




































































































































































































































































































































































































































































































































































































278 Part III. The Development of Programs 

IF THEN a= d; ELSE b= d; 

With respect to exact placement of THEN and ELSE, it doesn't matter 
what conventions you follow as Jong as (I) you are consistent and (2) rule 
22.1.3 is followed, so that the structure of the program is easily seen. 
Consistency is important, so the reader knows what to expect. 

Indentation can, and should, be used with FORTRAN. The loop 
given above could have been written in FORTRAN 77 as 

C DO WHILE (a+l #b); · · · 
05 IF (a+I .NE. b) GOTO 25 
JO d= FLOOR((a +b )/2) 

IF (d*d -n) 12, 12, 14 
12 a= d 

GOTO 20 
14 b= d 
20 GOTO 05 
25 CONTINUE 

Assertions 
As mentioned as early as chapter 6, it helps to put assertions in pro­

grams. Include enough so that the programmer can understand the pro­
gram, but not so many that he is overwhelmed with detail. The most 
important assertion, of course, is the invariant of a loop. Actually, if the 
program is annotated with the precondition, the postcondition, an invari­
ant for each loop, and a bound function for each loop, then the rest of the 
pre- and postconditions can, in principle, be generated automatically. 

Assertions, of course, must appear as comments in languages that don't 
allow them as a construct (Ada does). Two rules govern the indentation 
of assertions: 

(22.1.4) •Rule: The pre- and postcondition of a command 
should begin in the same column as the command. 

(22.1.5) •Rule: A loop should be preceded by an invariant and 
a bound function; these should begin in the same 
column as the beginning of the loop. 

We have used these rules throughout the book, so they should appear 
natural by now (naturalness must be learned). For two examples of the 
use of rule 22.1.5, see program 20.2.2. 
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Indentation of delimiters 
There are three conventions for indenting a final delimiter (e.g. od, fl 

and the END; of PL/ I). The first convention puts the delimiter on a 
separate line, beginning in the same column as the beginning of the com­
mand. This convention has been used throughout this book. 

The second convention is to indent the delimiter the same distance as 
the subcommands of the command -as in the PL/ I loop 

DO WHILE (expression); 

END; 

This convention has the advantage that it is easy to determine which com­
mand sequentially follows this one: simply search down in the column in 
which the DO WHILE begins until a non-blank is found. 

The third convention is to hide the delimiter completely on the last line 
of the command. For example, 

DO WHILE ( expression ); 

· · · END; 

or 

do guard -

od 

This convention recognizes that the indenting rules make the end delim­
iters redundant. That is, if a compiler used the indentation to determine 
the program structure, the end delimiters wouldn't be necessary. The del­
imiters are still written, because they provide a useful redundancy that can 
be checked by the compiler, but they are hidden from view. 

Which of the three conventions you use is not important; the impor­
tant point is to be consistent, so that the reader is not surprised: 

(22.1.6) •Rule: Whatever convention you use for indenting end 
delimiters, use it consistently. 

The command-comment 
Some of the programs presented in this book, like program 20.2.2, 

have used an English sentence as a label (followed by a colon) or a com­
ment. The English sentence was really a command to do something, and 
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the program text that performed the command was indented underneath 
it. Here is an example. 

Set z to the maximum of x and y: 
if x ;;;:::y - z:= x 
Qy;;;:::x -z:=y 
fi 

In Pascal, the English sentence would be a comment, and since comments 
are delimited by(* and *), this would appear as 

(*Set z to the maximum of x and y*) 
if x ;;;::: y then z : = x 

else z:= y 

In reading a program contammg such a command-comment, the com­
mand-comment is considered to be a command in the program, just as 
any other. The program text indented underneath it is considered to be 
its refinement -it is a program segment that shows how to perform the 
command-comment. 

When reading a program containing a command-comment, one need 
read the refinement only to understand how its refinement works; other­
wise, one need only read the command-comment itself, which explains 
what is to be done. Command-comments can be used to break a program 
into pieces to reduce the amount of text the reader must look at in order 
to find something. Just as binary search allows one to find a value in a 
sorted list in logarithmic time, so judicious use of the command-comment 
allows one to wend one's way through a program to find something in a 
shorter time. 

The use of command-comments during programming can be an invalu­
able aid, for it forces the programmer to be precise and also forces him to 
be careful about structuring the program. To be most helpful, and to be 
in keeping with the methodology presented in this book, the command­
comment should be written before its refinement. 

The command-comment must be precise: it must state exactly what its 
refinement does, in terms of its input and output variables. For example, 
the command-comment 

Add elements of the array b together 

is not precise enough, for it forces the reader to read the refinement in 
order to determine where the sum of the array elements is placed. Far 
better is the command-comment 
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or 

Store the sum of elements of b[O:n -I] into x 

Given fixed n ~O and fixed array b, 
establish x =(I.j: 0 ::;;;,j <n: b U]) 

281 

As you can see from the last example, the command-comment can be in 
the form we have been using throughout the book for specifying a pro­
gram (segment). 

Here is the indentation rule for command-comments. 

(22.1. 7) •Rule: The command-comment itself has the level of 
indentation that any other command in its place would 
have. Its refinement, which follows it, is indented 3 or 
4 spaces. 

Some people use the convention that a command-commment and its 
refinement appear at the same level of indentation, e.g. 

(*Set z to the maximum of x and y*) 
if x ~ y then z: = x 

else z:= y; 
k:= 20 

The reason for not using this convention should be clear from the exam­
ple: one cannot tell where the refinement ends. Much better is to use rule 
22.1.7: 

(*Set z to the maximum of x and y*) 
if x ~ y then z: = x 
else z:= y; 

k:= 20 

Judicious use of spacing (skipping lines) may help, but no simple rule for 
spacing after refinements can cover all cases if refinements are not 
indented.. So follow rule 22.1. 7. 

One more point concerning indentation of comments. Don't insert 
them in such a manner that the structure of the program becomes hidden. 
For example, if a sequence of program commands begin in column 10, no 
comment between them should begin in columns to the left of column 10. 
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Keeping program segments small 
One way to keep programs intellectually manageable is to keep pro­

gram segments to a reasonable size, for the amount of detail that can be 
understood at any one time is limited. The rule usually used is to keep 
the procedural part (not counting specification and declarations) of a pro­
gram segment to one page. This is not much of a restriction if procedures 
and macros are used reasonably to present the right level of abstraction 
and structure. In fact, it is often hard to make program segments that 
long. 

The restriction to one page also helps to keep the indentation reason­
able; without the restriction, the indentation can get ridiculously far to the 
right. 

Procedure headings 
As mentioned in chapter 12, the purpose of a procedure is to provide a 

level of abstraction: the user of a procedure need only know what the pro­
cedure does and how to call it, and not how the procedure works. To 
emphasize this, the procedure declaration should be indented as follows. 

(22.1.8) •Rule: The procedure heading, which includes a list of 
the parameters, a specification of the parameters and a 
description of what the procedure does, appears at the 
same level of indenting as any command would be 
indented in that context. The procedure body is 
indented 3 or 4 columns with respect to the procedure 
heading. 

It may be reasonable to have a blank line before and after the procedure 
declaration in order to set it off from the surrounding text. 

As an example, here is a Pascal-like procedure declaration: 

(*Pre: n =NA x =X Ab= BAX E B[O:N-1]*) 
(*Post: O:s;;;i <NA B[i]=X*) 
proc search (value n , x: integer; 

value b: array of integer; 
result i: integer); 

body of procedure 

It may be worthwhile to give the pre- and post-conditions less formally 
(but not less precisely), as shown below. This is often more understand­
able than the pure predicate calculus approach. 
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(* Given fixed n, x and b[O:N-1] satisfying x Eb,*) 
(* store a value in i to establish x = b [i] *) 
proc search( value n, x: integer; 

value b: array of integer; 
result i: integer); 

body of procedure 
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As an aside, let us illustrate a special problem with PL/ I. In PL/ I, par­
ameter specifications are treated in the same way as, and may appear 
along with, declarations of local variables. For example, one can write 

/" Given fixed n, x and b (0: N -l) satisfying x Eb,*/ 
/" Store a value in i to establish x = b (i) * / 
search: proc (n, x, b, i); 
DCL (n, x, b (* ), k, i) FIXED; 

body of procedure 
END; 

Writing a call on search requires knowledge of the types of the parame­
ters, and in reading these types one is confronted with the declaration of 
the local variable k. To avoid this problem and to give the reader only 
what is necessary to write a call, the specification of the parameters 
should be separated from the declaration of the local variables: 

/" Given fixed n, x and b (O:n -1) satisfying x Eb, * / 
/" Store a value in i to establish x = b (i) * / 
search: proc (n,x,b,i); 
DCL(n, x, b(*),i) FIXED; 

DCL k FIXED; 
body of procedure 
END; 

22.2 Definitions and Declarations of Variables 

The Definition of variables 
Here is one of the simplest and most important strategies: 

(22.2.1) •Strategy: Define your variables before you use them, 
and then be sure to adhere to the definitions. 

This strategy lies behind much of what has been presented in this book. 
A definition of a set of variables is simply an assertion about their logical 
relationship, which must be true at key places of the program. In the 
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same vein, a loop invariant is only a definition of a set of variables that 
holds before and after each loop iteration. The balloon theory of section 
16. I simply gives heuristics for developing definitions of variables (in 
some cases) from the specification of the program. 

Rule 22.2. I seems so obvious; yet apparently it is difficult to learn and 
practice. Time and again I have found errors in a program -when its 
owner was unable to do so or thought it correct- by asking the critical 
question "what do these variables mean" and, after spending ten minutes 
with the owner determining what the definitions should have been, point­
ing out places in the program that destroyed the definitions. 

The critical point is to precisely define variables before writing code 
that uses them and to adhere rigourously to these definitions. 

Just as definitions of variables are important during program develop­
ment, so they are important when reading a program. The reader should 
first be presented with these definitions, along with text to help under­
stand them. Once the definitions are understood, the program itself is 
often obvious. On the other hand, it is grossly unprofessional and unfair 
to present a program without precise variable definitions. 

Placement of definitions of variables 
The proper place to put definitions of (most) variables is at the head of 

the program, along with their declarations. This has certain advantages: 

I. It forces the grouping of variables by logical relationship 
(instead of by type or in haphazard order). The declarations for 
each logically related group of variables, together with their def­
inition, should be set off as a group, perhaps with blank lines 
before and after it. 

2. If written early enough and precisely enough, the definitions 
give the programmer an added checklist. Whenever he writes 
program text to change one variable of a group, he can refer to 
the definition of the group to see what others must be changed 
to maintain the definition. Note that the programming method 
defined in Part III is oriented towards defining variables before 
using them; the program specification, the loop invariant, etc., 
all come before the corresponding program text. 

3. The reader knows where to look to understand a use of a 
variable: its declaration is accompanied by its definition and the 
definition of logically related variables. 
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4. Comments within the program text, for example command­
comments, can refer to the definitions, thus shortening the pro­
gram. For example, instead of writing the command-comment 

Add I ton, and then set b[n] to ... and c to ... and d[n] 
to the maximum of ... al}d then, if e is ... add to j ... 

one can simply write 

Add I to n and reestablish its definition. 

It is then up to the reader to read the definition and see what 
assertion must be reestablished. 

Examples of declarations and definitions 
We present a simple example in Pascal to illustrate proper placement 

of declarations and definitions; the reader should be able to extend this to 
more complicated and longer sequences of declarations. 

The variables are used in a program that maintains a list of employees, 
their phone numbers, and the division in the company for which they 
work. Within the program, at times it will be necessary to build and pro­
cess a list of people and their phone numbers in a particular division. 
Both lists will be maintained in alphabetical order. The following type 
declaration will be used 

type String24 = packed array [ 1..24] of char; 
String8 = packed array [ 1 .. 8] of char; 
Emprec =record (*Employee record *) 

name: String24; (*Employee name: last name, first name *) 
phone: integer; (*phone number (7 digits) *) 
division: String8; (*Division *) 
end; 

Phonerec= record 
name: String24; 
phone: integer; 
end 

(*Employee name: last name, first name *) 
(*phone number (7 digits) *) 

Note that the format of a name is given. Next is shown an example of 
how not to write the declarations; the reason will be explained below. 

var staff array [0 .. 10000] of Emprec; 
phones: array [0 .. 1000] of Phonerec; 
staffsize, divsize, i, j: integer; 
div: char; 
q: Phonerec; 
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These declarations suffer for several reasons. First, the variables have not 
been grouped by their logical relationship. From the name staffsize, one 
might deduce that this variable is logically related to array staff, but it 
need not be so. Also, there is no way to understand the purpose or need 
for divsize. Further, the definitions of globally important variables are 
mixed up with the definitions of local variables, which are used in only a 
few, adjacent places (i and j, for example). 

Then there is no definition of the variables. For example, how do we 
know just where in array staff the employees can be found. Are they 
inserted at the beginning of the array, or the end, or in the middle? It has 
also not been indicated that the lists are sorted. 

Here is a better version of these declarations. 

var staff array [0 .. 10000] 
of Emprec; 

staffsize: integer; 

phones: array [0 .. 1000] 
of Phonerec; 

divsize: integer; 
whichdiv: String&; 

i, j: integer; 
q: Phonerec; 

( * staff[O:staffsize- l] are *) 
(*the employee records, *) 
(*in alphabetical order *) 

(*phones[O:divsize-l] are*) 
(*the employees in division *) 
(*whichdiv, in *) 
(*alphabetical order *) 

Now the variables are grouped according to their logical relationship, and 
definitions are given that describe the relationship. These definitions are 
actually invariants (but not loop invariants), which hold at (almost) all 
places of the program. 

Variables i, j and q are presumably used only in a few, localized 
places, and hence need no definition at this point. 

Note carefully the format of the declarations. The variables themselves 
begin in the same column, which makes it easy to find a particular vari­
able when necessary. Further, the comments describing each group 
appear to the right of the variables, again all beginning in the same 
column. Spending a few minutes arranging the declarations in this format 
is worthwhile, for it aids the programmer as well as the reader. 

One more point. Nothing is worse than a comment like "i is an index 
into array b" When defining variables, refrain from buzzwords like "poin­
ter", "counter" and "index", for they serve only to point out the laziness 
and lack of precision of your thought. 
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22.3 Writing Programs in Other Languages 
Until the multiple assignment and guarded command notations find 

their way into implemented programming notations, it will be necessary to 
translate programs into Pascal, FOR TRAN, PL/ I or some other notation 
in order to be able to execute them on a computer. The multiple assign­
ment, alternative and iterative commands must be simulated using the 
commands of the language into which a program is being translated. 

Sometimes the translation is easy. For example, an iterative command 
with one guarded command can be written using the Pascal or PL/ I while 
loop, and an alternative command can be written deterministically using 
the case or SELECT statement. However, an iterative command with 
more than one guarded command has no simple counterpart in these 
other languages and must be simulated. 

For example, consider program (16.4.5) for the Welfare Crook, which 
f:nds the first value f[iv] =gUv] =k[hv] (which is guaranteed to exist) 
that occurs in three ordered arrays f[O:?], g[O:?] and h[O:?]: 

i, j, k := 0, 0, O; 
{inv: 0 ~i ~iv A O~j ~jv A O~k ~kv} 

{bound: i-iv +j-jv +k-kv} 
dof[i]<gU] - i:= i+t 
0 gU]<h[k] - j:= j+I 
0 h[k]<f[i] - k:= k+I 

od 
{i =iv A j = jv A k = kv} 

This program can be written in PL/ I as 

i = O; j = O; k = O; 
/*Simulate 3-guarded-command loop:•/ 
/"inv: 0~ i~ iv A 0~ j~ jv A 0~ k ~ kv*j 
/"bound: i- iv+ j- jv+ k- kv*/ 
LOOP: 

IF /(i)<gU) THEN DO; i= i+I; GOTO LOOP; END; 
IF g(i)<hU) THEN DO; j= j+I; GOTO LOOP; END; 
IF /(i)<gU) THEN DO; k= k+l;GOTO LOOP; END; 

/"i= iv A j= jv A k= kv*/ 

The convention used here is the following. The simulation of a guarded 
command loop contains a comment indicating the simulation, a label 
(LOOP) to jump to for the next iteration, and an IF-statement for each 
of the guarded commands of the loop. Note that exactly one of the com­
mands of the guarded commands will be executed at each iteration. 
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The same thing can be done in FORTRAN, although the language 
hampers succinctness of expression even more, as illustrated below. In 
the case of FORTRAN, a CONTINUE statement is used at the end of 
each simulated guarded command loop to indicate where to jump to upon 
termination of the loop. Don't label the following statement and jump to 
that labeled statement instead, for then the simulated loop is no longer 
independent of the rest of the program. It should be possible to take any 
command that performs a particular task and put it in another program, 
without modification, and this is not possible if the command contains a 
jump out of itself. 

