radix sorting, 343, 386. 
Balanced trees, 150-151, 458-491, 

547, 592, 713. 
weight-balanced, 476, 480. 

Balancing a binary tree, 480. 
Balancing a k-d tree, 566. 
Balbine, Guy de, 528. 
Ball, Walter William Rouse, 593. 

Ballot problem, 61, 66. 
Barnett, John Keith Ross, 168. 
Barton, David Elliott, 44, 602, 604, 605. 
Barve, Rakesh Dilip (~~fil), 371. 
Barycentric coordinates, 437. 
Basic query, 569, 574-576, 579-582. 
Batcher, Kenneth Edward, 111, 223, 226, 

230-232, 235, 381, 389, 667. 
Batching, 98, 159, 560, 563. 
Baudet, Gerard, 671. 
Bayer, Paul Joseph, 454, 458. 
Bayer, Rudolf, 477, 482, 483, 487, 490, 721. 
Bayes, Anthony John, 346. 
Bell, Colin James, 337. 
Bell, David Arthur, 167, 388, 647. 
Bell, James Richard, 531, 532. 
Bellman, Richard Ernest, ix. 
Ben-Amram, Amir Mordechai 

(Oll'JY-P 'J11YJ l'YJN), 181. 
Bencher, Dennis Leo, 312, 313, 316. 
Benchmarks, 389-391. 
Bender, Edward Anton, 605, 609, 696. 
Bennett, Brian Thomas, 378. 
Bennett, Mary Katherine, 718-719. 
Bent, Samuel Watkins, 213, 478, 666. 
Bentley, Jon Louis, 122, 403, 512, 

565-566, 633, 635. 
Berkeley, George, 780. 
Berman, Joel David, 669. 
Berners-Lee, Conway Maurice, 98, 453. 
Bernoulli, Jacques (=Jakob= James), 

numbers, 506, 602, 637, 750. 
numbers, calculation of, 611. 

Berra, Lawrence Peter "Yogi", 476. 
Bertrand, Joseph Louis Frarn;ois, 605. 
Best-fit allocation, 480. 
Best possible, 180. 
Beta distribution, 586. 
Betz, B. K., 268, 288. 
Beus, Hiram Lynn, 245-246. 
Bhaskara Acharya ('l1 I Hi< I "'414), 23. 
Bhattacharya, Kailash Nath (~ ~ 

~ijlblifJ), 745. 
Biased trees, 4 78. 
Bienayme, Irenee Jules, 605. 
Bierce, Ambrose Gwinnett, 558. 
BINAC computer, 386. 
Binary attributes, 567-576. 
Binary computers, 411. 
Binary insertion sort, 82-83, 97, 183, 

186, 193, 225, 386. 
Binary merging, 203-204, 206. 
Binary quicksort, see Radix exchange. 
Binary search, 82, 203, 409-417, 420, 

422-423, 425, 435, 546, 643. 
uniform, 414-416, 423. 

Binary search trees, 426-481, 565. 
optimum, 436-454, 456-458, 4 78. 
pessimum, 457, 711. 



Binary tree: Either empty, or a root 
node and its left and right binary 
subtrees; see also Complete binary 
tree, Extended binary tree. 

enumeration, 60-61, 157, 295, 467, 479. 
triply linked, 158, 4 75. 

Binary tries, 500-502. 
Binomial coefficients, 30-31, 87, 190. 
Binomial probability distribution, 100-101, 

341, 539, 555. 
Binomial queues, 152. 
Binomial transforms, 136-137, 508. 
Biquinary number system, 694. 
Birkhoff, Garrett, 719. 
Birthday paradox, 513, 549. 
Bisection, 410, see Binary search. 
BIT: Nordisk Tidskrift for Informations­

Behandling, an international journal 
published in Scandinavia since 1961. 

Bit strings, 561-562, 572-573. 
Bit vectors, 235. 
Bitner, James Richard, 478, 703. 
Bitonic sequence, 231. 
Bitonic sorter, 230-232, 243, 244. 
Bits of information, 183, 442-443. 
Bitwise and, 111, 531, 589. 
Bjorner, Anders, 609. 
Blake, Ian Fraser, 740. 
Blanks, algebra of, 592. 
Bleier, Robert E., 578. 
Block designs, 576-578. 
Blocks of records, 258. 

on disk, 358-359, 369. 
on tape, 318-320. 

Bloom, Burton H., 572-573, 578, 744. 
Blum, Manuel, 214. 
Boas, Peter van Emde, 152. 
Boehme McGraw, Elaine M., 547. 
Boerner, Hermann, 669. 
Bollobas, Bela, 645. 
Book of Creation (ill'~' l:JO), 23. 
Boolean queries, 559, 562, 564. 
Booth, Andrew Donald, 396, 400, 

422, 453, 454. 
Boothroyd, John, 617. 
Borwein, Peter Benjamin, 155. 
Bose, Raj Chandra (~ s-a ~, 226, 

578, 745. 
Bostic, Keith, 177, 652. 
Bottenbruch, Hermann, 422, 425. 
Bouricius, Willard Gail, 195, 223. 
Bourne, Charles Percy, 395, 578. 
Brandwood, Leonard, 400. 
Brawn, Barbara Severa, 698. 
Breaux, Nancy Ann Eleser, 680. 
Brent, Richard Peirce, 532-533, 546, 718. 
Briandais, Rene Edward de la, 494. 
Brouwer, Andries Evert, 575, 747. 
Brown, John, 7. 
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Brown, Mark Robbin, 152, 479. 
Brown, Randy Lee, 152. 
Brown, William Stanley, 157. 
Bruhat, Frarn;ois, order, 628, 670. 

weak, 13, 19, 22, 628, 670. 
Bruijn, Nicolaas Govert de, 130, 138, 

603, 668, 670, 671, 744. 
Bryce, James Wares, 385. 
Bubble sort, 106-109, 128-130, 134, 

140, 222-223, 240, 244, 246-247, 
348-349, 380, 387, 390. 

multihead, 244-245. 
Buchholz, Werner, 396, 548. 
Buchsbaum, Adam Louis, 481. 
Bucket sorting, 169. 
Buckets, 541-544, 547-548, 564, 555. 
Buffering, 339-343, 387, 488. 

size of buffers, 332-333, 349, 360, 
367-368, 376-377. 

Bulk memory, 356, see Disk storage. 
Burge, William Herbert, 279, 297, 337. 
Burkhard, Walter Austin, 746. 
Burton, Robert, v. 
Butterfly network, 227, 236-237. 

c, 426. 
Cache memory, 389. 
CACM: Communications of the ACM, 

a publication of the Association for 
Computing Machinery since 1958. 

Calendar queues, 152. 
Cancellation laws, 24. 
Canfield, Earl Rodney, 673. 
Cards, see also Playing cards. 

edge-notched, 1, 569-570, 578. 
feature, 569-570, 578. 
machines for sorting, 169-170, 175, 

383-385. 
Carlitz, Leonard, 39, 47, 613, 620. 
Caron, Jacques, 279, 280, 286, 287. 
Carries, 691. 
Carroll, Lewis ( = Dodgson, Charles 

Lutwidge), 216, 584. 
Carter, John Lawrence, 519, 557, 743. 
Carter, William Caswell, 279, 288, 297. 
Cartesian trees, 4 78. 
Cascade merge, 288-300, 311, 326, 

333, 338, 389. 
read-backward, 328, 334. 
with rewind overlap, 299, 327, 

333-334, 342. 
Cascade numbers, 294-299. 
Cascading pseudo-radix sort, 347. 
Catalan, Eugene Charles, numbers, 61, 295. 
Catenated search, 407. 
Cawdrey (= Cawdry), Robert, 421. 
Cayley, Arthur, 628, 653. 
Celis Villegas, Pedro, 741. 
Cells, 564. 
Census, 383-386, 395. 
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Cesari, Yves, 193, 279. 
Chaining, 520-525, 542-544, 547, 553, 557. 

to reduce seek time, 368-369. 
Chakravarti, Gurugovinda (X3q;c~ 

~),23. 
Chandra, Ashok Kumar(~~ 

~), 422. 
Chang, Shi-Kuo (i}i ~ ~), 458.° 
Chartres, Bruce Aylwin, 156. 
Chase, Stephen Martin, 196. 
Chazelle, Bernard Marie, 583. 
Chebyshev, Pafnutii Lvovich (qe6b1IIIeB, 

TiaqrnyTHH JhBOBH'I), 395. 
polynomials, 296, 685. 

Chen, Wen-Chin (ffil Jt Jl), 548. 
Cherkassky, Boris Vasilievich (qepKaccKHii, 

Bopttc BacHJibeBwi), 152. 
Chessboard, 14, 46-47, 69. 
Choice of data structure, 95-96, 141, 

151-152, 163-164, 170-171, 459, 
561-567. 

Chow, David Kuo-kien, 578. 
Christen, Claude Andre, 204, 658. 
Chronological order, 372, 379. 
Chung, Fan Rong King (it~ j'j ~), 402. 
Chung, Moon Jung e~ciy:Aj = ~JtM), 673. 
Church, Randolph, 669. 
CI: MIX's comparison indicator, 6. 
Cichelli, Richard James, 513. 
Circular lists, 407, 729. 
Clausen, Thomas, 157. 
Cleave, John Percival, 400. 
Clement, Julien Stephane, 728. 
Cliques, 9. 
Closest match, search for, 9, 394, 408, 

563, 566, 581. 
CMath: Concrete Mathematics, a book 

by R. L. Graham, D. E. Knuth, 
and 0. Patashnik. 

CMPA (compare rA), 585. 
Coalesced chaining, 521-525, 543, 548, 

550-554, 557, 730. 
COBOL, 339, 532. 
Cocktail-shaker sort, 110, 134, 356, 676, 694. 
Codes for difficulty of exercises, xi. 
Coffman, Edward Grady, Jr., 496. 
Goldrick, David Blair, 638. 
Cole, Richard John, 583. 
Colin, Anrew John Theodore, 453, 454. 
Collating, 158, 385-387, see Merging. 
Collating sequence, 7, 420-421. 
Collision resolution, 514, 520-557. 
Column sorting, 343. 
Combinatorial hashing, 573-575, 579-580, 

582, 746. 
Combinatorial number system, 573. 
Comer, Douglas Earl, 489. 
Commutative laws, 239, 455. 

Comp. J.: The Computer Journal, a 
publication of the British Computer 
Society since 1958. 

Comparator modules, 221, 234, 241. 
Comparison counting sort, 75-80, 382, 387. 
Comparison-exchange tree, 196. 
Comparison matrix, 188. 
Comparison of algorithms, 151, 324-338, 

347-348, 380-383, 471, 545-547. 
Comparison of keys, 4. 

minimizing, 180-247, 413, 425, 549. 
multiprecision, 6, 136, 169. 
parallel, 113, 222-223, 228-229, 235, 

390, 425, 671. 
searching by, 398-399, 409-491, 546-547. 
sorting by, 80-122, 134-168, 180-197, 

219-343, 348-383. 
Comparison trees, 181-182, 192-197, 

217, 219-220, 411-417. 
Compiler techniques, 2-3, 426, 532. 
Complement notations, 177. 
Complementary pairs, 9. 
Complemented block designs, 581. 
Complete binary trees, 144, 152-153, 158, 

211, 217, 253-254, 258, 267, 425. 
Complete P-ary tree, 361, 697. 
Complete ternary trees, 157. 
Complex partitions, 21. 
Complexity analysis of algorithms, 168, 

178-179, 180-247, 302-311, 353-356, 
374-378, 388, 412--413, 425, 491, 
539-541, 549, 578. 

Components of graphs, 189. 
Compound attributes, 564, 566-567. 
Compound leaf of a tree, 688. 
Compressed tries, 507. 

dynamic, 722. 
Compression of data, 453, 512. 
Compromise merge, 297. 
Computational complexity, see Complexity. 
Computational geometry, 566. 
Computer operator, skilled, 325, 337, 349. 
Computer Sciences Corporation, 2. 
Comrie, Leslie John, 170, 385. 
Concatenation of balanced trees, 474, 479. 
Concatenation of linked lists, 172. 
Concave functions, 443, 456, 458. 
Concurrent access, 491. 
Conditional expressions, 753. 
Connected graphs, 189, 733, 742. 
Consecutive retrieval, 567, 579. 
Convex functions, 366, 375. 
Convex hulls, 4 78, 670. 
Cookies, 567-571, 577. 
Coordinates, 564-566. 
Copyrights, iv, 387. 
Carmen, Thomas H., 477. 
Coroutines, 259. 
Cotangent, 194. 



Counting, sorting by, 75-80. 
Covering, 235. 
Coxeter, Harold Scott Macdonald, 593. 
Cramer, Gabriel, 11. 
Cramer, Michael, 650. 
Crane, Clark Allan, 149-150, 152, 474, 

475, 479, 716. 
Crelle: Journal fiir die reine und angewandte 

Mathematik, an international journal 
founded by A. L. Crelle in 1826. 

Criss-cross merge, 312-315, 317. 
Cross-indexing, see Secondary key retrieval. 
Cross-reference routine, 7. 
Crossword-puzzle dictionary, 573. 
Cube, n-dimensional, linearized, 408. 
Culberson, Joseph Carl, 435. 
Culler, David Ethan, 390. 
Cundy, Henry Martyn, 593. 
Cunto Pucci, Walter, 218. 
Curtis, Pavel, 251. 
Cycles of a permutation, 25-32, 62, 156, 

617, 628, 639-640, 657. 
Cyclic occupancy problem, 379. 
Cyclic rotation of data, 619. 
Cyclic single hashing, 556-557. 
Cylinders of a disk, 357, 376, 482, 489, 562. 
Cypher, Robert Edward, 623. 
Czech, Zbigniew Janusz, 513. 
Czen Ping (Ji.X; :if), 186. 

Daly, Lloyd William, 421. 
Dannenberg, Roger Berry, 583. 
Data compression, 453, 512. 
Data structure, choice of, 95-96, 141, 

151-152, 163-164, 170-171, 459, 
561-567. 

Database, 392. 
David, Florence Nightingale, 44, 602, 605. 
Davidson, Leon, 395. 
Davies, Donald Watts, 388. 
Davis, David Robert, 578. 
Davison, Gerard A., 152. 
de Balbine, Guy, 528. 
de Bruijn, Nicolaas Govert, 130, 138, 

603, 668, 670, 671, 744. 
de la Briandais, Rene Edward, 494. 
de Peyster, James Abercrombie, Jr., 544. 
de Stael, Madame, see Stael-Holstein. 
Deadlines, 407. 
Deadlocks, 721. 
Debugging, 520. 
Decision trees, 181-182, 192-197, 217, 

219-220, 411-417, 443-444. 
Dedekind, Julius Wilhelm Richard, 239. 

sums, 20. 
Degenerate trees, 430, 454, 711. 
Degenerative addresses, 547. 
Degree path length, 363-367. 
Degrees of freedom, 258-259. 

INDEX AND GLOSSARY 761 

Deletion: Removing an item. 
from a B-tree, 490. 
from a balanced tree, 473, 479. 
from a binary search tree, 431-435, 

455, 458. 
from a digital search trees, 508. 
from a hash table, 533-534, 548-549, 

552, 556, 741. 
from a heap, 157. 
from a leftist tree, 158. 
from a multidimensional tree, 581. 
from a trie, 507. 

Demuth, Howard B., 109, 184, 246, 348, 
353, 387, 388, 676. 

Den, Vladimir Eduardovich (~eHb, 
BJia.IJ;HMHp 9.ri;yap,ri;oBwI), 7. 

Denert, Marlene, 596. 
Dent, Warren Thomas, 455. 
Derangements, 679. 
Descents, 35. 
Determinants, 11, 14, 19, 33-34. 

Vandermonde, 59, 610, 729. 
Deutsch, David Nachman, 204. 
Devroye, Luc Piet-Jan Arthur, 565, 

713, 721, 728. 
Diagram of a partial order, 61-62, 

183-184, 187,. 
Dictionaries of English, 1-2, 421, 558, 589. 
Dictionary order, 5. 
Dietzfelbinger, Martin Johannes, 549. 
Digital search trees, 502-505, 508-511, 

576, 646. 
optimum, 511. 