C Simulate 3-guarded-command loop -labels 20-26 
C inv: O~i ~iv A O~j ~jv A O~k ~kv 

C bound: i-iv +j-jv +k-kv 
20 IF (f (i) .GE. gU)) GOTO 22 

i= i+I 
GOTO 20 

22 IF (gU) .GE. h(k)) GOTO 24 
j=j+I 
GOTO 20 

24 IF (h(k) .GE. /(i)) GOTO 26 
k= k+I 
GOTO 20 

26 CONTINUE 
C {i =iv A j = jv A k = kv} 

These examples indicate how guarded commands can be simulated rea­
sonably in other languages. Be sure to use the same conventions for 
simulating the iterative commands for every iterative command. Unless 
efficiency of the program is extremely important, don't try to use know­
ledge of the program to make the simulation more efficient or shorter. 
For the benefit of yourself and the reader, use the same convention for all 
similar constructs. 

At this point, we give a program in four different notations: the nota­
tion of this book, Pascal, PL/ I and FOR TRAN. Each is fully docu­
mented, under the assumption that no other text will accompany it. 
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Program in the Notation of this Book 

{Then words, n ~O, on line number z begin in columns b[I], .. ., b[n]. 
Exactly one blank separates each adjacent pair of words. s, s ~ 0, 
is the total number of blanks to insert between words to right-justify the 
line. Determine new column numbers b[l:n] to represent the justified 
line. Result assertion R, below, specifies that the numbers of blanks 
inserted between different pairs of words differ by no more than one, 
and that extra blanks are inserted to the left or right, depending on 
the line number. Unless 0 :s;;; n :s;;; I, the justified line has the 
following format, where Wi is word i: 

WI [p+I blanks] ... [p+I] Wt [q+I] ... [q+I] Wn 

where p, q, t satisfy 

QI: l:s;;;t:s;;;n AO:s;;;p AO:s;;;q Ap*(t-l)+q*(n-t)=s A 
(odd(z) A q =p+I v even(z) A p =q+I) 

Using B to represent the initial value of array b, result assertion R is 

R: (O:s;;;n :s;;;1 Ab =B) v ((Ai: I :s;;;i :s;;;r: b[i]=B[i]+p*(i-1)) A 
(Ai: t<i:s;;;n: b[i]=B[i]+p*(t-l)+q*(i-t)))} 

proc justi/y(value n, z, s: integer; 
var b: array [*] of integer); 

var p, q, t, e, k: integer; 
if n :s;;; I - skip 

a l<n -

fi 

Determine p, q and t: 
if even (z) - q := s 7(n - I); t := I +(s mod (n -I)); p := q +I 
Oodd(z) -p:=s7(n-l);t:=n-(s mod(n-l));q:=p+I 
fl; 

Calculate new column numbers b[l:n]: 
k,e:=n,s; 
{inv: t :s;;;k :s;;;n A e =p*(t-l)+q*(k-t) A 

b[l:k]=B[l:k] A b[k+l:n] has its final values} 
do k -=Ft - b[k]:= b[k]+e; k, e:= k-1, e-q od; 

{inv: I :s;;;k :s;;;t A e =p*(t-1) A 
b[l:k]=B[l:k] A b[k+l:n] has its final values} 

doe #0 - b[k]:= b[k]+e; k, e:= k-1, e-p od 
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Program in Pascal 

(*Then words, n ;;;::o, on line number z begin in columns b(J), .. ., b(n). 
Exactly one blank separates each adjacent pair of words. s, s ;;;::o, 
is the total number of blanks to insert between words to right-justify the 
line. Determine new column numbers b (I :n) to represent the justified 
line. Result assertion R, below, specifies that the numbers of blanks 
inserted between different pairs of words differ by no more than one, 
and that extra blanks are inserted to the left or right, depending on 
the line number. Unless 0:::;;;; n :::;;;; I, the justified line has the 
following format, where Wi represents word i: 

WI [p+I blanks] ... [p+I] Wt [q+I] ... [q+I] Wn 

where p, q, t satisfy 

QI: 1:;;;;t:;;;;n AO:;;;;p AQ:;;;;q Ap*(t-l)+q*(n-t)=s A 
(odd(z) A q =p+I v even(z) Ap =q+I) 

Using B to represent the initial value of array b, result assertion R is 

R: (O:;;;;n :::;;;1 Ab =B) v ((Ai: I :::;;;i :::;;;t: b(i)=B(i)+p*(i-1)) A 

(Ai: t <i :::;;;n: b(i)=B(i)+p*(t-l)+q*(i-t)))*) 

procedure justify (n, z, s: integer; var b: array ( *) of integer); 

var p , q , t , e, k: integer; 
begin if n > I then 
begin 
(*Determine p, q and t :*) 

if z mod 2 =O 
then begin q := s div (n -I); t := I +(s mod(n -1)); p := q +I end 
else beginp:= s div (n-1); t:= n-(s mod(n-1)); q:= p+I end; 

(*Calculate new column numbers b (I :n ):*) 

end 
end 

k:= n; e:= s; 
(*inv: t :;;;;k :;;;;n A e =p*(t-l)+q*(k-t) A 

b(l:k)=B(l:k) A b(k+l:n) has its final values*) 
while k <>t do begin b(k):= b(k)+e; k:= k-1; e:= e-q end; 

(*inv: 1 :::;;;k :;;;;t A e =p*(t-1) A 

b[l:k]=B(l:k) A b(k+l:n) has its final values*) 
while e <>Odo begin b(k):= b(k)+e; k:= k-1; e:= e-p end 



Section 22.3 Writing Programs in Other Languages 291 

Program in PL/ I 

/*Then words, n ;;;:o, on line number z begin in columns b(I), ... , b(n). 
Exactly one blank separates each adjacent pair of words. s, s ;;;:;: 0, 
is the.total number of blanks to insert between words to right-justify the 
line. Determine new column numbers b (I :n) to represent the justified 
line. Result assertion R, below, specifies that the numbers of blanks 
inserted between different pairs of words differ by no more than one, 
and that extra blanks are inserted to the left or right, depending on 
the line number. Unless O~n ~I, the justified line has the format 

WI [p+I blanks] ... [p+I] Wt [q+I] ... [q+I] Wn 

where p, q, t satisfy 

QI: l~t~n AO~p AO~q Ap*(t-l)+q*(n-t)=s" 
(odd(z)Aq=p+I v even(z)Ap=q+I) 

Using B to represent the initial value of array b, result assertion R is 

R: (O~n ~I" b =B) v ((Ai: I ~i ~t: b(i)= B(i)+p*(i-1)) A 
(Ai: t <i ~n: b(i)=B(i)+p*(t-l)+q*(i-t)))*/ 

justify: PROC(n,z,s,b); 
DECLARE (n, z, s, b(*)) FIXED; 

DECLARE (q,p,t,e,k) FIXED; 
IF n >I THEN 
DO; /*Determinep, q and t:*/ 

IF MOD(z, 2) =O 
THEN DO; q= s /(n-1); 

t= l+MOD(s, (n-1)); p= q+l; END; 
ELSE DO; p= s / (n-1); 

t= n-MOD(s, (n-1)); q= p+l; END; 
/*Calculate new column numbers b (I :n ):*I 

k= n; e= s; 
/"inv: t ~k ~n A e =p*(t-l)+q*(k-t) A 

b(l:k)= B(l:k) "b(k+l:n) has its final values*/ 
DO WHILE(k ,=t); b(k)= b(k)+e; 

k= k-l; e= e-q; END; 

/"inv: I ~k ~t A e =p*(t-1) A 
b[l:k]=B(l:k) A b(k+l:n) has its final values*/ 

DO WHILE(e ,=O); b(k)= b(k)+e; 
k= k-1; e= e-p; END; 

END; END justify; 
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Program in FORTRAN 

In the FORTRAN example given below, note how each guarded com­
mand loop is implemented using an IF-statement that jumps to a labeled 
CONTINUE statement. These CONTINUE statements are included only 
to keep each loop as a separate entity, independent of the preceding and 
following statements. 

C The n words, n ~O. on line number z begin in cols b (I), .. ., b (n ). 
C Exactly one blank separates each adjacent pair of words. s, s ~O. is 
C the number of blanks to insert between words to right-justify the 
C line. Determine new col numbers b (I :n) to represent the justified 
C line. Result assertion R, below, specifies that the numbers of blanks 
C inserted between different pairs of words differ by no more than one. 
C Also, extra blanks are inserted to the left or right, depending on 
C the line number. Unless 0 ~ n ~I, the justified line has the format 
c 
C WI [p+I blanks]. .. [p+I] Wt [q+l] ... [q+l] Wn 
C where p, q, t satisfy 
c 
c QI: l~t~n AO~p AO~q Ap*(t-l)+q*(n-t)=s A 

C (odd(z)Aq=p+I v even(z)Ap=q+I) 
c 
C Using B to represent the initial value of array b, result assertion R is 
c 
C R: (0 ~ n ~ I A b = B) V ((A i: I ~ i ~ t : b (i) = B (i) + p* (i - I)) A 

C (Ai: t <i ~n: b(i)=B(i)+p*(t-I)+q*(i-t))) 
c 

c 

SUBROUTINE justify (n, z, s, b) 
INTEGER n, z, s, b(n) 

INTEGER q,p,t,e,k 
IF (n .LE. I) GOTO 100 

C Determine p, q and t: 

e= z/2 
IF (z .NE. 2*e) GOTO 20 

q= s /(n-1) 
t= I +s -q*(n-1) 
p= q+I 
GOTO 30 

20 p = s / (n - I) 
t= n -s +p*(n-1) 
q=p+I 

30 CONTINUE 
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C Calculate new column numbers b[l:n]: 
k=n 
e=s 

C Guarded command loop. 
C inv: t~k~n Ae=p*(t-l)+q*(k-t)A 
C b(l:k)=B(l:k) A b(k+l:n) has its final values 
40 IF (k .EQ. t) GOTO 50 

b(k)= b(k)+e 
k=k-1 
e= e-q 
GOTO 40 

50 CONTINUE 

C Guarded command loop. 
c inv: I ~k ~I A e =p*(t-1) A 

C b(l:k)=B(l:k) A b(k+l:n) has its final values 
60 IF (e .EQ. 0) GOTO 70 

b(k)= b(k)+e 
k=k-1 
e= e-p 
GOTO 60 

70 CONTINUE 
JOO CONTINUE 

END 
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Chapter 23 
Historical Notes 

This chapter contains a brief history of research on programming and 
a short account of the programming problems presented in this book. It 
is a personal view of the field, in that only events that influenced my 
research concerning the method of programming are described. For 
example, it covers only programming methodology as it relates to sequen­
tial, rather than concurrent, programs. Furthermore, an enormous 
amount of research on the theory of correctness of programs goes com­
pletely unmentioned, simply because it did not influence my own ideas 
and opinions on the method of programming presented here. 

23.1 A Brief History of Programming Methodology 

Pre-1960 

FORTRAN and FAP, the IBM 7090 assembly language, were my first 
programming languages, and I loved them. I could code with the best of 
them, and my flaw charts were always neat and clean. In 1962, as a 
research assistant on a project to write the ALCOR-ILLINOIS 7090 Algol 
60 Compiler, I first came in contact with Algol 60 [39]. Like many, I was 
confused on this first encounter. The syntax description using BNF (see 
Appendix I) seemed foreign and difficult. Dynamic arrays, which were 
allocated on entrance to and deallocated on exit from a block, seemed 
wasteful. The use of ":=" as the assignment symbol seemed unnecessary. 
The need to declare all variables seemed stupid. Many other things dis­
turbed me. 

I'm glad that I stuck with the project, for after becoming familiar with 
Algol 60 I began to see its attractions. BNF became a useful tool. I 
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began to appreciate the taste and style of Algol 60 and of the Algol 60 
report itself. And I now agree with Tony Hoare that 

Algol 60 was indeed a great achievement, in that it 
was a significant advance over most of its successors. 

Algol 60 has outlived its usefulness as a language, for it is inadequate in 
many ways (as is FORTRAN). But the lessons learned on that project, in 
the need for simplicity, taste, precision, and mathematical integrity -in 
the description of the language as well as the language itself- have had a 
profound influence on the field. 

The 1960s 

The 1960s was the decade of syntax and compiling. One sees this in 
the wealth of papers on context-free languages, parsing, compilers, com­
piler-compilers and so on. The linguists also got into the parsing game, 
and people received Ph.D.s for writing compilers. 

Algol was a focal point of much of the research, perhaps because of 
the strong influence of IFIP Working Group 2.1 on Algol, which met 
once or twice a year (mostly in Europe). (IF/P stands for International 
Federation for Information Processing). Among other tasks, WG2. I pub­
lished the Algol Bulletin in the 1960s, an informal publication with fairly 
wide distribution, which kept people up to date on the work being done in 
Algol and Algol-like languages. 

Few people were involved deeply in understanding programming per se 
at that time (although one does find a few early papers on the subject) 
and, at least in the early 1960s, people seemed to be satisfied with pro­
gramming as it was being performed. If efforts were made to develop for­
mal definitions of programming languages, they were made largely to 
understand languages and compilers, rather than programming. Concepts 
from automata theory and formal languages played a large role in these 
developments, as is evidenced by the proceedings [42] of one important 
conference that was held under IFIP's auspices. 

A few isolated papers and discussions did give some early indications 
that much remained to be done in the field of programming. One of the 
first references to the idea of proving programs correct was in a stimulat­
ing paper [35] presented in 1961 and again at the 1962 IFIP Congress by 
John McCarthy (then at M.I.T., now at Stanford University). In that 
paper, McCarthy stated that "instead of trying out computer programs on 
test cases until they are debugged, one should prove that they have the 
desired properties." And, at the same Congress, Edsger W. Dijkstra 
(Technological University Eindhoven, the Netherlands, and later also with 
Burroughs) gave a talk titled Some meditations on advanced program-
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ming [J J]. At the 1965 IFIP Congress, Stanley Gill, of England, re­
marked that "another practical problem, which is now beginning to loom 
very large indeed and offers little prospect of a satisfactory solution, is 
that of checking the correctness of a large program." 

But, in the main, the correctness problem was attacked by the more 
theoretically inclined researchers only in terms of the problem of formally 
proving the equivalence of two different programs; this approach has not 
yet been that useful from a practical standpoint. 

As the 1960s progressed, it was slowly realized that there really were 
immense problems in the software field. The complexity and size of pro­
jects increased tremendously in the 1960s, without commensurate increases 
in the tools and abilities of the programmers; the result was missed dead­
lines, cost overruns and unreliable software. In 1968, a NATO Confer­
ence on Software Engineering was held in Garmisch, Germany, [6] in 
order to discuss the critical situation. Having received my degree (Dr. rer. 
nat) two years earlier in Munich under F.L. Bauer, one of the major 
organizers of the conference, I was invited to attend and help organize. 
Thus, I was able to listen to the leading figures from academia and indus­
try discuss together the problems of programming from their two, quite 
different, viewpoints. People spoke openly about their failures in soft­
ware, and not only about their successes, in order to get to the root of the 
problem. For the first time, a consensus emerged that there really was a 
software crisis, that programming was not very well understood. 

In response to the growing awareness, in 1969 IFIP approved the for­
mation of Working Group 2.3 on programming methodology, with Mich­
ael Woodger (National Physics Laboratory, England) as chairman. Some 
of its members -including Dijkstra, Brian Randell (University of Newcas­
tle upon Tyne), Doug Ross (Softech), Gerhard Seegmueller (Technical 
University Munich), Wlad M. Turski (University of Warsaw) and Niklaus 
Wirth (Eidgenossische Technische Hochschule, Zurich)- had resigned 
from WG2. I earlier when Algol 68 was adopted by WG2. I as the "next 
Algol". Their growing awareness of the problems of programming had 
convinced them that Algol 68 was a step in the wrong direction, that a 
smaller, simpler programming language and description was necessary. 

Thus, just around 1970, programming had become a recognized, res­
pectable -in fact, critical- area of research. Dijkstra's article on the 
harmfulness of the goto in 1968 [12] had stirred up a hornets' nest. And 
his monograph On Structured Programming [14] (in which the term was 
introduced in the title but never used in the text), together with Wirth's 
article [ 44] on stepwise refinement, set the tone for many years to come. 
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The early work on program correctness 

Although proving programs correct had been mentioned many times, 
few people worked in that area until the late 1960s. However, three 
important articles written in the 1960s had a profound impact on the field. 
The first article on proving programs correct was by Peter Naur (Univer­
sity of Copenhagen) in 1966 [40]. In the paper, Naur emphasized the 
importance of program proofs and provided an informal technique for 
specifying them. 