Digital searching, 492-512. 
Digital sorting, 169, 343, see Radix sorting. 
Digital tree search, 496-498, 517, 

546-547, 547. 
Dijkstra, Edsger Wijbe, 636. 
Diminishing increment sort, 84. 
Dinsmore, Robert Johe, 258. 
Direct-access memory, 356, see Disk storage. 
Direct sum of graphs, 189-191. 
Directed graphs, 9, 61-62, 184. 
Discrete entropy, 374-375. 
Discrete logarithms, 10. 
Discrete system simulation, 149. 
Discriminant, 59, 66, 68. 
Disk storage, 357-379, 389-390, 407, 

481-491, 562-563. 
Disk striping, 370, 378, 389. 
Displacements, variance of, 556. 
Distribution counting sort, 78-80, 99, 

170, 176-177' 380-382. 
Distribution functions, 105, see Probability. 
Distribution patterns, 343-348. 
Distribution sorting, see Radix sorting. 
Distributive laws, 239. 
Divide and conquer, 175. 

recurrence, 168, 224, 674. 
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Divisor function d( n), 138. 
Dixon, John Douglas, 611. 
DNA, 34, 72. 
Dobkin, David Paul, 583. 
Dobosiewicz, Wlodzimierz, 176, 266, 

628, 680. 
Dodd, Marisue, 520. 
Dodgson, Charles Lutwidge, 207, •see Carroll. 
Dor, Dorit (111 JP111), 664. 
Doren, David Gerald, 212, 218. 
Dot product, 406. 
Double-entry bookkeeping, 561. 
Double hashing, 528-533, 546, 548, 

551-552, 556, 557, 742. 
Double rotation, 461, 464, 477. 
Doubly exponential sequences, 467, 715. 
Doubly linked list, 393, 375, 543, 646, 713. 
Douglas, Alexander Shafto, 98, 388, 396. 
Dowd, Martin John, 673. 
Drake, Paul, 1. 
Driscoll, James Robert, 152, 583. 
Dromey, Robert Geoffrey, 634. 
Drum storage, 359-362. 
Drysdale, Robert Lewis (Scot), III, 228. 
Dual of a digraph, 191. 
Dual tableaux, 56-57, 69. 
Dubost, Pierre, 746. 
Dudeney, Henry Ernest, 589, 670. 
Dugundji, James, 245. 
Dull, Brutus Cyclops, 6, 45, 549. 
Dumas, Philippe, 134. 
Durney, Arnold Isaac, 255, 396, 422, 

453, 547. 
Dummy runs, 248-249, 270-272, 276, 

289-293, 299, 302, 312, 316-317, 
682, 686. 

Dumont, Dominique, 605. 
Duplication of code, 398, 418, 429, 

625, 648, 677. 
Dutch national flag problem, 636. 
Dwyer, Barry, 574. 
Dynamic programming, ix, 438. 
Dynamic searching, 393. 
Dynamic storage allocation, 11, 480. 

e, 41, 526, 748-749, 755. 
Ebbenhorst Tengbergen, Cornelia van, 744. 
Eckert, John Presper, 386-387. 
Eckler, Albert Ross, 590. 
Eddy, Gary Richard, 389. 
Edelman, Paul Henry, 670, 719. 
Edge-notched cards, 1, 569-570, 578. 
Edighoffer, Judy Lynn Harkness, 645. 
Edmund, Norman Wilson, 1. 
EDVAC computer, 385, 386. 
Efe, Kemal, 680. 
Effective power, 676, see Growth ratio. 
Efficiency of a digraph, 188. 
Ehresmann, Charles, 628. 

Eichelberger, Edward Baxter, 704. 
Eisenbarth, Bernhard, 489. 
El-Yaniv (J'J,-)N Jl), 403. 
Elcock, Edward Wray, 551, 730. 
Elementary symmetric functions, 239, 609. 
Eleser, see Breaux. 
Elevators, 353-356, 374-375, 377-378. 
Elias, Peter, 581. 
Elkies, Noam David, 9. 
Ellery, Robert Lewis John, 395. 
Emde Boas, Peter van, 152. 
Emden, Maarten Herman van, 128, 633, 638. 
Empirical data, 94-95, 394-395. 
English language, 1-2, 9, 421. 

common words, 435-437, 492-493, 
496-497, 513-515. 

dictionaries, 1-2, 421, 558, 589. 
letter frequencies, 448-450. 

Entropy, 442-446, 454, 457-458. 
Enumeration of binary trees, 60-61, 295. 

balanced, 467, 479. 
leftist, 157. 

Enumeration of permutations, 12, 22-24. 
Enumeration of trees, 287. 
Enumeration sorting, 75-80. 
Eppinger, Jeffrey Lee, 434, 435. 
Equal keys, 194-195, 341, 391, 395, 431, 635. 

approximately, 9, 394-395. 
in heapsort, 655. 
in quicksort, 136, 635-636. 
in radix exchange, 127-128, 137. 

Equality of sets, 207. 
Eratosthenes of Cyrene ( 'Epa:toa9ivri~ 

6 Kupriva.io~), 642. 
Erdelyi, Arthur, 131. 
Erdos, Pal (= Paul), 66, 155, 658. 
Erdwinn, Joel Dyne, 2. 
Erkio, Hannu Heikki Antero, 623. 
Error-correcting codes, 581. 
Ershov, Andrei Petrovich (EpllloB, AH.ri;peii 

IleTpOBlP-I), 547. 
Espelid, Terje Oskar, 259. 
Estivill-Castro, Vladimir, 389. 
Euler, Leonhard (9iJiep, JleoHap.ri;), 8-9, 

19-21, 35, 38-39, 395, 594, 726. 
numbers (secant numbers), 35, 610-611. 
summation formula, 64, 129, 626, 702. 

Eulerian numbers, 35-40, 45-47, 653. 
Eusterbrock, Jutta, 213. 
Eve, James, 496. 
Even-odd merge, 244. 
Even permutations, 19, 196. 
Evolutionary process, 226, 401. 
Exchange selection sort, 106. 
Exchange sorting 73, 105-138. 

optimum, 196. 
Exclusive or, 20, 519, 589, 667, 723. 
Exercises, notes on, ix-xi. 
Exponential function, q-generalized, 594. 



Exponential integral, 105, 735. 
Extended binary tree: Either a single 

"external" node, or an "internal" root 
node plus its left and right extended 
binary subtrees, 181. 

Extendible hashing, 549. 
External nodes, 181, 254. 
External path length: Sum of the the 

level numbers of all external nodes, 
192, 303, 306, 344, 347, 361, 363-367, 
413, 434, 502, 505-506. 

modified, 502-503, 511. 
External searching, 403-408, 481-491, 

498-500, 541-544, 549, 555, 562-563, 
572-573. 

External sorting, 4-5, 6-10, 248-379. 

Factorials, 23, 187. 
generalized, 32, 594. 

Factorization of permutations, 25-35. 
Fagin, Ronald, 549. 
Fallacious reasoning, 45, 60, 424, 553. 
Falling powers, 638-639, 661, 734, 753. 
False drops, 571-573, 579, 590. 
Fanout, 232, 241. 
Fast Fourier transforms, 237. 
Fawkes, Guido (Guy), 339. 
Feature cards, 569-570, 578. 
Feigenbaum, Joan, 478. 
Feijen, Wilhelmus ( = Wim) Hendricus 

Johannes, 636. 
Feindler, Robert, 385. 
Feit, Walter, 609. 
Feldman, Jerome Arthur, 578. 
Feldman, Paul Neil, 426. 
Feller, Willy(= William), 513. 
Felsner, Stefan, 658. 
Fenner, Trevor Ian, 645. 
Ferguson, David Elton, 2, 290-291, 297, 

299, 367, 422, 525, 685. 
Fermat, Pierre de, 584. 
Ferragina, Paolo, 489. 
Feurzeig, Wallace, 79. 
Fiat, Amos (DN':l 01Y.W), 708. 
Fibonacci, Leonardo, of Pisa, 424. 
Fibonacci hashing, xiv, 517-518. 
Fibonacci heaps, 152. 
Fibonacci number system, 348, 424, 729. 

generalized, 286. 
Fibonacci numbers, 93, 268, 287, 418, 426, 

518, 623, 687, 746, 750. 
generalized, 270, 286, 287, see also 

Cascade numbers. 
Fibonacci search, 417. 
Fibonacci trees, 417, 422-424, 457, 459, 

460, 468, 474, 479, 714. 
Fibonaccian search, 417-419, 422-424. 
Field, Daniel Eugene, 583. 
FIFO, 149, 299, 310, see Queues. 
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File: A sequence of records, 4, 392. 
self-organizing, 401-403, 405-406, 

478, 521, 646. 
Finding the maximum, 141, 209. 

and minimum, 218. 
Fingers, 718. 
Finite fields, 549-550. 
Finkel, Raphael Ari, 565, 566, 566. 
First-fit allocation, 480, 721. 
First-in-first-out, 149, 299, 310, see Queues. 
Fischer, Michael John, 152. 
Fishburn, John Scot, 721. 
Fishspear, 152. 
Fixed points of a permutation, 62, 66, 617. 
Flajolet, Philippe Patrick Michel, 134, 

565, 566, 576, 630, 644, 649, 703, 
726, 728, 742. 