A seminal piece of work was presented by Robert Floyd at a meeting 
of the American Mathematical Society in 1967 [ 19]. In his talk, Floyd 
discussed attaching assertions to the edges of a flaw chart, with the mean­
ing that each assertion would be true during execution of the correspond­
ing program whenever execution reached that edge. For a loop -i.e. a 
cycle of the flaw chart- Floyd placed an assertion P on an arbitrary (but 
fixed, of course) edge of the cycle, called a cut point. He would then 
prove that if execution of the cycle beginning at the cut point with P true 
reached the cut point again, P would still be true at that point. Thus was 
born the idea of a loop invariant. Floyd also suggested that a specifica­
tion of proof techniques could provide an adequate definition of a pro­
gramming language. 

Tony Hoare (then at the University of Belfast; now at Oxford) took 
Floyd's suggestion to heart in his article [27] and defined a small pro­
gramming language in terms of a logical system of axioms and inference 
rules for proving partial correctness of programs -an extension to the 
predicate calculus. For example, the assignment statement was defined by 
the axiom (schema): 

Pe' { x:= e} P 

and the while loop was defined by an inference rule: 

PAB{S}P 
P { while B do S } P A , B 

This inference rule means: if PA B { S } P has been proved, one may 
infer that P { while B do S } P A , B holds also. 

Hoare's article attempts to deal directly with the programming prob­
lem. It restricts the programming language to "manageable" control 
structures, (instead of dealing with flaw charts). It attempts to convey the 
need for such restrictions. It shows how defining the language in terms of 
how to prove a program correct, instead of how to execute it, might lead 
to a simpler design. The tone of the article, together with its comprehen­
sive evaluation of the possible benefits to be gained by adopting the 
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axiomatic approach to language definition, both for programming and for 
formal language definition, are what made the article so unique. 

I must confess that I was not turned on by Hoare's paper in 1969. I 
did not understand its implications -perhaps I was not ready to think 
deeply about the problems of programming because I was too involved in 
the field of compiler construction at that time. This involvement illus­
trates one reason why, today, teaching of programming has lagged so far 
behind the research; by and large, people are too busy performing their 
own research to spend time thinking about and learning about program­
ming. This is a pity, for teaching programming well is an important part 
of our task as computer scientists and educators. 

Two years later, I did become more interested and began to understand 
the implications of Hoare's work. In fact, I was so impressed that in 1972 
I made the subject of loop invariants part of the content of the second 
programming course at Cornell University and included it in the text [9]. 

Research on axiomatic definitions in the 1970s 
Tony Hoare's article [27] founded a whole school of research on the 

axiomatic definition of programming languages. Today, there are literally 
hundreds of papers dealing with the axiomatic treatment of various con­
structs, from the assignment command to various forms of loops to pro­
cedure calls to coroutines. Even the goto has been axiomatized, and, 
indeed, very simply. 

The research was fraught with lack of understanding and frustration. 
One reason for this was that computer scientists in the field, as a whole, 
did not know enough formal logic. Some papers were written simply 
because the authors didn't understand earlier work; others contained 
errors that wouldn't have happened had the authors been educated in 
logic. 

It is difficult to do a good job developing an axiomatic system when 
the only place you have seen such a system is in Hoare's 1969 paper [27], 
and yet, I and others operated under just those circumstances. We spent 
a good deal of time thrashing, just treading water, instead of swimming, 
because of our ignorance. With hindsight, I can say that the best thing 
for me to have done 10 years ago would have been to take a course in 
logic. I persuaded many students to do so, but I never did so myself. 

Let me list a number of achievements in the field of axiomatization 
during the 1970's. Some have been independently achieved and published 
by others also; these are the papers that influenced me. Also, the work 
was usually done a year or two before the date of publication. 
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In 1971, proof rules for restricted procedure calls were developed 
[28]. Several later papers, which built on the results of [28], 
contained mistakes that [28] didn't have. 

In 1972, article [29] on the proof of correctness of data represen­
tations did much to spur on research in "abstract data types". 
The algebraic specification of data types [25] came later, based 
on initial work in 1974 in [33]. 

In 1973, proof rules were written for most of the programming 
language Pascal [30]. This work included the first proof rule for 
assignment to array elements, viewing an array as a function as 
in chapter 9. The work was actually hampered by the language 
in a number of places; it is easier to build a language with ax­
iomatization in mind than to axiomatize as an afterthought. 

In 1975, an automatic verification system for (much oO Pascal, 
based on axioms and inference rules, was developed [32]. 

In 1975, a model of execution of a program was used to prove 
the "relative completeness" of a set of axioms and inference 
rules for an Algol fragment [8]. Thus, it was shown that if a 
program could not be proved correct within the axiomatic sys­
tem, then the fault could be attributed to something other than 
the axiomatic definition of the language, for example, on the 
fact that any axiomatization of the integers is incomplete. 

In 1979, the programming language Euclid was defined with the 
idea of axiomatization imposed on the project from the begin­
ning [34]. 

In 1980, a general multiple assignment statement, including 
assignment to array elements, was defined and used to describe 
axioms for procedure calls [23]. This paper clarified some of 
the problems concerning initial and final values of variables. 

Research in developing proof and program hand-in-hand 
In the early 1970's one often heard the cry: the disadvantage of Hoare's 

stuff is that it forces you to find an invariant of each loop! Others 
shouted back, including myself: the advantage of Hoare's stuff is that it 
forces you to find an invariant of each loop! 

To some extent, the first cry was on the mark at that time. When the 
theory was first presented, it seemed terribly difficult to prove an existing 
program correct, and it was soon admitted that the only way to prove a 
program correct was to develop the proof and program hand-in-hand 
-with the former leading the way. 
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And yet, we didn't really know how to do this. For example, we knew 
that the loop invariant should come before the loop, but we had no good 
methods for doing so and certainly could not teach others to do it. The 
arguments went back and forth for some time, with those in favor of loop 
invariants becoming more adept at producing them and coming up with 
more and more examples to back up their case. 

The issue was blurred by the varying notions of the word proof Some 
felt that the only way to prove a program correct formally was to use a 
theorem prover or verifier. Some argued that mechanical proofs were and 
would continue to be useless, because of the complexity and detail that 
arose. Others argued that mechanical proofs were useless because no one 
could read them. Article [IO] contains a synthesis of arguments made 
against proofs of correctness of programs, and it is suggested reading. In 
this book, a middle view has been used: one should develop a proof and 
program hand-in-hand, but the proof should be a mixture of formality 
and common sense. 

Several forums existed throughout the I 970's for discussing technical 
work on programming. Besides the usual conferences and exchanges, two 
others means deserve mention. First, IFIP Working group 2.3 on pro­
gramming methodology, and later WG2. I, WG2.2 and WG2.4, were used 
quite heavily to present and discuss problems related to programming. 
Since its formation, WG2.3 has met once or twice a year for five days to 
discuss various aspects of programming. No formal proceedings have ever 
emerged from the group; rather the plan has been to provide a forum for 
discussion and cross-fertilization of ideas, with the results of the interac­
tion appearing in the normal scientific publications of its members. The 
group has produced an anthology of already-published articles by its 
members [22], which illustrates well the influence of WG2.3 on the field of 
programming during the 1970s. It is recommended reading for those 
interested programming methodology. 

Secondly, several two-week courses were organized throughout the 
1970's by the Technical University Munich. These courses were taught by 
the leaders in the field and attended by advanced graduate students, 
young Ph.D.s, scientists new to the field and people from industry from 
Europe, the U.S. and Canada; they were not just organized to teach a 
subject but to establish a forum for discussion of ongoing research in a 
very well-organized fashion. Many of the ones dealing with programming 
itself (some were on compiling, operating systems, etc.) were sponsored by 
NA TO. These schools are unusual in that 50 to I 00 researchers ·vere 
together for two weeks to discuss one topic. The lectures of many of the 
schools have been published -see for example [2], [4] and [3]. 

Back to the development of programs. In 1975, Edger W. Dijkstra 
published a paper [ 15], which was a forerunner to his book [ 16]. The 
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book introduced weakest preconditions for a small language and then 
showed, through many examples, how they could be used as a "calculus 
for the derivation of programs". 

For the first time, it began to became clear how one could develop a 
loop invariant (before the loop). It became clear that emphasis on theory 
and formalism, but tempered with common sense, could actually lead to 
the development of programs in a more reliable manner. The concepts 
and principles on which a science of programming could be founded 
began to emerge. 

The text you are now reading is my attempt to convey these concepts 
and principles, to show how programming can be practised as a science. 

23.2 The Problems Used in the Book 
The following list gives the history of problems, as far as I know them, 

in the order in which they appear in this book. The references appear in 
section 23.3. 

The Coffee Can Problem (Chapter I). Dijkstra mentioned the problem in 
a letter in Fall 1979; he learned of it from his colleague, Carel Scholten. 
It took five minutes to solve. 

Closing the Curve (Chapter I). John Williams (then at Cornell, now at 
IBM, San Jose) asked me to solve this problem in 1973. I was not able 
to do so, and Williams had to give me the answer. 

The Maximum Problem (Chapter 14). [16], pp. 52-53. 
The Next Higher Permutation Problem (exercise 2 of chapter 14 and 

exercise 2 of chpater 20). The problem has been around for a long 
time; the development is from [16], pp. 107-110. 

Searching a Two-dimensional Array (sections 15.1, 15.2). My solution. 
Four-tuple Sort (section 15.2). [ 16], p. 61. 
gcd(x, y) (exercise 2 of section 15.2). This, of course, goes back to Euclid. 

The versions presented here are largely from [ 16]. 
Approximating the Square Root (sections 16.2, 16.3 and 19.3). [16], pp. 

61-65. 
Linear Search and the Linear Search Principle (section 16.2). The devel­

opment is from [16], pp. 105-106. 
The Plateau Problem (section 16.3). I used this problem to illustrate loop 

invariants at a conference in Munich, Germany, in 1974. Because of 
lack of experience, my program used too many variables (see the discus­
sion at the end of section 16.3). Michael Griffiths (University of 
Nancy) wrote a recursive definition of the plateau of an array and then 
changed the definition into an iterative program; the result was a pro­
gram similar to (16.3.11). The idealized development given in section 
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16.3 came much later. 
Binary Search (exercise 4 of section 16.3). The development given in the 

answers to the exercise is due to Dijkstra, in 1978. 
The Welfare Crook (section 16.4). Due to a colleague of Dijkstra's, Wim 

Feijen, this problem was used as an exercise at the International Sum­
mer School in Marktoberdorf, Germany, in 1975 [2]. Blame the partic­
ular setting on me. 

Swapping Equal-Length Sections (section 16.5). Part of the folklore. 
Array Reversal (exercise 2 of section 16.5). Part of the folklore. 
Partition (exercise 4 of section 16.5). This is used in a sorting algorithm 

developed by Tony Hoare (Oxford) in 1962 [26]. The solution is mine. 
Dutch National Flag (exercise 5 of section 16.5). [16], pp. 111-116. 
Link Reversal (exercise 6 of section 16.5). This has been a favorite exer­

cise and test question in the second programming course at Cornell for 
years. 

Saddleback Search (exercise 8 of section 16.5). A prospective graduate 
student from Berkeley gave me this problem in Spring 1980 during a 
discussion on programming; Gary Levin (then a Cornell graduate stu­
dent, now at the University of Arizona) solved the problem essentially 
as given in the answer to the exercise. 

Decimal to Binary (exercise 9 of section 16.5). Part of the folklore. 
Decimal to Base B (exercise I 0 of section 16.5). A simple generalization 

of Decimal to Binary. 
Swapping Sections (section 18.1). The problem was given to Harlan Mills 

(IBM, Maryland) and me at the 1980 IFIP Congress in Japan, by Ed 
Nelson, who had difficulty solving it. This is one of two solutions we 
came up with while traveling [24]). The history of a third solution in 
terms of reversing array sections -see the answer to exercise I of sec­
tion 18.1- is lost in the sands of time. Shown to me by Alan Demers 
(Cornell), the third solution is used in the UNIX editor and in the 
Terak screen editor on which I have typed and edited most of this 
book. 

Quicksort (section 18.2). This is due to Hoare [26]. 
Counting the Nodes of a Tree (section 18.3). In 1972, this problem was 

used to illustrate how difficult it was to find loop invariants [5]! Now, 
the problem seems almost trivial. 

Preorder, Inorder, Postorder Traversa/ (section 18.3). The names were 
invented by Donald Knuth (Stanford University); the program deriva­
tions are mine. 

An Exercise Attributed to Hamming (section 19.2). Dijkstra derives this 
program in [16], pp. 129-134; he attributes the problem to R.W. Ham­
ming (Bell Laboratories). 

Finding Sums of Squares (exercise I of section 19.2). [16], pp. 140-142. 
Exponentiation (section 19.3 and exercise 15 of chapter 20). The devel-
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opment as done in section 19.3 appears in [16], pp. 65-67. The program 
of exercise 11, which processes the binary representation in a different 
order, was shown to me by John Williams. I once listened to two com­
puter scientists discuss exponentiation talk right past each other; each 
thought he was talking about the exponentiation routine, not knowing 
that the other existed. 

Controlled Density Sorting (section 19.3). Robert Melville derived this 
algorithm as part of his Ph.D. thesis at Cornell [36]; it appeared in [37]. 

Efficient Queues in LISP (section 19.3). Robert Melville derived this 
algorithm as part of his Ph.D. thesis at Cornell [36]. 

Right-justifying Lines of Text (section 20.1 ). The derivation first 
appeared in [21]. 

The Longest Upsequence (section 20.2). Dijkstra gave this as an exercise 
a day before he derived it at the 1978 Marktoberdorf Course on Pro­
gram Construction [ 4]. Four or five people present, who were experi­
enced in the method of programming, had no difficulty with it; the rest 
of the audience did. Jay Misra (University of Texas, Austin) had pre­
sented a similar solution earlier on a paper on program development 
[38], and a generalization of it is used in the UNIX program DIFF [31]. 

Unique 5-bit Subsequences (exercise I, chapter 20). In [13]. 
Different Adjacent Subsequences (exercise 2, chapter 20). In [13]. 
Perm-to-Code (exercise 5 of chapter 20). This problem was solved by 

Dijkstra and his colleague, Willem H.J. Feijen, in connection with in­
verting programs (see chapter 21) in [ 17]. The concept of inverting pro­
grams and most of the inversions presented in chapter 21 are due to 
them. 

Code-to-Perm (exercise 6 of chapter 20). See Perm-to-Code. 
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Backus-Naur Form 

BNF, or Backus-Naur form, is a notation for describing (part oO the 
syntax of "sentences" of a language. It was proposed in about 1959 for 
describing the syntax of Algol 60 by John Backus, one of the thirteen 
people on the Algol 60 committee. (John Backus, of IBM, was also one 
of the major figures responsible for FORTRAN.) Because of his modifi­
cations and extensive use of BNF as editor of the Algol 60 report, Peter 
Naur (University of Copenhagen) is also associated with it. The ideas 
were independently discovered earlier by Noam Chomsky, a linguist, in 
1956. BNF and its extensions have become standard tools for describing 
the syntax of programming notations, and in many cases parts of com­
pilers are generated automatically from a BNF description. 

We will introduce BNF by using it to describe digits, integer constants, 
and simplified arithmetic expressions. 

In BN F, the fact that I is a digit is expressed by 

(Al.I) <digit>::= I 

The term <digit> is delimited by angular brackets to help indicate that it 
cannot appear in "sentences" of the language being described, but is used 
only to help describe sentences. It is a "syntactic entity", much like "verb" 
or "noun phrase" in English. It is usually called a nonterminal, or nonter­
minal symbol. The symbol I, on the other hand, can appear in sentences 
of the language being described, and is called a terminal. 

(Al. I) is called a production, or (rewriting) rule. Its left part (the sym­
bol to the left of ::=) is a nonterminal; its right part (to the right of::=) is 
a nonempty, finite sequence of nonterminals and terminals. The symbol 
::=is to be read as "may be composed of", so that (Al.I) can be read as 
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A <digit> may be composed of the sequence of symbols: 

Two rules can be used to indicate a <digit> may be a 0 or a 1: 

<digit> :: = 0 
<digit> :: = 1 

(a <digit> may be composed of 0) 
(a <digit> may be composed of 1) 
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These two rules, which express different forms for the same nonterminal, 
can be abbreviated using the symbol I, read as "or", as 

<digit>::= 0 I 1 (A <digit> may be composed of 0 or 1) 

This abbreviation can be used in specifying all the digits: 

<digit>::=Ol l I 2l 3l 4l 5l 6l 7l 8l 9 

An integer constant is a (finite) sequence of one or more digits. Using 
the nonterminal <constant> to represent the class of integer constants, 
integer constants are defined recursively as follows: 

(Al.2) <constant>::= <digit> 
<constant> :: = <constant> <digit> 
<digit> :: = 0 I 1 I 2 I 3 I 4 I 5 I 6 I 7 I 8 I 9 

The first rule of (A 1.2) is read as follows: a <constant> may be composed 
of a <digit>. The second rule is read as follows: a <constant> may be 
composed of another <constant> followed by a <digit>. 

The rules listed in (Al.2) form a grammar for the language of <con­
stant>s; the sentences of the language are the sequences of terminals that 
can be derived from the nonterminal <constant>, where sequences are 
derived as follows. Begin with the sequence of symbols consisting only of 
the nonterminal <constant>, and successively rewrite one of the nonter­
minals in the sequence by a corresponding right part of a rule, until the 
sequence contains only terminals. 

Indicating the rewriting action by =>, the sentence 325 is derived: 

(AI.3) <constant>=> <constant> <digit> 
=> <constant> 5 
=><constant> <digit> 5 
=> <constant> 2 5 
=> <digit> 2 5 
=> 3 2 5 

(rewrite using second rule) 
(rewrite <digit> as 5) 
(rewrite using second rule) 
(rewrite <digit> as 2) 
(rewrite using first rule) 
(rewrite <digit> as 3) 

The derivation of one sequence of symbols from another can be defined 
schematically as follows. Suppose U ::=u is a rule of the grammar, 
where U is a nonterminal and u a sequence of symbols. Then, for any 
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(possibly empty) sequences x and y define 

x u y => x u y 

The symbol => denotes a single derivation -one rewriting action. The 
symbol =>* denotes a sequence of zero or more single derivations. Thus, 

<constant> I =>* <constant> I 

since <constant> I can be derived from itself in zero derivations. Also 

<constant> I =>* <constant> <digit> I 

because of the second rule of grammar (Al.2). Finally, 

<constant> I =>* 3 2 5 I 

since (Al.3) showed that <constant> =>* 3 2 5. 

A grammar for (simplified) arithmetic expressions 

Now consider writing a grammar for arithmetic expressions that use 
addition, binary subtraction, multiplication, parenthesized expressions, 
and integer constants as operands. This is fairly easy to do: 

<expr> ::= <expr> + <expr> 
<expr> ::= <expr> - <expr> 
<expr> ::= <expr> * <expr> 
<expr> ::= ( <expr>) 
<expr> ::= <constant> 

where <constant> is as described above in (Al.2). Here is a derivation of 
the expression (I+ 3)*4 accord;ng this grammar: 

(Al.4) <expr> => <expr> * <expr> 
=> ( <expr>) * <expr> 
=> ( <expr> + <expr>) * <expr> 
=> ( <constant> + <expr> ) * <expr> 
=> ( <constant> + <constant> ) * <expr> 
=> ( <constant> + <constant> ) * <constant> 
=> ( <digit> + <constant> ) * <constant> 
=> ( <digit> + <digit> ) * <constant> 
=> ( <digit> + <digit> ) * <digit> 
=> ( I + <digit> ) * <digit> 
=> ( I + 3 ) * <digit> 
=> ( I + 3) * 4 
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Hence, <expr> =>* ( I + 3) +4. 

Syntax trees and ambiguity 
A sequence of derivations can be described by a syntax tree. As an 

example, the syntax tree for derivation (A 1.4) is 

<ex pr> 

------ "----<expr> * <ex pr> 

------ I ----- I ( <ex pr> ) <constant> 

----- I ---..__ I 
<ex pr> + <ex pr> <digit> 

I I I 
<constant> <constant> 4 

I I 
<digit> <digit> 

I I 
I 3 

In the syntax tree, a single derivation using the rule U :: = u is expressed 
by a node U with lines emanating down to the symbols of the sequence 
u. Thus, for every single derivation in the sequence of derivations there is 
a nonterminal in the tree, with the symbols that replace it underneath. 
For example, the first derivation is <expr> => <expr> * <expr>, so 
at the top of the diagram above is the node <expr> and this node has 
lines emanating downward from it to <expr>, * and <expr>. Also, 
there is a derivation using the rule <digit> :: = I, so there is a 
corresponding branch from <digit> to I in the tree. 

The main difference between a derivation and its syntax tree is that the 
syntax tree does not specify the order in which some of the derivations 
were made. For example, in the tree given above it cannot be determined 
whether the rule <digit> ::= I was used before or after the rule <digit> 
::= 3. To every derivation there corresponds a syntax tree, but more than 
one derivation can correspond to the same tree. These derivations are 
considered to be equivalent. 

Now consider the set of derivations expressed by <expr> =>* 
<expr> + <expr> * <expr>. There are actually two different deriva­
tion trees for the two derivations of <expr> + <expr> * <expr>: 
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<ex pr> 

/\~ 
<ex pr> 

/~ 
<expr> + <expr> 

/I"'. 
<expr> * <expr> 

/\~ 
<expr> * <expr> <expr> + <expr> 

A grammar that allows more than one syntax tree for some sentence is 
called ambiguous. This is because the existence of two syntax trees allows 
us to "parse" the sentence in two different ways, and hence to perhaps 
give two meanings to it. In this case, the ambiguity shows that the gram­
mar does not indicate whether + should be performed before or after *. 
The syntax tree to the left (above) indicates that * should be performed 
first, because the <expr> from which it is derived is in a sense an 
operand of the addition operator+. On the other hand, the syntax tree to 
the right indicates that + should be performed first. 

One can write an unambiguous grammar that indicates that multiplica­
tion has precedence over plus (except when parentheses are used to over­
ride the precedence). To do this requires introducing new nonterminal 
symbols, <term> and <factor>: 

<ex pr> 

<term> 
<factor> 
<constant>::= 
<constant>::= 
<digit> .. 

<term> I <expr> +<term> 
<expr> - <term> 
<factor> I <term> * <factor> 
<constant> I ( <expr> ) 
<digit> 
<constant> <digit> 
Ol Il2l3l4l5l6l7l8l9 

In this gramar, each sentence has one syntax tree, so there is no ambi­
guity. For example, the sentence 1+3*4 has one syntax tree: 
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<ex pr> ----/-----<expr> + <term> I ____ , ____ 
<term> <term> * <factor> 

I I I 
<factor> <factor> <constant> 

I I I 
<constant> <constant> <digit> 

I I I 
<digit> <digit> 4 

I I 
I 3 

This syntax tree indicates that multiplication should be performed first, 
and, in general, in this grammar * has precedence over + except when the 
precedence is overridden by the use of parentheses. 

Extensions to BN F 

A few extension to BNF are used to make it easier to read and under­
stand. One of the most important is the use of braces to indicate repeti­
tion: {x} denotes zero or more occurrences of the sequence of symbols x. 
Using this extension, we can describe <constant> using one rule as 

<constant> ::= <digit> {<digit>} 

In fact, the grammar for arithmetic expressions can be rewritten as 

<ex pr> 
<term> 
<factor> 
<constant>::= 
<digit> .. 

References 

<term>{+ <term> I -<term>} 
<factor>{* <factor>} 
<constant> I ( <expr> ) 
<digit> {<digit>} 
01II213I41 5 I 61 71 8 I 9 

The theory of syntax has been studied extensively. An excellent text 
on the material is Introduction to Automata Theory, Languages and 
Computation (Hopcroft, J.E. and J.D. Ullman; Addison-Wesley, 1979). 
The practical use of the theory in compiler construction is discussed in the 
texts Compiler Construction for Digital Computers (Gries, D.; John 
Wiley, 1971) and Principles of Compiler Design (Aho, A.V., and J. Ull­
man; Addison Wesley, 1977). 



Appendix 2 

Sets, Sequences, Integers, and Real Numbers 

This appendix briefly defines the important types of variables used 
throughout the book. Sets will be described in more detail than the oth­
ers, so that the reader can learn important material he might have missed 
earlier in his education. 

Sets and operations on them 
A set is a collection of distinct objects, or elements, as they are usually 

called. Because the word collection is just as vaque as set, we give some 
examples to make the idea more concrete. 

The set {3, 5} consists of the integers 3 and 5. 

The set {5, 3} consists of the integers 3 and 5. 

The set {3, 3, 5} consists of the integers 3 and 5. 

The set {3} consists of the integer 3. 

The set {} is called the empty set; it contains no elements. The 
Greek character </J is sometimes used to denote the empty set. 

These examples illustrate one way of describing a set: write its elements as 
a list within braces { and }, with commas joining adjacent elements. The 
first two examples illustrate that the order of the elements in the list does 
not matter. The third example illustrates that an element listed more than 
once is considered to be in the set only once; elements of a set must be 
distinct. The final example illustrates that a set may contain zero ele­
ments, in which case it is called the empty set. 

It is not possible to list all elements of an infinite set (a set with an 
infinite number of elements). In this case, one often uses dots to indicate 
that the reader should use his imagination, but in a conservative fashion, 
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in extending the list of elements actually given. For example, 

{O, 1, 2, · · · } is the set of natural numbers 

{ · · · , -2, -1, 0, 1, 2, · · · } is the set of all integers 

{ 1, 2, 4, 8, 16, 32, · · · } is the set of powers of 2. 

We can be more explicit using a different notation: 

{i I there is a natural number j satisfying i = 21} 
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In this notation, between { and I is an identifier i; between I and } is a 
true-false statement -a predicate. The set consists of all elements i that 
satisfy the true-false statement. In this case, the set consists of the powers 
of 2. The following describes the set of all even integers. 

{k I even(k)} 

The notation can be extended somewhat: 

w.n I i=j+l} 

Assuming i and j are integer-valued, this describes the set of pairs 

{ · · ·, (-1, -2), (0, -1), (I, 0), (2, I), (3, 2), · · ·) 

The cardinality or size of a set is the number of elements in it. The 
notations I a I and card(a) are often used to denote the cardinality of set 
a. Thus, I {}I =O, I {1,5}1 =2, and card({3,3,3})=1. 

The following three operations are used build new sets: set union u, set 
intersection n and set difference -. 

a u b is the set consisting of elements that are in 
at least one of the sets a and b 

a n b is the set consisting of elements that are in 
both a and b 

a - b is the set consisting of elements that are in 
a but not in b 

For example, if a ={A, B, C} and b ={B, C, D}, then a Ub = 
{A, B, C, D}, a nb = {B, C} and a -b ={A}. 

Besides tests for set equality or inequality (e.g. a =b, a #{2, 3, 5}), 
the following three operations yield a Boolean value T or F (true or 
false): 
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X Ea 
x if-a 
a Cb 
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has the value of "x is a member of set a" 
is equivalent to , (x Ea) 
has the value of "set a is a subset of set b" 
-i.e. each element of a is in b 

Thus, IE{2,3,5,7} is false, lif-{2,3,5,7} is true, {l,3,5}C{l,3,5} is 
true, {3, I, 5}C{I, 3, 5, O} is true, and {3, I, 5, 2}C{I, 3, 5, O} is false. 

It is advantageous from time to time to speak of the minimum and 
maximum values in a set (if an ordering is defined on its elements): 
min(a) denotes the minimum value in set a and max(a) the maximum 
value. 

Finally, we describe a command that is useful when programming 
using sets. Let a be a nonempty set and x be a variable that can contain 
values of the type of the set elements. Execution of the command 

Choose(a, x) 

stores in x one element of set a. Set a remains unchanged. This com­
mand is nondeterministic (see chapter 7), because it is not known before 
its execution which element of a will be stored in x. The command is 
assumed to be used only with finite sets. Its use with infinite sets causes 
problems, which are beyond the scope of this book (see [ 16] for a discus­
sion of unbounded and bounded nondeterminism). Further, in our pro­
grams the sets we deal with are finite. 

Choose(a, x) is defined in terms of weakest preconditions as follows 
(see chapter 7): 

wp(Choose(a, x), R) a # {} A (A i: i Ea : Rt) 

Sequences 

A sequence is a list of elements (joined by commas and delimited by 
parentheses). For example, the sequence (I, 3, 5, 3) consists of the four 
elements I, 3 , 5 , 3, in that order, and () denotes the empty sequence. As 
opposed to sets, the ordering of the elements in a sequence is important. 

The length of a sequence s, written I s I , is the number of elements in 
it. 

Catenation of sequences with sequences and/ or values is denoted by I. 
Thus, 

(1, 3, 5) I (2, 8) = (I, 3, 5, 2, 8) 
(1,3,5)1812 =(1,3,5,8,2) 
(l,3,5)10 =(1,3,5) 
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In programming, the following notation is used to refer to elements of 
a sequence. Let variable s be a sequence with n elements. Then 

s = (s[O],s[l],s[2], · · · ,s[n-1]) 

That is, s[O] refers to the first element, s [I] to the second, and so forth. 
Further, the notation s[k .. ], where 0 ~k ~n, denotes the sequence 

s[k .. ] =(s[k],s[k+I], · · · ,s[n-1]) 

That is, s[k .. ] denotes a new sequence that is the same as s but with the 
first k elements removed. For example, ifs is not empty, the assignment 

s:= s[I..] 

deletes the first element of s. Executing the assignment when s =() 
causes abortion, because the expression s[I..] is not defined in that case. 

One can implement a last-in-first-out stack using a sequence s by limit­
ing the operations on s to 

s[O] 
s:= () 
x, s:= s[O],s[I..] 
s:= v I s 

reference the top element of the stack 
empty the stack 
Pop an element into variable x 
Push value v onto the stack 

One can implement a (first-in-first-out) queue using a sequence s by limit­
ing the operations on s to 

s[O] 
s:= () 
x, s:= ,·[O],s[I..] 
s:= s I v 

Reference the front element of the queue 
empty the queue 
Delete t!ic front element and store it in x 
Insert value v at the rear 

Using the sequence notation, rather than the usual pop and push of stacks 
and insert into and delete from queues, may lead to more understandable 
programs. The notion of assignment is already well understood -see 
chapter 9- and is easy to use in this context. 

Operations on integers and real numbers 
We typically use the following sets: 

The set of integers: { · · · ,-2, -I, 0, I, 2, · · ·} 
The set of natural numbers: {O, I, 2, · · · } 
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We also use the set of real numbers, although on any machine this set and 
operations on it are approximated by some form of floating point 
numbers and operations. Nevertheless, we assume that real arithmetic is 
performed, so that problems with floating point are eliminated. 

The following operations take as operands either integers or real num­
bers: 

+ - * ' ' 

<. ~. =, ;;;::, >.=I= 

abs(x) or Ix I 
floor(x) 
cei/ (x) 
min(x, y, · · ·) 

max(x, y, · · ·) 

log(x) 

addition, subtraction, multiplication 
division x / y; yields a real number 
the relational operators: 
x <y is read "x is less than y" 
x ~y is read "x is at most y" 
x = y is read "x equals y" 
x ;;;:: y is read "x is at least y" 
x > y is read "x exceeds y" 
x =I= y is read "x differs from y" 
absolute value of x: if x <O then -x else x 
greatest integer not more than x 
smallest integer not less than x 
The minimum of x, y, · · · . The minimum 
of an empty set is oo (infinity) 
The maximum of x, y, · · · . The maximum 
of an empty set is -oo (infinity) 
base 2 logarithm of x: y =log(x) if! x =2Y 

The following operations take only integers as operands. 

x mody 

even (x) 
odd(x) 

x +y is the greatest integer at most x / y 
the remainder when x is divided by y 
(for x ;;;::o,y >O) 
"x is an even integer", or x mod 2 =O 
"x is an odd integer", or x mod 2 =I 
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Relations and Functions 

Relations 

Let A and B be two sets. The Cartesian product of A and B, written 
A XB, is the set of ordered pairs (a, b) where a is in A and b is in B: 

A XB ={(a, b) I a EA Ab EB} 

The Cartesian product is named after the father of analytic geometry, 
Rene Descartes, a 17th century mathematician and philosopher. The 
number of elements in A XB is I A I * I BI ; hence the name Cartesian pro­
duct. 

A binary relation over the sets A and B is a subset of A XB. Since 
we will be dealing mainly with binary relations, we drop the adjective 
binary and call them simply relations. A few words will be said about 
other relations at the end of this Appendix. 

Let P be the set of people. One relation over PXP is the relation 
parent: 

parent = {(a, b) I b is a' s parent} 

Let N be the set of integers. One relation over NXN is the successor 
relation: 

succ = { ( i • i +I ) I i E N I 

The following relation associates with each person the year in ,.,,ich he 
left his body: 

died_in = {(p, i) I person p died in year i} 
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The identity relation over A XA , denoted by /, is the relation 

I = {(a, a) I a EA} 

When dealing with binary relations, we often use the name of a rela­
tion as a binary operator and use infix notation to indicate that a pair 
belongs in the relation. For example, we have 

c parent J if! (d, c) E {(a, b) I b is a' s parent} 
i succ j if! i + I = j 
q died-in j if! (q,j)E{(p, i) I personp diedinyeari} 

From the three relations given thus far, we can conclude several things. 
For any value a there may be different pairs (a, b) in a relation. Such a 
relation is called a one-to-many relation. Relation parent is one-to-many, 
because most people have more than one parent. 

For any value b there may be different pairs (a, b) in a relation. 
Such a relation is called a many-to-one relation. Many people may have 
died in any year, so that for each integer i there may be many pairs (p, i) 
in relation died..in. But for any person p there is at most one pair (p, i) 
in died_in. Relation died_in is an example of a many-to-one relation. 