Flip operation, 72. 
Floating buffers, 323, 324, 340, 369. 
Floating point accuracy, 41. 
Flores, Ivan, 388. 
Floyd, Robert W, 22, 145, 156, 215, 

217, 218, 226, 230, 237, 238, 240, 
297, 374, 375, 377, 378, 455, 468, 
519, 614, 661, 695. 

Foata, Dominique Cyprien, 17, 21, 24, 27, 
33, 39, 43, 599, 618, 732, 733. 

FOCS: Proceedings of the IEEE Symposia 
on Foundations of Computer Science 
(1975-), formerly called the Symposia 
on Switching Circuit Theory and 
Logic Design (1960-1965), Symposia 
on Switching and Automata Theory 
(1966-1974). 

Folding a path, 112-113, 134. 
Foldout illustration, 324-325. 
Fomin, Sergey Vladimirovich (ct>oMHH, 

Cepreli BJia,IJ;HMHpoBH'-I), 671. 
Ford, Donald Floyd, 395. 
Ford, Lester Randolph, Jr., 184, 186. 
Forecasting, 321-324, 340, 341, 369, 

387, 388, 693. 
Forest: Zero or more trees, 47, 494-496, 

508, 512. 
FORTRAN, 2-3, 7, 426, 549. 
Forward-testing-backward-insertion, 204. 
Foster, Caxton Croxford, 470, 473, 475, 714. 
Fractal probability distribution, 400. 
Fractile insertion, 660. 
Frame, James Sutherland, 60. 
Frarn;on, Jean, 152. 
Frank, Robert Morris, 93. 
Franklin, Fabian, 19, 21, 599. 
Fraser, Christopher Warwick, 583. 
Frazer, William Donald, 122, 259, 

678, 704, 708. 
Fredkin, Edward, 492. 
Fredman, Michael Lawrence, 152, 181, 

442, 480, 549, 578, 614. 
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Free groups, 511-512. 
Free trees, 356, 590. 
Frequency of access, 399-408, 435, 532, 538. 
Friedman, Haya, 718. 
Friedman, Jerome Harold, 566. 
Friend, Edward Harry, 79, 109, 141, 170, 

255, 324, 337, 338, 347, 388, 650. 
Frieze, Alan Michael, 645. 
Fringe analyses, 715. 
Frobenius, Ferdinand Georg, 59. 
Front and rear compression, 512. 
Fussenegger, Frank, 217. 

Gabow, Harold Neil, 152, 217. 
Gaines, Helen Fouche, 435. 
Gale, David, 669. 
Galen, Claudius (ra.A.riv6~, KA.a.uow~), 421. 
Galil, Zvi (:n)) 'J::l), 181. 
Gamma function r(z), 131-134, 138, 

510, 611, 636-637, 702. 
Gandz, Solomon, 23. 
Gardner, Erle Stanley, 1. 
Gardner, Martin, 370, 585, 590, 651, 697. 
Gardy, Daniele, 703. 
Garsia, Adriano Mario, 454, 597, 711. 
Garsia-Wachs algorithm, 446-452, 458. 
Gasarch, William Ian, 213. 
Gassner, Betty Jane, 40-41. 
Gaudette, Charles H., 347. 
GauB (= Gauss), Johann Friedrich Carl 

(= Carl Friedrich), 395. 
Gaussian integers, 21. 
gcd: Greatest common divisor. 
Generable integer, 103. 
Generating functions, techniques for using, 

15-17, 19-20, 32-34, 38-42, 45-47, 
68, 102-104, 135, 177, 194, 261-262, 
270, 275-276, 294-299, 340-341, 
425, 455, 479, 490, 503-506, 539, 
553, 619, 678, 695, 703. 

Genes, 72. 
Genetic algorithms, 226. 
Genoa, Giovanni di, 421. 
Geometric data, 563-566. 
George, John Alan, 707. 
Gessel, Ira Martin, 597. 
Ghosh, Sakti Pada (~~), 395, 

487, 578, 579. 
Gibson, Kim Dean, 589. 
Gilbert, Edgar Nelson, 453, 454. 
Gilbreath, Norman Laurence, 370. 

principle, 370, 378. 
Gillis, Joseph (O'J') ')OP), 601. 
Gilstad, Russell Leif, 268, 301, 336, 721. 
Gini, Corrado, 401. 
Gleason, Andrew Mattei, 193, 648. 
Goetz, Martin Alvin, 297, 315, 316, 

338, 368, 388, 680. 
Goldberg, Andrew Vladislav (roJib,ri;6epr, 

AH,ri;peil: BJia,ri;HCJiaBomP1), 152. 

Golden ratio, xiv, 138, 517-518, 748-749. 
Goldenberg, Daniel, 387. 
Goldstein, Larry Joel, 673. 
Galin, Mordecai J. (f.lj PJ~), 649. 
Gannet Haas, Gaston Henry, 489, 533, 

565, 707, 734. 
Good, Irving John, 513. 
Goodman, Jacob Eli, 566. 
Goodwin, David Thomas, 302. 
Gore, John K., 385. 
Gotlieb, Calvin Carl, 388, 442. 
Goto, Eiichi Cf.~ BJ~ - ) , 534. 
Gourdon, Xavier Richard, 134. 
GPX system, 738. 
Grabner, Peter Johannes, 644. 
Graham, Ronald Lewis Cfi .:fr. f]l), 198, 

202-203, 205-206, 242, 550, 729, 760. 
Grasselli, Antonio, 670. 
Grassl, Richard Michael, 69. 
Gray, Harry Joshua, Jr., 578. 
Gray, James Nicholas, 390. 
Greatest common divisor, 91, 185, 683-684. 
Green, Milton Webster, 227, 239, 667, 673. 
Greene, Curtis, 70, 670, 718, 744. 
Greene, Daniel Hill, 736. 
Greniewski, Marek, 513. 
Grid files, 564, 565. 
Gries, David Joseph, 618. 
Grinberg, Victor Simkhovich (rpHH6epr, 

BHKTOP CHMXOBH'-I), 671. 
Griswold, William Gale, 549. 
Gross, Oliver Alfred, 194, 653. 
Grossi, Roberto, 489. 
Group, free, 511-512. 
Group divisible block designs, 745. 
Grove, Edward Franklin, 371. 
Growth ratio, 273. 
Guibas, Leonidas John (rxlµ7ta.~, Ai;wvloa.~ 

'Iw&.wou), 477, 525, 709, 737. 
Guilbaud, Georges Theodule, 593. 
Gunji, Takao (W OJ~~), 534. 
Gustafson, Richard Alexander, 573. 
Gustavson, Frances Goertzel, 698. 
Gwehenberger, Gernot, 498. 
Gyrating sort, 315. 

h-ordered sequence, 86, 103-104, 243. 
Hadian, Abdallah, 186, 212, 217. 
Hajela, Dhananjay (~ ~), 402. 
Hajnal, Andras, 747. 
Half-balanced trees, 477. 
Hall, Marshall, Jr., 12, 511, 578. 
Halperin, John Harris, 625. 
Halpern, Mark Irwin, 422. 
Hamilton, Douglas Alan, 711. 
Han, Guo-Niu (~ 00 4), 595, 596, 599, 602. 
Hanan, Maurice, 729. 
Hannenhalli, Sridhar Subrahmanyam 
(~ ~J:iOlll{ ~;:Tj"i~<:+!l ), 615. 



Haralambous, Yannis (Xa.pa.A.&.µnou~, 
'Iw&.vvri~), 780. 

Hardy, Godfrey Harold, 704. 
Hardy, Norman, 590. 
Harmonic numbers, 633, 750-751. 

generalized, 400, 405. 
Harper, Lawrence Hueston, 704. 
Harrison, Malcolm Charles, 572, 579, 744. 
Hash functions, 514-520, 529, 549-550, 

557-558. 
combinatorial, 573-575, 579-580, 582, 746. 

Hash sequences, 535, 552. 
Hashing, 513-558. 
Havas, George, 513. 
Hayward, Ryan Bruce, 636, 642. 
Heap: A heap-ordered array, 144-145, 149, 

156-157, 253, 336, 646, 680, 705. 
Heap order, 144-145. 
Heaps, Harold Stanley, 578. 
Heapsort, 144-148, 152-158, 336, 381, 

382, 389, 698. 
with equal keys, 655. 