In relation succ, no two pairs have the same first value and no two 
pairs have the same second value. Relation succ is an example of a one­
to-one relation. 

A relation on A XB may contain no pair (a, b) for some a in A . 
Such a relation is called a partial relation. On the other hand, a relation 
on A XB is total if for each a EA there exists a pair (a, b) in the rela­
tion. Relation died_in is partial, since not all people have died yet. 
Relation succ is total (on NXN). 

If relation R on A XB contains a pair (a, b) for each b in B, we say 
that R is onto B. Relation parent is onto, since each child has a parent 
(assuming there was no beginning). 

Let R and S be two relations. Then the composition R o S of R and 
S is the relation defined by 

a R o S c if! (Eb : a R b A b S c) 

For example, the relation parent o parent is the relation grandparent. 
The relation died_in o succ associates with each person the year after the 
one the person has died. 

Composition is associative. This means the following. Let R, S and 
T be three relations. Then (Ro S)o T = Ro (So T). This fact is easily 
deduced from the definitions of relation and composition. Because com-



Appendix 3 Relations and Functions 317 

position is associative, we usually omit the parentheses and write simply 
Ro So T. 

The composition of a relation with itself is denoted with a superscript 
2: 

parent 2 is equivalent to parent o parent 
succ 2 is equivalent to succ o succ 

Similarly, for any relation R and natural number i one defines R; as 

the identity relation 
for i >O 

For example, 

and 

parent0 

parent' 
parent 2 

parent 3 

I 
parent 
grandparent 
great -grandparent 

(i succk }) ifJ i+k = j 

Looking upon relations as sets and using the superscript notation, we can 
define the closure R+ and transitive closure R* of a relation R as fol­
lows. 

R+ R 1 u R 2 u R 3 u 
R* R 0 u R 1 u R 2 u 

In other words, a pair (a. b) is in R+ if and only if it is in R; for some 
i >O. Here are some examples. 

parent+ is the relation ancestor 
i succ+ j ifJ i+k = j for some k >O, i.e. i <} 
i succ. j ifJ i ~} 

Finally, we can define the inverse R-1 of a relation R: 

b R-1 a if! a R b 

That is, (b, a) is in the inverse R-1 of R if and only if (a, b) is in R. 
The inverse of parent is child, the inverse of < is >, the inverse of ~ is 
;;;::: , and the inverse of the identity relation I is I itself. 
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Functions 
Let A and B be sets. A function f from A to B, denoted by 

f: A -B 

is a relation that for each element a of A contains at most one pair 
(a, b) -i.e. is a relation that is not one-to-many. The relation parent is 
not a function, because a child can have more than one parent -for each 
person p there may be more than one pair (p, q) in the set parent. The 
relations succ and died..in are functions. 

We write each pair in a function f as (a, f(a)). The second value, 
f (a), is called the value of function f at the argument a. For example, 
for the function succ we have 

succ(i)=i+l, for all naturalnumbersi, 

because succ is the set of pairs 

{( ... , (-2, -1), (-1,0), (0, I), (1,2), ... )} 

Note carefully the three ways in which a function name f is used. First, 
f denotes a set of pairs such that for any value a there is at most one 
pair (a, b ). Second, a f b holds if (a, b) is in f. Third, f (a) is the 
value associated with a, that is, (a ,f (a)) is in the function (relation) f. 

The beauty of defining a function as a restricted form of relation is 
that the terminology and theory for relations carries over to functions. 
Thus, we know what a one-to-one function is. We know that composition 
of (binary) functions is associative. We know, for any function, what / 0, 

/ 1, / 2, f+ and/* mean. We know what the inverse /-1 off is. We 
know that /-1 is a function ifJ f is not many-to-one. 

Functions from expressions to expressions 
Consider an expression, for example x*y. We can consider x*y as a 

function of one (or more) of its identifiers, say y: 

f(y) = x*y 

In this case, we can consider f to be a function from expressions to exp­
ressions. For example, 

/(2) = x* 2 
f (x+2) = x * (x+2) 
/(x*2) = x * x*2 
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Thus, to apply the function to an argument means to textually replace the 
identifier y everywhere within the expression by the argument. In making 
the replacement, one should insert parentheses around the argument to 
maintain the precedence of operators in the expression (as in the second 
example), but we often leave them out where it doesn't matter. This tex­
tual substitution is discussed in more detail in section 4.4. The reason for 
including it here is that the concept is used earlier in the book, and the 
reader should be familiar with it. 

n-ary relations and functions 
Thus far, we have dealt only with binary relations. Suppose we have 

sets A 0 , ... , An for n >O. Then one can define a relation on 
A 0 XA 2X · · · XAn to be a set of ordered tuples 

where each a; is a member of set A;. 

Suppose g is such a relation. Suppose, further, that for each distinct 
n-1 tuple (a 0 , • • ·, an-1) there is at most one n-tuple (a 0 , ... , an-i. an) 
in g. Then g is an n -ary function -a function of n arguments- where 
the value an in each tuple is the value of the function when applied to the 
arguments consisting of the first n -1 values: 

(ao, a2, · · · , an-J. g(a 0 , • • • , an-1)) and 
g(ao • ...• an-1) =an 

The terminology used for binary relations and functions extends easily to 
n -ary relations and functions. 



Appendix 4 

Asymptotic Execution Time Properties 

Execution time measures of algorithms that hold for any implementa­
tion of the algorithms and for any computer, especially for large input 
values (e.g. large arrays), are useful. The rest of this section is devoted to 
describing a suitable method for measuring execution times in this sense. 
The purpose is not to give an extensive discussion, but only to outline the 
important ideas for those not already familiar with them. 

First, assign units of execution time to each command of a program as 
follows. The assignment command and skip are each counted as I unit of 
time, since their executions take essentially the same time whenever they 
are executed. An alternative command is counted as the maximum 
number of units of its alternatives (this may be made finer in some 
instances). An iterative command is counted as the sum of the units for 
each of its iterations, or as the number of iterations times the maximum 
number of units required by each iteration. 

One can understand the importance of bound functions for loops in 
estimating execution time as follows. If a program has no loops, then its 
execution time is bounded no matter what the input data is. Only if it 
has a loop can the time depend on the input values, and then the number 
of loop iterations, for which the bound function gives an upper bound, 
can be used to give an estimate on the time units used. 

Consider the three following loops, n ~O: 

i: = n ; do i > I - i: = i - I od 

i:= n; j:= O; do i >I - ;:= i-1; j:= 0 od 

;:= n; do i >I - i:= i +2 od 

The first requires n units of time; the second 2n. The units of time 
required by the third program is more difficult to determine. Suppose n 
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is a power of 2, so that 

holds for some k. Then dividing i by 2 is equivalent to subtracting 1 
from k: (2k )72 = 2k - 1• Therefore, each iteration decreases k by I. Upon 
termination, i = 1 = 2°, so that k =O. Hence, a suitable bound function is 
t = k, and, in fact, the loop iterates exactly k times. The third program 
makes exactly cei/ (log n) iterations, for any n > 0. 

Whenever an algorithm iteratively divides a variable by 2, you can be 
sure that a log factor is creeping into its execution time. We see this in 
Binary Search (exercise 4 of section 16.3) and in Quicksort ( 18.2). This 
log factor is important, because logn is ever so much smaller than n, as 
n grows large. 

The execution time of the first and second programs given above can 
be considered roughly the same, while that of the third is much lower. 
This is illustrated in the following table, which gives values of n, 2n and 
log n for various values of n. Thus, for n = 32768 the first program 
requires 32769 basic units of time, the second twice as many, and the third 
only 15! 

n: 
2n: 
logn: 

2 64 
2 4 128 
0 1 6 

128 32768 
256 65536 
7 15 

We need a measure that allows us to say that the third program is by far 
the fastest and that the other two are essentially the same. To do this, we 
define the order of execution time. 

(A4.l) Definition. Let f(n) and g(n) be two functions. We say that 
f(n) is (no more than) order g(n), written O(g(n)), if a constant 
c >O exists such that, for all (except a possibly finite number) 
positive values of n, 

f(n)~c*g(n). 

Further, f(n) is proportional to g(n) if f(n) is O(g(n)) and 
g(n) is O(/(n)). We also say that f(n) and g(n) are of the 
same order. D 

Example I. Let f(n)=n+5 and g(n)=n. Choose c =5. Then, for 
1 <n, f(n) = n+5 ~ 5n = 5*g(n). Hence, f(n) is O(g(n)). Choosing 
c =I indicates that g(n) is 0(/(n)). Hence n+5 is proportional to 
n. D 
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Example2. Let/(n)=n and g(n)=2n. With c =I we see thatf(n) is 
O(g(n)). With c = 1;2, we see that g(n) is O(f(n)). Hence n is propor­
tional to 2n. For any constants KI #0 and K2, KI *n + K2 is propor­
tional to n. D 

Since the first and second programs given above are executed in n and 
2n units, respectively, their execution times are of the same order. 
Secondly, one can prove that log n is O(n ), but not vice versa. Hence 
the order of execution time of the third is less than that of the first two 
programs. 

We give below a table of typical execution time orders that arise fre­
quently in programming, from smallest to largest, along with frequent 
terms used for them. They are given in terms of a single input parameter 
n. In addition, the (rounded) values of the orders are given for n = 100 
and n = 1000, so that the difference between them can be seen. 

Order n =100 n = 1000 Term l':.ed 

I I Constant-time algorithm 
logn 7 10 logarithmic algorithm 
./fl 10 32 
n 100 1000 linear algorithm 
n logn 700 10000 
n ./fl 1000 31623 
ni 10000 1000000 quadratic (or simply n 2) algorithm 
n3 1000000 109 cubic algorithm 
2n 1.26* 1030 -10300 exponential algorithm 

For algorithms that have several input values the calculation of the order 
of execution time becomes more difficult, but the technique remains the 
same. When comparing two algorithms, one should first compare their 
execution time orders, and, if they are the same, then proceed to look for 
finer detail such as the number of times units required, number of array 
comparisons made, etc. 

An algorithm may require different times depending on the configura­
tion of the input values. For example, one array b[l:n] may be sorted in 
n steps, another array b'[l:n] in n 2 steps by the same algorithm. In this 
case there are two methods of comparing the algorithms: average- or 
expected-case time analysis and worst-case time analysis. The former is 
quite difficult to do; the latter usually much simpler. 

As an example, Linear Search, (16.2.5), requires n time units in the 
worst case and n /2 time units in the average case, if one assumes the 
value being looked for can be in any position with equal probability. 
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Answers for Chapter 1 
1. We show the evaluation of the expressions for states I. 
(a) ,(mVn) = ,(TVF) = ,T = F 
(b) , m v n = , T v F = F v F = F 
(c) ,(m An)= ,(TAF) = ,F = T 
(d) ,mAn = ,TAF = FAF = F 
(e) (mVn)9p = (TVF)9T = T9T = T 
(f) mV(n9p) = TV(F9T) = TVT = T 
(g) (m =n)A(p =q) = (F=F)A(T=F) = TAF = F 
(h) m =(n A(p =q)) = F =(F A(T = F)) 

= F=(FAF) = F=F = T 
(i) m=(nAp=q) = F=(FAT=F) = F=(F=F) = F=T = F 
(j) (m=n)A(p9q) = (F=T)A(F9T) =FAT= F 
(k) (m=nAp)9q = (F=TAF)9T = (F=F)9T = T9T = T 
(I) (m 9n)9(p 9q) = (F9F)9(F9F) = T9T = T 
(m)(m 9(n 9p))9q = (F9(F9F))9F 

= (F9T)9F = T9F = F 

2. a,b b c d b Ve bVcVd b Ac b Ac Ad 

TTT T T T T 
TTF T T T F 
TFT T T F F 
TFF T T F F 
FTT T T F F 
FTF T T F F 
FFT F T F F 
FFF F F F F 
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3. Let the Boolean identifiers and their meanings be: 

xlessy: x < y xequaly: x = y xgreatery: x > y xatleasty: x ~ y 
ylessz:y <z yequalz:y =z ygreaterz:y >z 
vequalw: v = w 
beginxlessy: Execution of program P begins with x <y 
beginxlessO: Execution of program P begins with x <O 
endyequal2powerx: Execution of P terminates with y =2x 
noend: Execution of program P does not terminate 

We give one possible proposition; there are others. 

(a) xlessy v xequaly 
(d) xlessy A ylessz A vequalw 
(k) beginxless 0 =;;. noend 

Answers for Chapter 2 
1. Truth table for the first Commutative law (only) and the law of Nega-
tion: 

b c b Ac cAb (b Ac)=(c Ab) ,b ,,b , ,b =b 

TT T T T F T T 
TF F F T 
FT F F T T F T 
FF F F T 

Truth table for the first Distributive law (only) (since the last two columns 
are the same, the two expressions heading the columns are equivalent and 
the law holds): 

b c d cAd b Ve bVd b V(c Ad) (b Vc)A(b Vd) 

TTT T T T T T 
TTF F T T T T 
TFT F T T T T 
TFF F T T T T 
FTT T T T T T 
FTF F T F F F 
FFT F F T F F 
FFF F F F F F 

3. , T = i(TV, T) (Excluded Middle) 
= ,TA,,T (De Morgan) 
=,TAT (Negation) 
=TA, T (Commutativity) 
=F (Contradiction) 
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5. Column I: (b) Contradiction, (c) or-simpl., (d) or-simpl., (e) and-simpl., 
(f) Identity, (g) Contradiction, (h) Associativity, (i) Distributivity, U) Dis­
tributivity, (k) Commutativity (twice), (I) Negation, (m) De Morgan. 

6.(a)xV(yVx)V,y 
= x V(x v y) v ,y (Commut.) 
= (xv x)V(y v ,y) (Ass.) 
= xv T (or-simpl., Exel. Middle) 
= T (or-simpl.) 

(b) (x Vy)A(x v ,y) 
= x V(y A ,y) (Dist.) 
= xv F (Contradiction) 
= x (or-simpl.) 

(g) ,x ~(X Ay) 
= x V(x Ay) (Imp., Neg.) 
= x (or-simpl.) 

(h) T ~(, x ~ x) 
= ,TV(xVx)(lmp., Neg.) 
= FV(x Vx) (exercise 3) 
= x (or-simpl., twice) 

7. Proposition e is transformed using the equivalence laws in 6 major 
steps: 

I. Use the law of Equality to eliminate all occurrences of=. 

2. Use the law of Implication to eliminate all occurrences of ~. 

3. Use De Morgan's laws and the law of Negation to "move not in" so 
that it is applied only to identifiers and constants. For example, 
transform , (a V(F A, c )) as follows: 

,(aV(FA,c)) 
,aA,(FA,c) 

= ,aA(,FV,,c) 
= ,aA(,FVc) 

4. Use , F = T and , T = F to eliminate all occurrences of , F and , T 
(see exercises 3 and 4). 

5. The proposition now has the form e 0 v · · · Ven for some n ;;;::o, where 
each of the e; has the form (g 0 A · · · A gm). Perform the following until 
all gj in all e; have one of the forms identifier, , identifier, T and F: 

Consider some e; with a gj that is not in the desired form. Use 
the law of Commutativity to place it as far right as possible, so 
that it becomes gm. Now, gm must have the form (ho v · · · v 
hk ), so that the complete e; is 

Use Distributivity to replace this by 
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This adds m propositions e; at the main level, but reduces the 
level of nesting of operators in at least one place. Hence, after a 
number of iterations it must terminate. 

6. The proposition now has the form e0 v · · · v en for some n ;;::i:o, where 
each of the e; has the form (g0A · · · Agm) and the gj are identifier, 
, identifier, T or F. Use the laws of Commutativity, Contradiction, Ex­
cluded Middle and or-simplification to get the proposition in final form. 
If any of the e; reduces to T then reduce the complete proposition to T; 
if any reduces to F use the law of or-simplification to eliminate it (unless 
the whole proposition is F). 

9. The laws have already been proved to be tautologies in exercise 1. We 
now show that use of the rule of Substitution generates a tautology, by 
induction on the form of proposition E(p ), where p is an identifier. 

Case 1: E(p) is either T, F or an identifier that is not p. In this case, 
E(el) and E(e2) are both E itself. By the law of Identity, E = E, so that 
a tautology is generated. 

Case 2: E(p) is p. In this case, E(el) is el and E(e2) is e2, and by 
hypothesis el =e2 is a tautology. 

Case 3: E(p) has the form , El(p ). By induction, El(el) = El(e2). 
Hence, El(el) and El(e2) have the same value in every state. The follow­
ing truth table then establishes the desired result: 

El(el) El(e2) 

T T 
F F 

, El( el) 

F 
T 

, El(e2) 

F 
T 

, El(el) =, El(e2) 

T 
T 

Case 4: E(p) has the form El(p) A E2(p ). By induction, we have that 
El(el) = El(e2) and E2(el) = E2(e2). Hence, El(el) and El(e2) have the 
same value in every state, and E2(el) and E2(e2) have the same value in 
every state. The following truth table then establishes the desired result: 

El( el) El(e2) E2(el) E2(e2) El(el) A E2(el) El(e2)AE2(e2) 

T T T T T T 
T T F F F F 
F F T T F F 
F F F F F F 

The rest of th .. cases, E(p) having the forms El(p )V E2(p ), El(p) ~ 
E2(p) and El(p) = E2(p) are similar and are not shown here. 
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We now show that use of the rule of Transitivity generates only tauto­
logies. Since el= e2 and e2 = e3 are tautologies, we know that el and e2 
have the same value in every state and that e2 and e3 have the same value 
in every state. The following truth table establishes the desired result: 

el e2 e3 el =e3 
T T T T 
F F F T 

10. Reduce e to a proposition el in conjunctive normal form (see exercise 
8). By exercise 9, e =el is a tautology, and since e is assumed to be a 
tautology, el must be a tautology. Hence it is true in all states. Proposi­
tion el is T, is F or has the form e0 A • • • Aen, where each of thee; has 
the form g 0 v · · · v gm and each g; is identifier or , identifier and the g; 
are distinct. Proposition cannot have the latter form, because it is not a 
tautology. It cannot be F, since F is not a tautology. Hence, it must be 
T, and e = T has been proved. 

Answers for Section 3.2 

3. (a) From p Aq, p 9r infer r 
I p Aq pr I 
2 p 9r pr 2 
3 p A-E, I 
4 r 9-E, 2, 3 

or From p Aq, p 9r infer p 

I I p A-E, pr 1 
2 p 9-E, pr 2, I 

3. (b) Fromp =q, q infer p 

1 p =q pr I 
2 q pr 2 
3 q 9p =-E, 1 
4 p 9-E, 3, 2 

3. (c) From p, q 9r, p 9r infer p Ar 

I I r 9-E, pr 3, pr I 
2 p Ar A-I, pr I, I 
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4. Proof of 3(a). Since p A q is true, p must be true. From p ? r, we 
then conclude that r must be true. 

Proof of 3(b). Since p = q is true, q being true means that p must be 
true. 

Answers for Section 3.3 

1. Infer (p Aq A(p ?r)) ?(r V(q ?r)) 

I I (pAqA(p?r))?(rV(q?r)) ?-1,(3.2.11) 

2. Infer (p Aq) ?(p v q) 

2 From p A q infer p v q 

2.1 p A-E, pr I 
2.2 p V q V-1, I 

3 (p Aq) ?(p V q) ?-1, 2 

4. Infer p = p v p 

I From p infer p v p 

I.I pVp V-1,prl 
2 p ?pVp ?-I, I 
3 From p v p infer p 

3.1 p V-E, pr I, (3.3.3), (3.3.3) 
4 p v p ?p ?-I, 3 
5 p = p v p =-I, 2, 4 

8. The reference on line 2.2 to line 2 is invalid. 

11. From , q infer q ? p 

I , q pr I 
2 From q infer p 

2.1 q pr I 
2.2 From ,p infer q A ,q 

2.2.1 I q A , q A-1, 2.1, I 
2.3 p , -E, 2.2 

2 q ?p ?-I, 2 
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26. From p infer p 

I p pr I 
2 From ,p infer p A ,p 

2.1 p A ,p A-1, I, pr I 
3 p ,-E,2 

27. The following "English" proofs are not intended to be particularly 
noteworthy; they only show how one might attempt to argue in English. 
Building truth tables or using the equivalence transformation system of 
chapter 2 is more reasonable. 

Many of these proofs rely on the property that a proposition b ~c is 
true in any state in which the consequent c is true, and hence to prove 
that b ~c is a tautology one need only investigate states in which c is 
false. 

27. Proof of I. The propos1t10n (p Aq A(p ~r)) ~(r V(q ~r)) is true 
because it was already proven in (3.2.11) that (rV(q ~r)) followed from 
(p Aq A(p ~r)}. 

27. Proof of 2. If p A q is true, then p is true. Hence, anything "ored" 
with p is true, sop v q is true. 

27. Proof of 3. If q is true, then so is q A q. 

27. Proof of 5. Suppose p is true. Then e ~P is true no matter what e 
is. Hence (r vs)~ p is true. Hence, p ~((r vs)~ p) is true. 

Answers for Section 3.4 

1. From p ~(q ~(p v q)) infer (p Aq) ~(p v q) 

I p ~(q ~(p Vq)) pr I 
2 From p A q infer p v q 

3 

2.1 p 
2.2 q ~(p v q) 
2.3 q 
2.4 p v q 

(pAq)~(pVq) 

A-E, pr I 
~-E, I, 2.1 
A-E, pr I 
~-E, 2.2, 2.3 
~-1, 2 

8.(a) From b v c infer , b ~c 

I b v c pr I 
2 From , b infer c 

2.1 c 
3 ,b ~c 

(3.4.6), I, pr I 
~-1, 2 



330 

8.(b) From , b 9e infer b v e 

I , b 9e pr I 
2 bV,b (3.4.14) 
3 From b infer b v e 

3.1 bVe V-I,prl 
4 b 9b v e 9-I, 3 
5 From , b infer b v e 

5.1 e 9-E, I, pr I 
5.2 b Ve V-I, 5.1 

6 , b 9b v e 9-I, 5 
7 b Ve V-E, 2, 4, 6 

8.(c) Infer b v e =(, b 9e) 
I (bVe)9(,b9e) 
2 (,b9e)9bVe 
3 bVe=(,b9e) 

9-I, 8(a) 
9-I, 8(b) 
=-I, I, 2 

Answers to Exercises 

10. We prove the theorem by induction on the structure of expression 
E(p). 

Case 1: E(p) is the single identifier p. In this case, E(el) is simply el and 
E(e2) is e2, and we have the proof 

From el =e2, el infer e2 

I I el 9e2 =-E, pr I 
2 e2 9-E, 3, pr 2 

Case 2: E(p) is an identifier different from p, say v. In this case E(el) 
and E(e2) are both v and the theorem holds trivially. 

Case 3: E(p) has the form , G(p ), for some expression G. By induction, 
we may assume that a proof of 

From e2=el, G(e2) infer G(el) 

exists, and we prove the desired result as follows. 
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From el =e2,, G(el) infer , G(e2) 

I el =e2 
2 , G(el) 
3 From G(e2) infer G(el)A, G(el) 

3.1 e2 =el 
3.2 (e2=el)AG(e2)9G(el) 
3.3 (e2 =el) A G(e2) 
3.4 G(el) 
3.5 G(el)A, G(el) 

4 , G(e2) 

pr I 
pr 2 

9-E, ex. 25 of 3.3, I 
9-1, assumed proof 
A-1, 3.1, pr I 
9-E, 3.2, 3.3 
A-1, 3.4, 2 
, -I, 3 
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Case 4: E(p) has the form G(p)AH(p) for some expressions G and H. 
In this case, by induction we may assume that the following proofs exist. 

From el =e2, G(el) infer G(e2) 
From el =e2, H(el) infer H(e2) 

We can then give the following proof. 

From el=e2, G(el)AH(el) infer G(e2)AH(e2) 

I G(el) A-E, pr 2 
2 G (e2) Assumed proof, pr I, I 
3 H(el) A-E, pr 2 
4 H(e2) Assumed proof, pr I, 3 
5 G(e2)AH(e2) A-1,2,4 

The rest of the cases, where E(p) has one of the forms G(p)V H(p), 
G(p)9H(p) and G(p)=H(p), are left to the reader. 

11. From a =b, b =c infer a =c 

I a 9b =-E, pr I 
2 b 9c =-E, pr 2 
3 From a infer c 

3.1 b 9-E, I, pr I 
3.2 c 9-E, 2, 3.1 

4 a 9c 9-1, 3 
5 c 9a proof omitted, similar to 1-4 
6 a =c =-I, 4, 5 
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Answers for Section 3.5 
1. Conjecture 4, which can be written as bl A i gj ~ i tb, is not valid, as 
can be seen by considering the state with tb = T, ma= T, bl= T, 
gh =F,fd= T and gj =F. 

Conjecture 8, which can be written as gh A tb ~(bl ~ ifd), is proved 
as follows: 

From gh, tb infer bl ~ if d 

I i i tb subs, Negation, pr 2 
2 i bl v ma (3.4.6), Premise I, I 
3 i i gh subs, Negation, pr I 
4 i ma v ifd (3.4.6), Premise 2, 3 
5 From bl infer if d 

5.1 i i bl subs, Negation, pr I 
5.2 ma (3.4.6), 2, 5.1 
5.3 i i ma subs, Negation, 5.2 
5.4 ifd (3.4.6), 4, 5.3 

6 bl ~ ifd ~-1, 5 

2. For the proofs of the valid conjectures using the equivalence transfor­
mation system of chapter 2, we first write here the disjunctive normal 
form of the Premises: 

Premise I: i tb v i bl v ma 
Premise 2: i ma v if dV i gh 
Premise 3: gj V(fdA igh) 

Conjecture 2, which can be written in the form (ma A gh) ~ gj, is 
proved as follows. First, use the laws of Implication and De Morgan to 
put it in disjunctive normal form: 

( E. l) i ma v i gh v gj . 

To show (E.I) to be true, it is necessary to show that at least one of the 
disjuncts is true. Assume, then, that the first two are false: ma = T and 
gh = T. In that case, Premise 2 reduces to ifd, so we conclude that 
fd = F. But then Premise 3 reduces to gj, and since Premise 3 is true, gj 
is true, so that (E. l) is true also. 

Answers for Section 4.1. 
1. (a) T. (b) T. (c) F. (d) T. 

2.(a){l,2,3,4,6}. (b){2,4}. (c)F. (d)F. 



Answers for Section 4.4 333 

3. (a) U. (b) T. (c) U. (d) U. 

S. We don't build all the truth tables explicitly, but instead analyze the 
various cases. 

Associativity. To prove a cor (b cor c) and (a cor b) cor c equivalent, 
we investigate possible values of a. Suppose a = T. Then evaluation 
using the truth table for cor shows that both expressions yield T. Sup­
pose a = F. Then evaluation shows that both yield b cor c, so that they 
are the same. Suppose a = U. Then evaluation shows that both expres­
sions yield U. The proof of the other associative law is similar. 

Answers for Section 4.2 
1. The empty string £ -the string containing zero characters- 1s the 
identity element, because for all strings x, x I £ = x. 

4. (Ni:O~i <n: x =b[i]) = (Ni:O~i <m: x =c[i]). 

S. (A k: 0 ~ k < n : 
(Ni: 0 ~i <n: b[k] = b[i]) = (N j: 0 ~j <n: b[k] =c[i])). 

6. (a) (A i:j ~i <k +I: b[i] =O) 

(b) ,(E i:j ~ i <k +I: b[i] =O), or (Ai :j ~i <k +I: b[i] #0) 

(c) Some means at least one: (Ei:j ~i <k+I: b[i]=O), or, better yet, 
(Ni:j ~i <k+I: b[i]=O)>O 

(d) (O~i<n candb[i]=O)~j~i~k. or 
(A i: 0 ~ i < n : b [ i] = 0 ~ j ~ i ~ k ) 

Answers for Section 4.3 

t I I I 
1. (a) (Ek:O~k <n: PAHk(T)) A k >O (invalid) 

+ I I I I 
(b) (Aj:O~j <n: BJ ~wp(SLJ, R)) 

Answers for Section 4.4 
1. Ej = E (i is not free in £) 

£~+ 1 =(Ai:O~i<n+l:b[i]<b[i+I]) 

2. Ej is invalid, because it yields two interpretations of j: 

Ej =n >j A(Nj: l~j<n:n+j=O)>I 

3. Ej = E (since i is not free in £) 
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4. The precondition is x+I >O, which can be written as R;+1 (compare 
with the assignment statement x:= x+l). 

6. (a) For the expressions T, F and id where id is an identifier that is not 
i,E:=E. 

(b) For the expression consisting of identifier i, E: = e. 

(c) (E): = ( E:) 

(d) (, E): = , (E:) 

(e) (El A E2): = El: A E2: (Similarly for v, =and ~) 

(f) (Ai: m ~i ~n: E): =(Ai: m ~i ~n: E) 

For identifier j not identifier i, 
(Aj: m ~j ~n: E): = (Aj: m: ~j ~n:: E:) (Similarly for E and N.) 

Answers for Section 4.5 
1. (a) E is commutative, as is A; this can be written as (Et: (Ep: 
fool(p, t ))), or (E p: (Et: fool(p, t ))), or (E p ,t: fool(p, t )). 

2. (b) (A a ,b ,c: integer (a ,b ,c ): 
sides(a, b, c)=a+b ;;;:::c A a+c ;;;:::b A b+c ;;::a) 

Answers for Section 4.6 
1. (a) x =6, y =6, b = T. (b) x =5, y =5, b = T. 

Answers for Section 5.1 
1. (a) (3, 4, 6, 8). (d) (8, 6, 4, 2). 

2. (a) 0. (b) 2. (c) 0. 

3. (a) (i = j A5 =5)V(i # j A5 =bl/]) 
(b) b[i]=i. 

Answers for Section 5.2 

(i =j)Vbl/]=5. 

1. (Those exercises without abbreviations are not answered.) 
(a) bU:k] =O. 
(b) bU:k] #0. 
(c) 0Ebl/:k]. 
(d) 09'b[O:j-I] A 09'b[k+l:n-I]. 

0 p q n-1 

2. (a) 0 ~P ~ q +I ~ n A b ._I _~_x___.l __ __..l _>_x___.I 
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Answers for Section 6.2 
1. (a) First specification: {n >O} S {x =max({y I y Eb[O:n-1]})}. 

Second specification: Given fixed n and fixed array b[O:n -I], establish 

R: x =max({y I y Eb}). 

For program development it is may be useful to replace max by its mean­
ing. The result assertion R would then be 

R: (Ei:O~i <n:x =b[i]) A (A i:O~i <n:b[i]~x) 

( d) First specification: 

{n >O} 
s 
{O~i <n A (Aj: O~j <n: b[i]~bU]) A b[i]>b[O:i-1]}. 

Second specification: Given fixed n > 0 and fixed array b [O:n - I], set i to 
establish 

R: 0 ~i <n A b[O:n -l]~b[i] A b[i] >b[O:i-1] 

(k) Define average(i) =(I.j: 0 ~j <4: grade[i, j]). 

First specification: 

{n >O} S {O~i <n A (Aj:O~j <n: average(i)~averageU))}. 

Answers for Chapter 7 
1. (a) i+l >O, or i ~O. 
(b) i+2 + j-2 =O, or i+j =O. 

3. Suppose Q ~ R. Then QA R = Q. Therefore 

wp(S,Q)= wp(S,QAR) 
= wp(S,Q)Awp(S,R) 
~ wp(S,R) 

This proves (7 .5). 

(since Q AR =R) 
(by (7.4)) 

6. By (7.6), we see that LHS (of (7.7)) ~ RHS. Hence it remains to show 
that RHS ~ LHS. To prove this, we must show that any state s in 
wp (S, Q v R) is either guaranteed to be in wp (S, Q) or guaranteed to be 
in wp(S,R). Consider a states in wp(S,QVR). Because Sis deter­
ministic, execution of S beginning in s is guaranteed to terminate in a 
single, unique state s', with s' in Q v R. This unique state s' must be 
either in Q, in which case s is in wp ( S, Q ), or in R, in which case s is in 
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wp(S,R). 

7. This exerr.ise is intended to make the reader more aware of how quan­
tification works in connection with wp, and the need for the rule that 
each identifier be used in only one way in a predicate. Suppose that Q 
~ wp (S, R) is true in every state. This assumption is equivalent to 

(E7.I) (Ax: Q~wp(S,R)). 

We are asked to analyze predicate (7.8): {(Ax: Q)} S {(Ax: R)}, which 
is equivalent to 

(E7.2) (Ax: Q)~wp(S,(Ax: R)). 

Let us analyze this first of all under the rule that no identifier be used in 
more than one way in a predicate. Hence, rewrite (E7.2) as 

(E7.3) (Ax: Q)~wp(S,(A z: R;}). 

and assume that x does not appear in S and that z is a fresh identifier. 
We argue operationally that (E7.3) is trm.. Suppose the antecedent of 
(E7.3) is true in some state s, and that execution of S begun in s ter­
minates in state s'. Because S does not contain identifier x, we have 
s(x) =s'(x). 

Because the antecedent of (E7.3) is true ins, we conclude from (E7.I) 
that (A x: wp (S, R )) is also true in state s. Hence, no matter what the 
value of x ins, s'(R) is true. But s(x)=s'(x). Thus, no matter what 
the value of x in s', s'(R) is true. Hence, so is s'((A x: R)), and so is 
s'((A z: R;)). Thus, the consequent of (E7.3) is true ins, and (E7.3) 
holds. 