Heide, see Meyer auf der Heide. 
Height-balanced trees, 475, 480. 
Height of extended binary tree, 195, 

459, 463. 
of random binary search tree, 458. 
of random digital search tree, 728. 
of random (M + 1)-ary search tree, 721. 
of random Patricia tree, 728. 
of random trie, 512. 

Heilbronn, Hans Arnold, 395. 
Heising, William Paul, 400, 739. 
Heller, Robert Andrew, 512. 
Hellerman, Herbert, 548. 
Hellerstein, Joseph Meir, 390. 
Hellman, Martin Edward, 591. 
Hendricks, Walter James, 703. 
Hennequin, Pascal Daniel Michel Henri, 632. 
Rennie, Frederick Clair, 351, 356. 
Hermite, Charles, polynomial, 62. 
Herrick, Robert, 408. 
Hibbard, Thomas Nathaniel, 20, 93, 196, 

226, 388, 389, 413, 432, 453, 657. 
Hilbert, David, 395. 
Hildebrandt, Paul, 128. 
Hillman, Abraham P, 69. 
Hindenburg, Karl Friedrich, 14. 
Hinrichs, Klaus Helmer, 564. 
Hinterberger, Hans, 564. 
Hinton, Charles Howard, 593. 
Hoare, Charles Antony Richard, 114, 

121-122, 136, 381, 389. 
Hobby, John Douglas, 780. 
Hoey, Daniel J., 215. 
Holberton, Frances Elizabeth Snyder, 

324, 386, 387. 
Hollerith, Herman, 383-385. 
Holt Hopfenberg, Anatol Wolf, 738. 
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Homer ("Oµripo~), 421. 
Homogeneous polynomial, 66. 
Hooker, William Weston, 42. 
Hooking-up of queues, 172, 177. 
Hooks, 59-60, 69-71. 

generalized, 67. 
Hopcroft, John Edward, 245, 476, 

477, 590, 652. 
Hoshi, Mamoru (.~. ~), 727. 
Hosken, James Cuthbert, 388, 391. 
Hot queues, 152. 
Hsu, Meichun (~f :!& ;ft), 488. 
Hu, Te Chiang (i'VJ ~59i), 454, 711, 713. 
Hu-Tucker algorithm, 454. 
Huang Bing-Chao (Jl~~m, 702. 
Hubbard, George Underwood, 363, 389. 
Huddleston, Charles Scott, 477, 718. 
Huffman, David Albert, trees, 361, 438, 458. 
Human-computer interaction, 588. 
Hunt, Douglas Hamilton, 88. 
Hurwitz, Henry, 633. 
Hwang, Frank Kwangming (j{-Jt. l=!Jj), 

188, 195, 202-206. 
Hwang, Hsien-Kuei (Ji~ it), 650. 
Hyafil, Laurent Daniel, 218, 377. 
Hybrid searching methods, 496. 
Hybrid sorting methods, 122, 163, 381, 297. 
Hypercube, linearized, 408. 
Hypergeometric functions, 537, 565, 739. 
Hyphenation, 531, 572, 722. 
Hysterical B-trees, 477. 

IBM 701 computer, 547. 
IBM 705 computer, 82-83. 
IBM Corporation, 8, 169, 316, 385, 489, 547. 
IBM RS/6000 computer, 389. 
Idempotent laws, 239. 
Identifier: A symbolic name in an 

algebraic language, 2. 
Identity element, 24. 
Implicit data structures, 426, 481. 
In the past, see Persistent data structures. 
Inakibit-Anu of Uruk (T?--4t~?Pff';t«f4~f), 420. 
Incerpi, Janet Marie, 91, 93. 
Inclusion-exclusion principle, 586, 703, 744. 
Inclusion of sets, 393-394. 
Inclusive queries, 569-573, 577. 
Incomplete gamma function l'(a, z), 555. 
Increasing forests, 4 7. 
Independent random probing, 548, 555. 
Index keys for file partitioning, 512. 
Index of a permutation, 16-17, 21-22, 32. 
Index to this book, 561-562, 757-780. 
Indexed-sequential files, 482. 
Infinity, 4, 138-139, 142-144, 156, 214, 

257-258, 263, 521, 624-625, 646, 
663-664, 685, 707. 

as sentinel, 159, 252, 308, 324. 
Information retrieval, 392, 395. 



766 INDEX AND GLOSSARY 

Information theory, 183, 198, 442-444, 633. 
lower bounds from, 183, 194, 202, 

204, 655. 
Inner loop: Part of a program whose 

instructions are performed much more 
often than the neighboring parts, 162, 
see Loop optimization. 

Insertion: adding a new item. 
into a 2-3 tree, 476-477. 
into a B-tree, 483-485. 
into a balanced tree, 461-473, 479. 
into a binary search tree, 427-429, 

458, 482. 
into a digital search tree, 497. 
into a hash table, 522, 526, 529, 551. 
into a heap, 156. 
into a leftist tree, 150, 157. 
into a trie, 507. 
into a weight-balanced tree, 480. 

Insertion sorting, 73, 80-105, 222. 
Interblock gaps, 318-319, 331. 
Intercalation product of permutations, 

24-35. 
Interchanging blocks of data, 619, 701. 
Internal (branch) node, 181, 254, see 

Extended binary tree. 
Internal path length, 413, 434, 455, 502, 565. 

generating function for, 621. 
Internal searching, 396-481, 492-512, 

513-541, 545-558. 
summary, 545-54 7. 

Internal sorting, 4-5, 73-179. 
summary, 380-383. 

Internet, iv, x. 
Interpolation search, 419-420, 422, 425. 
Interval-exchange sort, 128. 
Interval heap, 645. 
Intervals, 578. 
Inverse in a group, 511. 
Inverse modulo m, 517. 
Inverse of a permutation, 13-14, 18, 48, 
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363-364, 377. 
vector representation of, 302-303, 

309, 310. 
Merge replacement sort, 680. 
Merge sorting, 98, 158-168; see List merge, 

Natural merge, Straight merge. 
external, see Merge patterns. 
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Monotonicity property, 439. 
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Multi-attribute retrieval, 395, see Secondary 

key retrieval. 
Multidimensional binary search trees, 

see k-d trees. 
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Natural correspondence between forests 

and binary trees, 706. 
Natural merge sort, 160-162, 167. 
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for permutations, 243-244. 
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Nievergelt, Jiirg, 476, 480, 549, 564. 
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243, 244. 
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optimum, 539-541, 555-556. 
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Optimization of loops, 85, 104-105, 136, 
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Optimization of tests, 406. 
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Order ideals, 669. 
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Ordered partitions, 286-287. 
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sorting, 113, 222-223, 228-229, 
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Parker, Ernest Tilden, 8. 
Parkin, Thomas Randall, 8. 
Parking problem, 552, 553, 742. 
Parsimonious algorithms, 391. 
Partial match retrieval, 559-582. 
Partial ordering, 31-32, 68-69, 183-184, 

187, 216, 217. 
of permutations, 19, 22, 105, 670. 

Partition-exchange sort, 114. 
Partitioning a file, 113-115, 123-124, 

128, 136. 
into three blocks, 137. 

Partitions of a set, 653. 
Partitions of an integer, 19-20, 504, 

613, 621, 697, 700. 
ordered, 286-287. 
plane, 69-70. 

Pasanen, Tomi Armas, 649. 
Pass: Part of the execution of an algorithm, 

traversing all the data once, 5, 268, 272. 
Patashnik, Oren, 760. 
Patents, vi, 225, 231, 244, 255, 312, 315-316, 

369, 384-385, 675, 729. 
Paterson, Michael Stewart, 152, 215, 230, 

594, 655, 689, 736. 
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Path length of a tree, see External path 
length, Internal path length. 

minimum, 192, 195, 361. 
weighted, 196, 337, 361, 438, 451, 458. 
weighted by degrees, 363-367. 

Patricia, 489, 498-500, 505-506, 508, 
510-511, 576, 726. 

Patt, Yale Nance, 508. 
Pattern matching in text, 511, 572, 578. 
Patterson, David Andrew, 390. 
Patterson, George William, 386, 422. 
Pentagonal numbers, 15, 19. 
Percentiles, 136, 207-219, 472, see 

also Median. 
Perfect balancing, 480. 
Perfect distributions, 268-272, 276-277, 

286, 288-289. 
Perfect hash functions, 513, 549. 
Perfect shuffles, 237. 
Perfect sorters, 245. 
Periodic sorting networks, 243. 
Perl, Yehoshua (':n~ )J1'lJ1il'), 673, 707. 
Permanent, 660. 
Permutahedron, 13, 18, 240, 593. 
Permutation in place, 79-80, 1 78. 
Permutation networks, 243-244. 
Permutations, 11-72, 579. 

2-ordered, 86-88, 103, 112-113, 134. 
cycles of, 25-32, 62, 156, 617, 628, 

639-640, 657. 
enumeration of, 12, 22-24. 
even, 19, 196. 
factorization of, 25-35. 
fixed points of, 62, 66, 617. 
indexes of, 16-17, 21-22, 32. 
intercalation product of, 24-35. 
inverses of, 13-14, 18, 48, 53-54, 74, 

134, 596, 605. 
inversions of, see Inversion tables, 

Inversions. 
lattice of, 13, 19, 22, 628. 
matrix representations of, 14, 48. 
of a multiset, 22-35, 42-44, 46, 66. 
optimum, 403-408. 
partial orderings of, 19, 22, 105, 670. 
pessimum, 405. 
readings of, 4 7. 
runs of, 35-4 7, 248, 259-266, 387. 
signed, 615. 
two-line notation for, 13-14, 24, 35, 

43-44, 51-54, 64-65. 
Persistent data structures, 583. 
Perturbation trick, 404. 
Pessimum binary search trees, 457, 711. 
Peter, Laurence Johnston, principle, 143. 
Peterson, William Wesley, 396, 422, 

526, 534, 538, 548. 
Petersson, Ola, 389. 

Pevzner, Pavel Arkadjevich (IleB3Hep, 
IlaBeJI A pKa,ri;beBI1'-I) , 615. 

Peyster, James Abercrombie de, Jr., 544. 
Philco 2000 computer, 256. 
Picard, Claude Fran~ois, 183, 196, 215. 
Ping-pong tournament, 142. 
Pinzka, Charles Frederick, 728. 
Pipeline computers, 175, 381, 389-390. 
Pippenger, Nicholas John, 215, 234, 549. 
Pitfalls, 41, 707, 729. 
Pittel, Boris Gershon (IlHTTeJib, BopHc 

repllIOHOBH'I), 713, 721, 728, 734. 
PL/I language, 339, 532. 
Plane partitions, 69-70. 
Plankalkiil, 386. 
Plaxton, Charles Gregory, 623, 667. 
Playing cards, 42-44, 46, 169, 178, 370. 
Plucker, Julius, 745. 
Poblete Olivares, Patricio Vicente, 646, 

740, 741, 742. 
Pocket sorting, 343. 
Podderjugin, Viktor Denisowitsch 

(IIo,ri;,ri;eprorHH, BHKTop ,D;eHHCOBH'I), 
548. 

Pohl, Ira Sheldon, 218, 663. 
Pohlig, Stephen Carl, 591. 
Point quadtrees, 566. 
Poisson, Simeon Denis, distribution, 555. 

transform, 734. 
Polish prefix notation, 3. 
Pollard, John Michael, 591, 669, 672. 
P6lya, Gyorgy (=George), 599, 704. 
Polygons, regular, 289. 
Polynomial arithmetic, 165, 520. 
Polynomial hashing, 520, 549-550. 
Polyphase merge sorting, 268-287, 297, 

298, 300, 311, 325-326, 333, 342, 
346, 389, 425. 

Caron variation, 279-280, 286-287. 
optimum, 274-279, 286, 337. 
read-backward, 300-302, 308, 328, 

334, 338, 342. 
tape-splitting, 282-285, 287, 298, 

326-327, 333, 338. 
Polyphase radix sorting, 348. 
Pool, Jan Albertus van der, 739. 
Pool of memory, 369. 
Poonen, Bjorn, 104. 
Porter, Thomas K, 642. 
Post office, 175. 
Post-office trees, 563-564, 7 46. 
Posting, see Insertion. 
Pouring liquid, 672. 
Power of merge, 676, see Growth ratio. 
Powers, James, 385. 
Pratt, Richard Don, 310. 
Pratt, Vaughan Ronald, 91, 104, 245, 

457, 622, 675, 701. 
sorting method, 91-93, 104, 113, 235. 



Prediction, see Forecasting. 
Preferential arrangements, 194. 
Prefetching, 369-373. 
Prefix, 492. 
Prefix code, 452-453. 

for all nonnegative integers, 6. 
Prefix search, see Trie search. 
Preorder merge, 307-309. 
Prestet, Jean, 24. 
Prime numbers, 156, 516, 529, 557, 627. 
Primitive comparator networks, 240, 668. 
Principle of optimality, 363, 438. 
Pring, Edward John, 564. 
Prins, Jan Fokko, 618. 
Priority deques, 157. 
Priority queues, 148-152, 156-158, 

253, 646, 705. 
merging, 150, 157. 

Priority search trees, 578. 
Probability density functions, 177. 
Probability distributions, 105, 399-401. 

beta, 586. 
binomial, 100-101, 341, 539, 555. 
fractal, 400. 
normal, 45, 69, 650. 
Pareto, 401, 405, 710. 
Poisson, 555. 
random, 458. 
uniform, 6, 16, 20, 47, 127, 606. 
Yule, 401, 405. 
Zipf, 400, 402, 435, 455. 

Probability generating functions, 15-16, 
102, 104, 135, 177, 425, 490, 539, 
553, 555, 739. 

Prodinger, Helmut, 576, 634, 644, 
648, 726, 726. 

Product of consecutive binomial 
coefficients, 612. 

Proof of algorithms, 49-51, 112-113, 
315, 323, 355, 677. 

Prusker, Francis, 377. 
Prywes, Noah Shmarya, 578. 
Pseudolines, 670. 
Psi function 'lj;(z), 637, 751. 
Puech, Claude Henri Clair Marie Jules 

565, 566, 576. ' 
Pugh, William Worthington, Jr., 213, 478. 
Punched cards, 169-170, 175, 383-385. 

q-multinomial coefficients, 32. 
q-nomial coefficients, 32, 594, 595. 
q-series, 20, 32, 594-596, 644. 
Quadrangle inequality, 457. 
Quadratic probing, 551. 
Quadratic selection, 141. 
Quadruple systems, 581, 746. 
Quadtrees, 565-566, 581, 745-746. 
Queries, 559-582. 
Questionnaires, 183. 
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Queues, 135, 148-149, 156, 171, 299, 
310, 322-323. 

Quickfind, 136. 
median-of-three, 634. 

Quicksort, 113-122, 135-138, 148, 159, 
246, 349-351, 356, 381, 382, 389, 
389, 431, 698. 

binary, see Radix exchange. 
median-of-three, 122, 136, 138, 381, 382. 
multikey, 389, 633, 728. 
with equal keys, 136, 635-636. 

Rabbits, 424. 
Rabin, Michael Oser (r::n lt1)J ':nom), 242. 
Radix-2 sorting, 387. 
Radix exchange sort, 122-128, 130-133, 

136-138, 159, 177, 351, 382, 389, 
500-501, 509, 698. 

with equal keys, 127-128, 137. 
Radix insertion sort, 176-177. 
Radix list sort, 171-175, 382. 
Radix sorting, 5, 169-179 180-181 

' ' 343-348, 351, 359, 374, 381, 385, 
389, 421, 502, 698. 

dual to merge sorting, 345-348, 359. 
Radke, Charles Edwin, 297. 
Raiha, Kari-Jouko, 717. 
Railway switching, 168. 
Rains, Eric Michael, 611. 
Rais, Bonita Marie, 726. 
Raman Rajeev, 634. 
Raman, Venkatesh (G'IG11r5Ja;(k_GJ!p 

[TrTL.D~), 655. 
Ramanan, Prakash Viriyur (i5/rra;rrGJ!p 

6fil rfl /H, rT [T LD 6ITT5T ~) , 218 . 
Ramanujan Iyengar, Srinivasa 

(!!0d!G1JrriiiYV rrrrLDrrWJ gg~ ~tLJrliJa;rrrr), 
function Q(n), 701. 