We now give a counterexample to show that (E7.2) need not hold if x 
is assigned in command S and if x appears in R. Take command 
S: x:= I. Take R: x =I. Take Q: T. Then (E7.I) is 

(Ax: T ~wp("x:= I", x =I)) 

which is true. But (E7.2) is false in this case: its antecedent (Ax: T) is 
true but its consequent wp("x:= I", (Ax: x =I)) is false because predicate 
(Ax:x=l)isF. 

We conclude that if x occurs both in S and R, then (E7.2) does not in 
general follow from (E7. I). 
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Answers for Chapter 8 
3. By definition, wp (make -true, F) = T, which violates the law of the 
Excluded Miracle, (7.3). 

5. wp("Sl; S2", Q)V wp("Sl; S2", R) 
= wp(Sl, wp(S2, Q))V wp(SJ, wp(S2, R)) (by definition) 
= wp(Sl, wp(S2, Q)V wp(S2, R)) (since SJ satisfies (7.7)) 
= wp(Sl, wp(S2, Q v R)) (since S2 satisfies (7.7)) 
= wp("Sl; S2", Q v R) (by definition) 

Answers for Section 9.1 
1. (a) (2*y+3) = 13, or y =5. 
(b) x+y <2*y, or x <y. 
(c) O<j+I A (Ai: O~i ~j+I: b[i]=5). 
(d) (bl/]=5) =(Ai: O~i ~j: b[i]=5), or (Ai: O~i <j: b[i]=5) 

3. Execution of x:= e in state s, in which x has the value s(e ), evaluates 
e to yield the value s (e) and stores this value as the new value of x. This 
is our conventional model of execution. Hence, for the final state s' we 
haves' =(s; x:s(e)). 

We want to show that s' ( R) = s ( R: ). But this is simply lemma 4.6.2. 
This means that if R is to be true (false) after the assignment (i.e. in state 
s') then R: must be true (false) before (i.e. in state s ). This is exactly 
what definition (9.1) indicates. 

4. Writing both Q and e as functions of x, we have 

wp("x:= e(x)",sp(Q(x), "x:= e(x)")) 
= wp("x:= e(x)",(Ev: Q(v) Ax =e(v))) 

(Ev: Q(v) A Jr =e(v))e(x) 

(E4.I) (Ev: Q(v) A e(x)=e(v)) 

The last line follows because neither Q(v) nor e(v) contains a reference 
to x. Now suppose Q is true in some states. Let v =s(x), the value of 
x in states. For this v, (Q(v) A e(x)=e(v)) is true in states, so that 
(E4.I) is also true ins. Hence Q ~(E4.I), which is what we needed to 
show. 

Answers for Section 9 .2 
1. We prove only that x:= el; y := e2 is equivalent to x, y := el, e2. 
Write any postcondition R as a function of x and y: R (x ,y ). 

wp("x:= el; y:= e2'', R(x, y)) 
= wp("x:= el", wp("y:= e2", R(x, y)) 



338 

= wp("x:= el", R(x, y)/2) 
= wp("x:= el", R(x, e2)) 
= R(x, e2)J 

Answers to Exercises 

= R(el, e2) (since x is not free in e2) 
wp (" x, y := e 1, e2", R (x, y )) (by definition) 

3. (a) I *cd = cd, or T 
(b) I~ I <n A b[O] =(I:j: 0 ~j ~O: bLJ], or I <n 
(c) 02 <1 A (0+1)2 ;;;;:1, or T 

4. In these, it must be remembered that x is a function of the identifiers 
involved. Hence, if x occurs in an expression in which a substitution is 
being made, that substitution may change x also. In the places where this 
happens, x is written as a function of the variables involved. See espe­
cially exercise (b). 

(a) wp("a, b:= a+1, x", b =a+1) = x =a+2. Hence, take x =a+2. 

(b) wp("a:= a+l; b:= x(a)",b =a+I) 
= wp("a:= a+1",x(a)=a+I) 
= x(a+1)=a+2 

This is satisfied by taking x(a) =a+ I. Hence, take x =a+ I. 

(e) wp("i:= i+I; j:= x(i)",i =j) 
= wp("i:= i+l", i =x(i)) 
= i+l =x(i+1) 

Answers for Section 9.3 
1. For each part, the weakest precondition, determined by textual substi­
tution, is given and then simplified. 
(a) (b; i:i)[(b; i:i)[i]]=i = (b; i:i)[i]=i 

= i =i = T 
(b) (Ej: i~j<n: (b; i:5)[i]~(b; i:5)[j]) 

= (Ej: i~j<n: 5~(b; i:5)[j]) 
= (Ej: i <j <n: 5 ~(b; i:5)LJ]) v 5 ~(b; i:5)[i] 
= (Ej: i <j <n: 5 ~(b; i:5)LJ]) v 5 ~5 

T 

Answers for Section 9 .4 
1. (a) Rfb;xi:e; j:f), g 

2. For each part, the weakest precondition determined by textual substitu­
tion is given and then simplified. 
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(a) (b; i:3; 2:4)[i] = 3 
= (i = 2 A 4 = 3) V (i # 2 A 3 = 3) 
= i #2 

(g) b[p]=(b; p:b[b[p]]; b[p]:p)[(b; p:b[b[p]]; b[p]:p)[b[p]]] 
= b[p]=(b;p:b[b[p]]; b[p]:p)[p] 
= (p =b[p] A b[p]=p) V (p #b[p] A b[p]=b[b[p]]) 
= p =b[p] v b[p] =b[b[p]] (see (c)) 

5. The lemma has been proven for the case that x consists of distinct 
identifiers, and we need only consider the case that x = b o s '· ... , b o sn. 
To prove this case, we will need to use the obvious fact that 

( E5. I ) ( b ; s : b o s ) = b 

Remembering that x; equiv b :s;, we have 

Eb 
(b. s, b 0 '1· 

EC 
E 

Answers for Chapter 10 

... sn b o snl (substitute X; for each u;) 

(n applications of ( E5. I)) 

3. Letting R = q*w+r =x Ar ~O. we have 

wp(S3, R) = (w ~r v w >r) A 

(w ~r ~wp("r, q:= r-w, q+I", R)) A 

(w >r ~wp(skip, R)) 
(w ~r ~((q+I)*w +r-w =x A r-w ~O)) A (w >r ~R) 
(w ~r ~q*w+r =x A r-w ~O) A (w >r ~ R) 

This is implied by R. 

6. wp(S6, R) = (f[i]<gU] v f[i]=gU] v f[i]>gU]) A 

(f[i] <gU] ~ R/+1) A 

(f[i] =gU] ~ R) A 

(f[i] > gU] ~Rf +1) 

R A (f[i] <gU] ~ /[i+I]~X) A (f[i] >gU] ~gU]~X) 
R (since R implies that gU]~X and f[i]~X) 

Answers for Chapter 11 
2. In the proof of theorem 10.5 it was proven that 

(Ai: PA B; ~wp(S;, P)) = PA (Ai: B; ~wp(S;, P)). 
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Therefore, given assumption I, we have 

PABB PA BB AT 
PA BB A (Ai: PA B; ~wp{S;, P)) (since I. is true) 
PA BB AP A (Ai: B; ~wp(S;, P)) 

~ BB A (Ai: B; ~ wp(S;, P)) 
wp(lF, P) 

3. By a technique similar to that used in exercise 2, we can show that 
assumption 3 of theorem 11.6 implies 

(E3.I) PA BB~ wp("T:= t; IF'', t <T) 

Thus, we need only show that (E3.I) implies 3' of theorem 11.6. Note 
that P, IF, and t do not contain t I or tO. Since IF does not refer to T 
and tO, we know that wp(IF, tl~tO+I) =BB A tl~tO+l. We then have 
the following: 

(£3.1) = PABB~wp(IF,t<tl)f1 

(by definition of := ) 

~ PABBAt ~tO+I ~ wp(IF, t ~t/-l)f1 At ~tO+I 
(Insert t ~tO+I on both sides of ~) 

PA BBAt ~tO+I ~ wp(IF, t ~t/-l)f1 A(t/ ~tO+l)f1 

PA BBAt ~tO+I ~ (wp(IF, t ~t/-l)At/ ~tO+l)f1 

(Distributivity of textual substitution) 

= PA BBAt ~tO+I ~ (wp(lF, t ~t/-l)Awp(IF, ti ~tO+l))f1 

(IF does not contain ti nor tO) 

PA BBAt ~tO+I ~ wp(IF, t ~ti-I At/ ~tO+l)f1 

(Distributivity of Conjunction) 

PA BBAt ~tO+I ~ wp(IF, t ~t0)f1 

PABBAt ~tO+I ~ wp("t/:= t; IF", t ~tO) 

PA BBA t ~ tO+I ~ wp(" IF",t ~ tO) 

Since the derivation holds irrespective of the value tO, it holds for all tO, 
and 3' is true. 

4. We first show that (11.7) holds fork =O by showing that it is equiv­
alent to assumption 2: 

PA BB~t >O 
, p v , BB v t >O 
,pv ,(t~O)V ,BB 
PA t ~o~,BB 
P At ~0 ~PA, BB 

(Assumption 2) 
(Implication, De Morgan) 

(De Morgan, Implication) 
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= p At :;;;;o ~ Ho(P A, BB) (Definition of Ho) 

Assume ( 11.7) true fork= K and prove it true fork= K +I. We have: 

PA BB At :;;;;K+l ~ wp(lF, PA t :;;;;K) (this is 3') 
~ wp(lF, HK(P A , BB)) (Induction hyp.) 

and P A , BB At:;;;;;; K +l ~ P A , BB 
= Ho(P A , BB) 

These two facts yield 

PAt:;;;;K+l ~ H 0(P A ,BB)V wp(lF,P A ,BB) 
= HK+1(P A , BB) 

which shows that ( 11.7) holds for k = K +I. By induction, ( 11.7) holds 
for all k. 

6.H'0(R)=,BBAR. For k>O, H'k(R)=wp(lF,H'k-t(R)). (Ek: 
o:;;;;k: H'dR)) represents the set of states in which DO will terminate 
with R true in exactly k iterations. On the other hand, wp(DO, R) 
represents the set of states in which DO will terminate with R true in k 
or less iterations. 

10.(1) wp("i:= l", P) = O<l:;;;;n A(Ep: 1=2P) 
= T (above, take p =0). 

(2) wp(S 1, P) wp("i:= 2*i", 0 <i :;;;;n A (Ep: i = 2P)) 
0<2*i :;;;;n A (Ep: 2*i =2P), 

which is implied by P A 2*i :;;;;;; n. 

(3)PA,BB = O<i:;;;;nA(Ep:i=2P)A2*i>n, 
which is equivalent to R. 

(4) PA BB ~ O<i :;;;;n A 2*i :;;;;n 
~ n -i >O, which is t >O. 

(5) wp("t/:= t; S 1", t <ti) 
wp("tJ:= n -i; i:= 2*i", n -i <ti) 
wp("tJ:= n-i", n-2*i <ti) 
n -2*i <n-i 
-i <O. which is implied by P. 

Answers for Chapter 12 
1. We have the following equivalence transformations: 

{T(u)} S {R} (Au: {T(u)} S {R}) 
(Au: T(u) ~wp(S, R)) 
(Au: , T(u) v wp (S, R)) (Implication) 



342 Answers to Exercises 

= (Au: , T(u)) v wp(S, R) 
(Since neither S nor R contains u) 

(El.I) 

,(Eu: T(u)) v wp(S, R) 
= (Eu: T(u))=';>wp(S, R) 

{(Eu: T(u))} S {} 
(Implication) 
(Implication) 

The quantifier A in the precondition of (12.7) of theorem 12.6 is neces­
sary; without it, predicate (12.7) has a different meaning. With the quan­
tifier, the predicate can be interpreted as follows: The procedure call can 
be executed in a state s to produce the desired result R if all possible 
assignments ii, v to the result parameters and arguments establish the 
truth of R. Without the quantifier, the above equivalence indicates that 
an existential quantifier is implicitly present. With this implicit existential 
quantifier, the predicate can be interpreted as follows: The procedure call 
can be executed in a state s to produce the desired result R if there exists 
at least one possible assignment of values ii, v that establishes the truth 
of R. But, since there is no quarantee that this one possible set of values 
ii, v will actually be assigned to the parameters and arguments_, this state­
ment is generally false. 

Answers for Chapter 14 
1. (b) Q: x =x. R: ex ;;;:::o Ax =X) vex :;;;;o Ax =-X). 

if x ;;;:::o - skip Ox :;;;;o - x:= -x fi. 

2. Assume the next highest permutation exists (it doesn't for example, for 
d = 543221). In the following discussion, it may help to keep the example 

d =(I, 2, 3, 5, 4, 2) 
d' =(I, 2, 4, 3, 2, 5) 

in mind. There is a least integer i, 0:;;;;;; i < n, such that d[O:i -I] = 
d'[O:i-1] and d[i] <d'[i]. One can show that i is well-defined by the 
fact that d[i+l:n -I] is a non-increasing sequence and that d[i] < 
d[i+l]. 

In order for d' to be the next highest permutation, d'[i] must contain 
the smallest value of d[i +I :n - I] that is greater than d[i]. Let the right­
most element of d[i+l:n-1] with this value be di/]. Consider d" = 
(d; i:dU]; j:d[i]). d" represents the array d but with the values at posi­
tions i and j interchanged. In the example above, d" = (I, 2, 4, 5, 3, 2). 
Obviously, d" is a higher permutation than d, but perhaps not the next 
highest. Moreover, d'[O:i] = d'10:i]. 

It can be proved that d'Ti+l:n-1] is a non-increasing sequence. 
Hence, reversing d'1i+l:n-l] makes it an increasing sequence and, there­
fore, as small as possible. This yields the desired next highest permuta­
tion d. 
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To summarize, let i and j satisfy, respectively, 

O~i <n-1 A d[i]<d[i+I] A d[i+l:n-1] is non-increasing 
i <j <n A dU]>d[i] A dU+l:n-l]~d[i] 
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Introducing the notation reverse(b, f, g) to denote the array b but with 
b [f :g] reversed, we then have that the next highest permutation d' is 

d' =reverse((d; i:bU]; j:b[i]), i+I, n-1). 

The algorithm is then: calculate i; calculate j; swap b[i] and bU]; reverse 
b[i+l:n-1]! Here, formalizing the idea of a next highest permutation 
leads directly to an algorithm to calculate it! 

Answers for Section 15.1 
3. i, x := I, b [O]; 

do i =Fn - if x ;;;::b[i] - i ,x:= i+I, b[i] 
0 x ~b[i] - i:= i+I 

fi 
od 

Answers for Section 15.2 
2. The initialization is x, y := X, Y. Based on the properties given, the 
obvious commands to try are x:= x+y, x:= x-y, x:= y-x, etc. Since 
Y>O, the first one never reduces the bound function t: x+y, so it need 
not be used. The second one reduces it, but maintains the invariant only 
if x > y. Thus we have the guarded command x > y - x := x -y. Sym­
metry encourages also the use of y > x - y := y -x and the final program 
is 

5. 1:= O; 

X, y:= x, Y; 
dox>y -x:=x-y 
0 Y >x - y:= y-x 

od 
{O<x=y Agcd(x,y)=gcd(X, Y)} 
{x = gcd(X, Y)} 

doj =F-80 cand bU]=F'' - t,s[t+l],j:= t+I, bU],j+I 
0 j =80 - read(b ); j:= 0 

od 



344 

Answers for Section 16.2 
2. Delete the conjunct n <2*i from R: 

{Q: O<n} 
;:= I; 
{inv: 0 < i ~ n A (E p : 2P = i)} 
{bound: n -i (actually, log(n -i) will do)} 
do 2*i ~n - ;:= 2*i od 
{R: O~i ~n <2*i A (Ep: 2P =i)} 

4. Delete the conjunct x =b[i,j] from R: 

i, j:= 0, O; 

Answers to Exercises 

{inv: 0 ~i <m A 0 ~j <n Ax Ef'b[O:i-1,0:n-I] A 

X Ef'b[i ,O:j-1] Ax Eb} 
{bound: (m -i)*n -j} 
do x #b[i ,j] A j #n-1 - j:= j+I 
O x#b[i,j]Aj=n-1-i,j:=i+l,O 

od 

Answers for Section 16.3 
4. (a) i, j:= I, n; 

{inv: I ~i <j ~n A b[i]~x <bU]} 
{bound: logU-i)} 
do i+I # j - e:= (i+j)72; 

if b [ e] ~ x - i : = e O b [ e] > x - j: = e fi 
od 

The obvious choice for the second part of the problem is to embed the 
program for the first part in an alternative command: 

if x <b[I] 
0 b[l]~x <b[n] 
0 b[n]~x 
fi 

- ;:= 0 
- The program (a) 
- ;:= n 

However, there is a simpler way. Assume the existence of b[O], which 
contains the value -oo, and b[n +I], which contains the value +oo. As 
long as the program never references these values, this assumption may be 
made. Then, with a slight change in initialization, the program for the 
first part used -it even works when the array is empty, setting j to I m 
that case: 
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i, j:= 0, n+I; 
{inv: O~i <J ~n+I A b[i]~x <bU]} 
{bound: logU-i)} 
do i+I #} - e:= (i+J)72; 