Ramshaw, Lyle Harold, 729. 
Random data for sorting, 20, 47, 76, 

383, 391. 
Random probability distribution, 458. 
Random probing, independent, 548, 555. 

with secondary clustering, 548, 554. 
Randomized adversary: An adversary 

that flips coins, 219. 
Randomized algorithms, 121-122, 351, 

455, 517, 519, 557-558. 
Randomized binary search trees, 4 78. 
Randomized data structures, 478. 
Randomized striping, 371-373, 379, 698. 
Randrianarimanana, Bruno, 713. 
Raney, George Neal, 297, 298. 
Range queries, 559, 578. 
RANK field, 471, 476, 479, 713, 718. 
Ranking, 181, see Sorting. 
Raver, Norman, 729. 
Ravikumar, Balasubramanian 

( umiV&U[TLD~ILJ~ [T@1/(:!!jLDrrrT)' 673. 
Rawlings, Don Paul, 595. 
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Ray Chaudhuri, Dwijendra Kumar (~~ 
~~),578. 

Read-back check, 360. 
Read-backward balanced merge, 

327-328, 334. 
Read-backward cascade merge, 328, 334. 
Read-backward polyphase merge, •300-302, 

308, 328, 334, 338, 342. 
Read-backward radix sort, 346-347. 
Read-forward oscillating sort, 315-316, 

329, 334. 
Reading tape backwards, 299-317, 

349, 356, 387. 
Readings of a permutation, 47. 
Real-time applications, 547. 
Rearrangements of a word, see Permutations 

of a multiset. 
Rearranging records in place, 80, 178. 
Rebalancing a tree, 461, 463-464, 473-474, 

4 79; see also Reorganizing. 
Reciprocals, 420. 
Records, 4, 392. 
Recurrence relations, techniques for solving, 

120, 135, 137, 168, 185-186, 205-206, 
224-225, 283, 356, 424, 430-431, 
467, 490, 502, 506, 604-605, 638-639, 
648, 674, 688, 725, 737. 

Recurrence relations for strings, 274-275, 
284, 287, 308. 

Recursion induction, 315. 
Recursion versus iteration, 168, 313, 717. 
Recursive methods, 114, 214, 218, 243, 313, 

350, 592, 596, 713, 715, 717. 
Red-black trees, 477. 
Redundant comparisons, 182, 240, 242, 

245-246, 391. 
Reed, Bruce Alan, 643, 713. 
Reference counts, 534. 
Reflection networks, 670. 
Regnier, Mireille, 565, 632. 
Regular polygons, 289. 
Reiner, Victor Schorr, 719. 
Reingold, Edward Martin, 207, 476, 

480, 715. 
Relaxed heaps, 152. 
Remington Rand Corporation, 385, 387. 
Removal, see Deletion. 
Reorganizing a binary tree, 458, 480. 
Replacement selection, 212, 253-266, 

325, 329, 331-332, 336, 347, 348, 
360, 364-365, 378. 

Replicated blocks, 489. 
Replicated instructions, 398, 418, 429, 

625, 648, 677. 
Reservoir, 259-261, 265. 
Restructuring, 480. 
Reversal of data, 65, 72, 310, 670, 701. 
Reverse lexicographic order, 394. 

Rewinding tape, 279-287, 297, 299-300, 316, 
319-320, 326, 331, 342, 407. 

Ribenboim, Paulo, 584. 
Rice, Stephan Oswald, 138. 
Richards, Ronald Clifford, 4 79. 
Richmond, Lawrence Bruce, 726. 
Riemann, Georg Friedrich Bernhard, 

integration, 177, 652. 
Riesel, Hans Ivar, 406. 
Right-threaded trees, 267, 454-455, 464. 
Right-to-left (or left-to-right) maxima 

or minima, 12-13, 27, 82, 86, 100, 
105, 156, 624. 

Riordan, John, 39, 46, 605, 679, 732, 
733, 738. 

RISC computers, 175, 381, 389-390. 
Rising, Hawley, 128. 
Rivest, Ronald Linn, 214, 215, 389, 403, 

477, 573-576, 580, 747. 
Roberts, David Caron, 573. 
Robin Hood hashing, 741-742. 
Robinson, Gilbert de Beauregard, 58, 60. 
Robson, John Michael, 565, 713. 
Rochester, Nathaniel, 547. 
Rodgers, William Calhoun, 704. 
Rodrigues, Benjamin Olinde, 15, 592. 
Roebuck, Alvah Curtis, 757. 
Rogers, Lawrence Douglas, 707. 
Rohnert, Hans, 549. 
Rollett, Arthur Percy, 593. 
Rooks, 46-47, 69. 
Rose, Alan, 672. 
Roselle, David Paul, 47, 597. 
Rosenstiehl, Pierre, 593. 
Rosler, Uwe, 632. 
Rosser, John Barkley, 672. 
Rost, Hermann, 614, 671. 
Rotations in a binary tree, 481. 

double, 461, 464, 477. 
single, 461, 464, 477. 

Rotem, Doran (onn 1nn), 61. 
Rothe, Heinrich August, 14, 48, 62. 
Rouche, Eugene, theorem, 681. 
Roura Ferret, Salvador, 478. 
Roving pointer, 543. 
Rovner, Paul David, 578. 
Royalties, use of, 407. 
Rubin, Herman, 728. 
Rudolph, Lawrence Set, 673. 
Runs of a permutation, 35-47, 248, 

259-266, 387. 
Russell, Robert C., 394. 
Russian roulette, 21. 
Rustin, Randall, 315, 353. 

Sable, Jerome David, 578. 
Sackman, Bertram Stanley, 279, 684. 
Sagan, Bruce Eli, 48. 
Sager, Thomas Joshua, 513. 



Sagiv, Yehoshua Chaim 
(:l')'l' D"n )J'l'1iP), 721. 

Saks, Michael Ezra, 452, 660, 673. 
Salveter, Sharon Caroline, 477. 
Salvy, Bruno, 565. 
Samadi, Behrokh (l>..i....u.. t.*.), 721. 
Samet, Hanan, 566. 
Samplesort, 122, 720. 
Sampling, 587. 
Samuel, son of Elkanah 

(mp':nx p ':nxm'l'), 481. 
Samuel, Arthur Lee, 547. 
Sandelius, David Martin, 656. 
Sankoff, David Lawrence, 614. 
Sarnak, Neil Ivor, 583. 
Sasson, Azra (11'l''l' Nlt)J), 369. 
Satellite information: Record minus 

key, 4, 74. 
Satisfiability, 242. 
Saul, son of Kish ('l''P p J1N'l'), 481. 
Sawtooth order, 452. 
Sawyer, Thomas, 747. 
SB-tree, 489. 
SB-tree, 489. 
Scatter storage, 514. 
Schachinger, Werner, 576. 
Schaffer, Alejandro Alberto, 708. 
Schaffer, Russel Warren, 155, 157, 645. 
Schay, Geza, Jr., 538, 555, 729. 
Schensted, Craige Eugene, 57-58, 66. 
Scherk, Heinrich Ferdinand, 644. 
Schkolnick, Mario, 721. 
Schlegel, Stanislaus Ferdinand Victor, 270. 
Schlumberger, Maurice Lorrain, 366. 
Schmidt, Jeanette Pruzan, 708, 742. 
Schneider, Donovan Alfred, 549. 
Schonhage, Arnold, 215, 218. 
Schott, Rene Pierre, 713. 
Schreier, Jozef, 209. 
Schulte Monting, Jiirgen, 192, 659. 
Schur, Issai, function, 611-612. 
Schiitzenberger, Marcel Paul, 17, 21, 39, 

55, 57-58, 66, 68, 70, 670. 
Schwartz, Eugene Sidney, 401. 
Schwartz, Jules, 128. 
Scoville, Richard Arthur, 4 7. 
Scrambling function, 517, 590, 709. 
Search-and-insertion algorithm, 392. 
Searching, 392-583; see External searching, 

Internal searching; Static table 
searching, Symbol table algorithms. 

by comparison of keys, 398-399, 
409-491, 546-54 7. 

by digits of keys, 492-512. 
by key transformation, 513-558. 
for closest match, 9, 394, 408, 563, 

566, 581. 
for partial match, 559-582. 
geometric data, 563-566. 
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history, 395-396, 420-422, 453, 
547-549, 578. 

methods, see B-trees, Balanced trees, 
Binary search, Chaining, Fibonaccian 
search, Interpolation search, Open 
addressing, Patricia, Sequential search, 
Tree search, Trie search. 

optimum, 413, 425, 549, see also 
Optimum binary search trees, Optimum 
digital search trees. 

parallel, 425. 
related to sorting, v, 2, 393-394, 409, 660. 
text, 511, 572, 578. 
two-dimensional, 207. 

Sears, Richard Warren, 757. 
Secant numbers, 610-611. 
Secondary clustering, 529, 551, 554. 
Secondary hash codes, 741. 
Secondary key retrieval, 395, 559-582. 
Sedgewick, Robert, 91, 93, 95, 114, 115, 122, 

136, 152, 155, 157, 477, 512, 623, 629, 
630, 633, 638, 645, 67 4, 726. 

Seeding in a tournament, 208. 
Seek time, 358, 362-365, 368-369, 

407, 562-563. 
Sefer Yetzirah (i11'~' l~O), 23. 
Seidel, Raimund, 478. 
Selection oft largest, 218-219, 408. 

networks for, 232-234, 238. 
Selection of tth largest, 136, 207-219, 472. 

networks for, 234, 238. 
Selection sorting, 54-55, 73, 138-158, 222. 
Selection trees, 141-144, 252, 256-258. 
Self-adjusting binary trees, see Splay trees. 
Self-inverse permutations, 599, see 

also Involutions. 
Self-modifying programs, 85, 107, 17 4, 640. 
Self-organizing files, 401-403, 405-406, 

478, 521, 646. 
Selfridge, John Lewis, 8. 
Senko, Michael Edward, 487. 
Sentinel: A special value placed in a table, 

designed to be easily recognizable by 
the accompanying program, 4, 105, 
159, 252, 308, 387, 638. 

Separation sorting, 343. 
Sequential allocation, 96, 149, 163-164, 

170-171, 386, 459. 
Sequential file processing, 2-3, 6-10, 248. 
Sequential search, 396-409, 423. 
Sets, testing equality, 207. 

testing inclusion, 393-394. 
Sevcik, Kenneth Clem, 564. 
Seward, Harold Herbert, 79, 170, 255, 

387, 670, 696. 
Sexagesimal number system, 420. 
Seymour, Paul Douglas, 402. 
Shackleton, Patrick, 136. 
Shadow keys, 588. 
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Shamir, Ron (l'>'J'l' 111), 615. 
Shanks, Daniel Charles, 591. 
Shannon, Claude Elwood, Jr., 442, 457, 712. 
Shapiro, Gerald Norris, 226-227, 229, 243. 
Shapiro, Henry David, 668. 
Shar, Leonard Eric, 416, 423, 706. 
Shasha, Dennis Elliott, 488. 
Shearer, James Bergheim, 660. 
Sheil, Beaumont Alfred, 457. 
Shell, Donald Lewis, 83, 93, 279. 
Shellsort, 83-95, 98, 102-105, 111, 148, 

380, 382, 389, 669, 698. 
Shepp, Lawrence Alan, 611. 
Sherman, Philip Martin, 492. 
Shields, Paul Calvin, 728. 
Shift-register device, 407. 
Shifted tableaux, 67. 
Shockley, William Bradford, 668. 
Sholmov, Leonid Ivanovich (illoJIMOB, 

J1eomi:,D; I1BaHOBIPI), 351. 
Shrairman, Ruth, 152. 
Shrikhande, Sharadchandra Shankar 

(!O!l(~'tj~~ ~~), 745. 
Shuffle network, 227, 236-237. 
Shuffling, 7, 237. 
SICOMP: SIAM Journal on Computing, 

published by the Society for Industrial 
and Applied Mathematics since 1972. 

Sideways addition, 235, 643, 644, 717. 
Siegel, Alan Richard, 708, 742. 
Siegel, Shelby, 623. 
Sifting, 80, see Straight insertion. 
Siftup, 70, 145-146, 153-154, 157. 
Signed-magnitude notation, 177. 
Signed permutations, 615. 
Silicon Graphics Origin2000, 390. 
Silver, Roland Lazarus, 591. 
Silverstein, Craig Daryl, 152. 
Simon, Istvan Gusztav, 642. 
Simulation, 351-353. 
Singer, Theodore, 279. 
Single hashing, 556-557. 
Single rotation, 461, 464, 477. 
Singleton, Richard Collom, 99, 115, 

122, 136, 572, 581. 
Sinking sort, 80, 106, see Straight insertion. 
Skew heaps, 152. 
Skip lists, 478. 
Slagle, James Robert, 704. 
SLB (shift left rAX binary), 516, 529. 
Sleator, Daniel Dominic Kaplan, 152, 

403, 478, 583, 718. 
Sloane, Neil James Alexander, 479. 
Slupecki, Jerzy, 209. 
Smallest-in-first-out, see Priority queues. 
Smith, Alan Jay, 168, 695. 
Smith, Alfred Emanuel, 392. 
Smith, Cyril Stanley, 593. 
Smith, Wayne Earl, 405, 407. 

Snow job, 255-256, 260-261, 263-266. 
Sobel, Milton, 212, 215, 216, 217, 218. 
Sobel, Sheldon, 311, 316. 
SODA: Proceedings of the ACM-SIAM 

Symposia on Discrete Algorithms, 
inaugurated in 1990. 

Software, 387-390. 
Solitaire (patience), 42-44, 46. 
Sort generators, 338-339, 387-388. 
Sorting (into order), 1-391; see External 

sorting, Internal sorting; Address 
calculation sorting, Enumeration 
sorting, Exchange sorting, Insertion 
sorting, Merge sorting, Radix sorting, 
Selection sorting. 

adaptive, 389. 
by counting, 75-80. 
by distribution, 168-179. 
by exchanging, 105-138. 
by insertion, 73, 80-105, 222. 
by merging, 98, 158-168. 
by reversals, 72. 
by selection, 138-158. 
history, 251, 383-390, 421. 
in O(N) steps, 5, 102, 176-179, 196, 616. 
into unusual orders, 7-8. 
methods, see Binary insertion sort, Bitonic 

sort, Bubble sort, Cocktail-shaker sort, 
Comparison counting sort, Distribution 
counting sort, Heapsort, Interval 
exchange sort, List insertion sort, List 
merge sort, Median-of-three quicksort, 
Merge exchange sort, Merge insertion 
sort, Multiple list insertion sort, Natural 
merge sort, Odd-even transposition sort, 
Pratt sort, Quicksort, Radix exchange 
sort, Radix insertion sort, Radix list 
sort, Samplesort, Shellsort, Straight 
insertion sort, Straight merge sort, 
Straight selection sort, Tree insertion 
sort, Tree selection sort, Two-way 
insertion sort; see also Merge patterns. 

networks for, 219-247. 
optimum, 180-247. 
parallel, 113, 222-223, 228-229, 

235, 390, 671. 
punched cards, 169-170, 175, 

383-385, 694. 
related to searching, v, 2, 393-394, 

409, 660. 
stable, 4-5, 24, 37-38, 79, 102, 134, 155, 

167, 347, 390, 584, 615. 
topological, 9, 31-32, 62, 66-67, 187, 

216, 393, 593. 
two-line arrays, 34. 
variable-length strings, 177, 178, 489, 633. 
with one tape, 353-356. 
with two tapes, 348-353, 356. 

S6s, Vera Turan Palne, 518, 747. 



Soundex, 394-395. 
Spacings, 458. 
Sparse arrays, 721-722. 
Speedup, see Loop optimization. 
Spelling correction, 394, 573. 
Sperner, Emanuel, lemma, 744. 
Splay trees, 4 78. 
Splitting a balanced tree, 4 74-4 75, 480. 
Sprugnoli, Renzo, 513. 
Spruth, Wilhelm Gustav Bernhard, 538, 555. 
Spuler, David Andrew, 711. 
SRB (shift right rAX binary), 125-126, 

134, 411. 
Stable sorting, 4-5, 24, 37-38, 79, 102, 134, 

155, 167, 347, 390, 584, 615. 
Stacks, 21, 60, 114-117, 122, 123-125, 135, 

148, 156, 168, 177, 299, 310, 350, 473. 
Stacy, Edney Webb, 704. 
Stael-Holstein, Anne Louise Germaine 

Necker, Baronne de, 589. 
Standard networks of comparators, 234, 

237-238, 240, 244. 
Stanfel, Larry Eugene, 457. 
Stanley, Richard Peter, 69, 600, 607, 

670, 671. 
Stasevich, Grigory Vladomirovich 

(CTaceBIPI, rpHrOpHH BJia,D;HMHpOBH'I), 
91. 

Stasko, John Thomas, 152. 
Static table searching, 393, 409-426, 

436-458, 492-496, 507-508, 513-515. 
Stearns, Richard Edwin, 351, 356. 
Steiner, Jacob, 745. 
Steiner triple systems, 576-577, 

580-581, 745. 
Steinhaus, Hugo Dyonizy, 186, 209, 422, 518. 
Stepdowns, 160, 262. 
Stevenson, David, 671. 
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