{l~e~n} 

if b[e]~x - i:= ea b[e]>x - j:= e fi 
od 

10. i,p:= 0, O; 
{ inv: see exercise JO; bound: n -i} 
do i # n - Increase i, keeping invariant true: 

j:= i+I; 

od 

{inv: b[i:j-1] are all equal; bound: n-j} 
do j #n cand bU] =b[i] - j:= }+I od; 
p:= max(p, j-i); 
i:= j 

Answers for Section 16.5 
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4. The only differences in this problem and exercise 3 are that the value 
used to separate the array into two sections is already in the array and 
that that value must be placed in b [p ]. The invariant of the loop (except 
for the fact that b[I] = B[I] and that b is a permutation of B) given in 
the procedure below is: 

m m+I q p n-1 

P: m <q ~p+I ~n Ax =B[I] Ab~' x~l -~_x_~l __ ?_~l _>_x~I 

proc Partition (value result b: array[*] of integer; 
value m, n: integer; result k: integer); 

var x, q ,p: integer; 
begin 

x, q,p:= b[m],m+l,n-1; 
{inv: P; bound: p-q+I} 
do q ~p - if b[q]~x - q:= q+I 

Db[p]>x - p:= p-1 
Db[q]>x ~b[p] - b[q],b[p]:= b[p],b[q]; 

q,p:= q+l,p-1 
fi 

od; {p =q-1 A b[m+l:p]~b[m] A 

b[p+l:n-I]>b[m] A b[m]=B[m]=x} 
b[m],b[p]:= b[p],b[m] 

end 
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6. The precondition states that the linked list is in order; the postcondition 
that it is reversed. This suggests an algorithm that at each step reverses 
one link: part of the list is reversed and part of it is in order. Thus, using 
another variable t to point to the part of the list that is in order, the 
invariant is 

~r 
~ ... 

v 

t v s v s 

~···~ 

Initially, the reversed part of the list is empty and the unreversed part is 
the whole list. This leads to the algorithm 

p, 1:= O,p; 
dot #0 - p, t, s[t]:= t, s[t],p od 

8. The precondition and postconditions are 

Q: x Eb[O:m-1,0:n-l] 
R:O~i<m AO~j<n Ax=b[i,j] 

Actually, Q and R are quite similar, in that both state that x 1s m a rec­
tangular section of b -in R, the rectangular section just happens to have 
only one row and column. So perhaps an invariant can be used that indi­
cates that x is in a rectangular section of b: 

P: O~i ~p <m A O~q ~j <n Ax Eb[i:p, q:j] 

To make progress towards termination the rectangle must be made 
smaller, and there are four simple ways to do this: i := i +I, etc. Thus, we 
try a loop of the form 

i,p, q,j:= 0, m-1, 0, n-1; 
do? - i := i+l 
0?-p:=p-1 
O?-q:=q+I 
0?-j:=j-1 

od 

What could serve as guards? Consider i := i +I. Its execution will main­
tain the invariant if x is not in row i of b. Since the row is ordered, this 
can be tested with b [i, j] < x, for if b [i, j] > x, so are all values in row 
i. In a similar fashion, we determine the other guards: 
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i, p, q, j:= 0, m-1, 0. n--1; 
do b[i ,j] <x - i := i+I 
Ob[p,q]>x -p:=p-t 
Ob[p,q]<x -q:=q+t 
a b[i,j] >x -j :=j-1 

od 
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In order to prove that the result is true upon termination, only the first 
and last guards are needed. So the middle guarded commands can be 
deleted to yield the program 

i, p, q, j:= 0, m-1, 0, n-1; 
do b[i ,j] <x - i := i+l 
a b[i ,j] >x - j:= j-1 

od {x =b[i,j]) 

This program requires at most n +m comparisons. One cannot do much 
better than this, for the following reason. Assume the array is square: 
m =n. The off-diagonal elements b[O:m-1], b[l,m-2], ... , b[m-1:0] 
form an unordered list. Given the additional information that x is on the 
off-diagonal, in the worst case a minimum of m comparisons is necessary. 

Answers for Section 18.2 
1. Algorithm (18.2.5) was developed under the general hope that each 
iteration of the loop would decrease the total number of elements S (say) 
in the partitions still to be sorted, and so S is a first approximation to the 
bound function. However, a partition described in set s may be empty, 
and choosing an empty partition and deleting it from s does not decrease 
s. 

Consider the pair (S, Is I ), where Is I is the number of elements in s. 
Execution of the body with the first alternative of the alternative com­
mand being executed decreases the tuple (lexicographically speaking) 
because it decreases I s I . Execution with the second alternative being 
executed also decreases it -even though I s I is increased by I, S is 
decreased by at least one. Hence, a bound function is 2*S +Is I. 

Answers for Section 18.3 
3. Define 

postorder(p) = 
\ empty(p) - () 
) , empty - (postorder(lef t [p]) I 

postorder(right [p ]) I (root (p)) 
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An iterative formulation of postorder traversal is slightly more compli­
cated than the corresponding ones of preorder and inorder traversal. It 
must be remembered whether the right subtree of a tree in s has been 
visited. Since (pointers to) nodes of trees are represented by nonnegative 
integers, we make the distinction using the sign bit. 

The postcondition of the program is 

(E3.I) R: c =#p Apostorder(p)=b[O:c-1] 

Before stating the invariant, we indicate the postorder traversal of a 
signed integer q that represents a tree: 

~ q <O - root(abs(q)) 

post(q) = I q =O - () 

~ q >O - postorder(right[q]) I root(q) 

Using a sequence variable s, the invariant is: 

(E3.2) P: o:;;;;c A q ;;::i:o A 

postorder(p) = b[O:c-1] I postorder(q) I 
post(s[O]) I · · · I post(s[I s I -I]) 

The program is then 

c' q' s := 0, p' (); 
{invariant: (E3.2))} 
do q ~O - q,s:= left[q],(q) Is 
a q =O As~() - q, s:= s[O],s[I..] 

od {R} 

if q <O - q,c,b[c]:= 0, c+I, value[-q] 
0 q =O - skip 
a q >O - q's:= right[q],(-q) I s 
fi 

Answers for Section 19.2 
1. Pl is easily established using i, x:= 0, 0. If (xv[i],yv[i]) is a solution 
to (19.2.1), then 

r = xv[i]2 + yv[i]2 :;;;;;; 2*xv[i]2 

Hence, all solutions (x[i],yv[i]) to the problem satisfy r :;;;;2•xv[i]2. 
Using the Linear Search Principle, we write an initial loop to determine 
the smallest x satisfying r :;;;;2*x2, and the first approximation to the pro­
gram is 
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i, x:= 0, O; do r >2*x2 - x:= x+l od; 
{inv: Pl Ar ~2*x2} 
do x 2 ~ r - Increase x ,keeping invariant true od 

349 

In order to increase x and keep Pl true, it is necessary to determine if a 
suitable y exists for x and to insert the pair (x, y) in the arrays if it does. 
To do this requires first finding the value y satisfying 

Taking the second conjunct, 

as the invariant of an inner loop, rewrite the program as 

i, x:= 0, O; do r >2*x2 - x:= x+l od; 
{inv: Pl Ar ~2*x2} 
do x 2 ~r - Increase x, keeping invariant true: 

od 

Determine y to satisfy (El.I): 
y:= x; 
{inv: P2} 
do x 2 +y2 >r - y:= y-1 od; 

if x 2 +y2 =r - x[v],y[v],i,x:= x, y, i+l, x+l 
Ox 2 +y2<r -x:=x+I 
fi 

Now note that execution of the body of the main loop does not destroy 
P2, and therefore P2 can be taken out of the loop. Rearrangement then 
leads to the program 

i, x:= 0, 0, O; 
do r >2*x2 - x:= x+l od; 
y:= x; 
{inv: Pl A P2} 
do x 2 ~r - Increase x, keeping invariant true: 

od 

Determine y to satisfy (El.I): 
do x 2 + y 2 > r - y: = y - l od; 

if x 2 + y 2 =r - x[v],y[v], i,x:= x, y, i+l, x+l 
Ox 2 +y2<r - x:= x+l 
fi 

This program is a vast improvement (with respect to efficiency) over the 
previous one. 
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Answers for Section 19 .3 
2. Program 19.3.2, which determines an approximation to the square root 
of a nonnegative integer n, is 

{n ~O} 
a, c:= 0, I; do c2 ::;;;;n - c:= 2*c od; 
{inv: a2 ::;;;;n <(a+c)2 A (Ep: I ::;;;;p: c =2P} 
{bound: ..;; -a} 
doc#l -c:=c/2; 

od 

if (a +c )2 ::;;;; n - a:= a +c 
0(a+c)2 >n - skip 
fi 

{a2 ::;;;; n <(a+ 1)2} 

We attempt to illustrate how a change of representation to eliminate 
squaring operations could be discovered. 

Variables a and c are to be represented by other variables and elim­
inated, so that no squaring is necessary. As a first step, note that the 
squaring operation c 2 must be performed in some other fashion. Perhaps 
a fresh variable p can be used, which will always satisfy the relation 

p =c2 

Now, which operations involving c can be replaced easily by operations 
involving p instead? 

Command c := I can be replaced by p := 1, expression c2 by p, c := 2*c by 
p:= 4*p, c # 1 by p # 1 and c:= c /2 by p:= p/ 4. 

The remaining operations to rewrite are a:= 0 (if necessary), a:= a +c, 
(a +c )2 ::;;;; n and (a +c )2 > n. Consider the latter two expressions, which 
involve squaring. Performing the expansion (a +c )2 = (a 2 + 2*a*c + c2) 

isolates another instance of c 2 to be replaced by p, so we rewrite the first 
of these as 

(E3.l) a 2 +2*a*c +p -n ::;;;; 0 

Expression (E3. l) must be rewritten, using new variables, in such a way 
that the command a:= a +c can also be rewritten. What are possible new 
variables and their meaning? 
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There are a number of possibilities, for example a = c 2, q = a*c, q 
a2 - n, and so forth. The definition 

(E3.2) q = a*c 
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is promising, because it lets u~ replace almost all the O!Jerations involving 
a. Thus, before the main loop, q will be 0 since a is 0 there. Secondly, 
to maintain (E3.2) across c:= c / 2 we can insert q:= q / 2. Thirdly, (E3.2) 
maintained across execution of the command a:= a +c by assigning a new 
value to q -what is the value? 

To determine the value x to assign to q, calculate 

wp("a, q:= a+c, x", q =a*c) = x =(a+c)*c 

The desired assignment is therefore 

q:= (a +c )*c, 

q:= a*c +c 2, 

q:= q +p 

which is equivalent to 

which is equivalent to 

With this representation, (E3.I) becomes 

(E3.3) a2 +2*q +p -n :s;;;o 

Now try a third variable r to contain the value n -a2, which will always 
be ~O. (E3.3) becomes 

2*q+p-r:s;;;o 

And, indeed, the definition of r can also be maintained easily. 

To summarize, use three variables p, q and r, which satisfy 

p =c2, q =a*c, r =n-a2 

and rewrite the program as 
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{n ;;;:::o} 
p,q,r:= l,O,n; dop~n -p:=4*p od; 
dop¥-l -p:=p/4; q:=q/2; 

Answers to Exercises 

if2*q +p ~r - q,r:= q+p,; r-2*q-p 
a 2*q +p >r - skip 
fi 

od 
{q2~n <(q +1)2} 

Upon termination we have p =I, c =I, and q =a*c =a, so that the 
desired result is in q. Not only have we eliminated squaring, but all mul­
tiplications and divisions are by 2 and 4; hence, they could be imple­
mented with shifting on a binary machine. Thus, the approximation to 
the square root can be performed using only adding, subtracting and shift­
ing. 

Answers for Chapter 20 
1. Call a sequence (of zeroes and ones) that begins with 0000 (4 zeroes) 
and satisfies property 2 a good sequence. Call a sequence with k bits a 
k-sequence. 

Define an ordering among good sequences as follows. Sequence sl is 
less than sequence s2, written sl. <. s2, if, when viewed as decimal 
numbers with the decimal point to the extreme left, sl is less than s2. For 
example, IOI.<. IOI I because . IOI<. IOI I. In a similar manner, we write 
IOI .=.101000, because .IOI =.101000. Appending a zero to a sequence 
yields an equal sequence; appending a one yields a larger sequence. 

Any good sequence s to be printed satisfies 0 .<. s .<. 00001, and must 
begin with 00000. 

The program below iteratively generates, in order, all good sequences 
satisfying 0 .~. s .~. 00001, printing the 36-bit ones as they are generated. 
The sequence currently under consideration will be called s. There will be 
no variable s; it is just a name for the sequence currently under considera­
tion. s always contains at least 5 bits. Further, to eliminate problems 
with equal sequences, we will always be sure that s is the longest good 
sequence equal to itself. 

Pl: good(s) A igood(s I 0) A 5 ~Is I A 0 .~. s .~. 00001 A 

All good sequences.<. s are printed 

Sequence s with n bits could be represented by a bit array. However, 
it is better to represent s by an integer array c[4:n -I], where c[i] is the 
decimal representation of the 5-bit subsequence of s ending in bit i. 
Thus, we will maintain as part of the invariant of the main loop the asser­
tion 
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P2: 5 :;;;;;; n = I s I :;;;;;; 36 A 

c[i] = s[i-4]* 24 + s[i-3]* 23 + s[i-2]* 22 + s[i-1]* 2 + s[i] 
(for 4:;;;;;; i <n) 

Further, in order to keep track of which 5-bit subsequences s contains, we 
use a Boolean array in[0:31]: 

P3: (Ai: o:;;;;i <32: in[i] = (i Ec[4:n-1])) 

With this introduction, the program should be easy to follow. 

n, c[ 4],in [O]:= 5, 0, T; 
in[1:31]:= F; {s =(0,0,0,0,0)} 
{inv: Pl A P2 A P3 A ,good(s I O)} 
do c[4]# I -

if n =36 - Print sequences 
an #36 - skip 

fi; 
Change s to next higher good sequence: 

doin[(c[n-1]*2+1)mod32] {(i.e. igood(sl I)} 
- Delete ending 1 's from s: 

od 

od; 

do odd(c[n-1]) - n:= n-1; in[c[n]]:= F od; 
Delete ending 0: 

n:= n-1; in[c[n]]:= F 

Append I to s: 
c[n]:= (c[n-1]*2 +I) mod 32; in[c[n]]:= T; n := n +I 

7. The result assertion is 

R: c =(Ni: O:;;;;i<F:f[i] 9'g[O:G-l])+ 
(Nj: O:;;;;j<G: gU] ff[O:F-1]) 

We would expect to write a program that sequences up the two arrays 
together, in some synchronized fashion, performing a count as it goes. 
Thus, it makes sense to develop an invariant by replacing the two con­
stants F and G of R as follows: 

O:;;;;h :;;;;F AO:;;;;k :;;;;GA 
c =(Ni: O:;;;;i <h: f[i] f g[O:G-1])+ 

(Nj: O:;;;;j<k: gU] ff[O:F-1]) 

Now, consider execution of h := h +I. Under what conditions does its 
execution leave P true? The guard for this command must obviously 
imply f[h] 1 g[O:G-1], but we want the guard to be simple. As it 
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stands, this seems out of the question. 

Perhaps strengthening the invariant will allow us to find a simple job. 
One thing we haven't tried to exploit is moving through the arrays in a 
synchronized fashion -the invariant does not imply this at all. Suppose 
we add to the invariant the conditions/[h-l]<g[k] and g[k-l]<g[h] 
-this might provide the synchronized search that we desire. That is, we 
use the invariant 

P: O~h ~F AO~k ~G Af[h-l]<g[k] Ag[k-l]<f[h] 
c =(Ni: O~i <h: f[i] ~ g[O:G-1])+ 

(Nj: O~j<k: gU] ~f[O:F-1]) 

Then the additional condition f [h] <g[k] yields 

g[k-1] <J [h] <g[k] 

so that f [h] does not appear in G, and increasing h will maintain the 
invariant. Similarly the guard fork:= k +l will be g[k] <f[h]. 

This gives us our program, written below. We assume the existence of 
virtual values /[-l]=g[i-1]=-oo and f[F]=g[G]=+oo; this allows 
us to dispense with worries about boundary conditions in the invariant. 

h, k, c := 0, 0, O; 
{inv: P; bound: F-p +G-q} 
do/ #F Ag #G -

od; 

iff[h]<g[k] - h,c:= h+l, c+l 
Of[h]=g[k] - h, k:= h+l, k+l 
Of[h]>g[k] - k, c:= k+l, c+l 

fi 

Add to c the number of unprocessed elements off and g: 
c:=c+F-h+G-k 
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